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Third Derivative Block Hybrid Obrechkoff Methods

B. I. AKINNUKAWE*, O. A. AKINFENWA AND S. A. OKUNUGA

ABSTRACT

This paper presents a family of Third Derivative Block Hybrid
Obrechkoff Methods of Adams-type for solving stiff Initial Value
Problems (IVPs). Multistep collocation techniques, with power
series as basis function, are employed for the derivation of the
continuous form of the hybrid methods. The continuous Hybrid
Obrechkoff Methods are used to generate several implicit Hybrid
Integrators that are expressed in block form and are applied as
block integrators at both grid and off-grid points. The Block
Methods are of order 2k + 3 and their performance on some prob-
lems considered shows the accuracy and efficiency of the methods.
The basic properties of the developed methods are also discussed.

1. INTRODUCTION
Consider the Initial Value Problem (IVP) of the form:
(1) y' = f(ty):t € [to, tn].

Stiff problems are IVPs of the form (1) with Jacobian whose eigenvalues have
negative real parts. The function satisfies the Lipschitz condition as given in [13].
This type of equations arise frequently in several engineering, applied sciences
and economics problems. An essential property of the majority of computational
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methods for the solution of (1) is that of discretization, that is: seeking an
approximate solution, not on the continuous interval {5 < t < ¢, but on the
discrete point set t,,. Several authors have proposed various methods including
Multiderivative linear multistep methods (MLMM) for the solution of equation
(1) such as in [2], [3], [4], [5], [7], [8], [9], [10], [15], [18], [20] to mention but a
few. Multi-derivative linear multistep method was first proposed by Obrechkoff
(see [17]) and the k-step Obrechkoff method using the first [ derivatives of y is
given in the form:

k
(2) > il = Z ' Z Bigtint;
=0

[17] first advocated the use of Obrechkoff method, in which the method depends
on higher derivatives of y for the solution of (1). The Obrechkoff method has been
modified to hybrid Obrechkoff method to further circumvent Dahlquist barrier
theorem (see [6]), where v are the off-step points, in the form:

(3) Z AjYntj = Z o Z @Jynﬂ + Z ﬁ”y"“’

Incorporating these off-step points into the derivation process (3) converts the
k— step Obrechkoff Multistep Method to the k— step Hybrid Obrechkoff method.
This method was motivated by the desire to increase the order without increasing
the step number k (see [16]). [10] proposed a family of third derivative methods
which is an extension of [8] second derivative LMM. Recently, a family of high
order third derivative hybrid Obrechkoff method for the numerical integration
of stiff IVPs in ODEs was presented by [20]. These methods were A-stable for
k=1,2,3 and A(«) stable for £ = 4 up to 18 and unstable for k£ > 19 . Inspite of
these advantages, these methods are implemented in predictor-corrector mode,
and Taylor series expansion are adopted to supply starting values. The setback of
the predictor-corrector methods are that they are very costly to implement, longer
computer time and greater human effort with reduced order of accuracy which
affects the accuracy of the method. In this paper, a family of third derivative
block hybrid Obrechkoff method of Adams type of the form:

(4) Yn+k = Yntk—1 T Z b’ Z Bljyn—I—] + Z Bv] yn—i—v]

are constructed and applied to stiff Initial Value Problems (IVPs). It should
be noted that block methods has the advantage of being self-starting and is
capable of giving evaluations at different grids points without overlapping as
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in the predictor-corrector method, hence does not require the development of
separate predictors, or starting values (see [1], [3] and [11, 12]).

2. DERIVATION OF TDBHOM

This section considers the Multistep collocation approach of [21] for the derivation
of the k-step Hybrid Obrechkoff Methods and extends to third derivative of the
form

k k
(5) y(t) = Yn+k—1t h Z /ijn-i-j + Z ij fn—i—vj + h2¢k9n+k + h3pk7'n+k
=0 =1

where a;(t), 5(t), ¢r(t) and pi(t) are parameters of the method which are to be
determined uniquely. The exact solution is approximated by seeking a continuous
solution of the form

2k+3

(6) y(t) = bt!
j=0

where b; represent the unknown coefficients to be determined and v = 1 The

2
class of method is constructed by imposing the following conditions:

(7) Y(tnti) = Yn+i, 1=k —1
® Vi) = fori 1=0(5 )
(9) Y (tnti) = gnti, 1=k
(10) V" (thei) = roai, i=k

The resulting system of 2k + 4 equations from equations (7)-(10) are solved using
Gauss Elimination Method to obtain b; and the values of b; are substituted into
(6) to form the Continuous Hybrid Obrechkoff Formula (CHOF') expressed in the
form:

k—1 k

1) yt) =D aj(Oynij + 1Y Bi() fuss + B2 0k()gnsn + B2 pp(t)rnsk
i=0 =0
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where k is the step length, o;(t), 5;(t), ¢x(t) and pi(t) are the determined con-
tinuous coefficients. The main scheme is generated by evaluating CHOF (11) at
tn+r while the additional schemes are generated at the off-step points t,1, and
n - The developed main and additional schemes are combined and implemented
simultaneously as a single block hybrid Obrechkoff method for the numerical in-
tegration of stiff IVPs (1). Setting £ = 1 in equations (7)-(10), we obtained 6
equations which are solved simultaneously to obtain b;,j = 0(1)5. Substituting
the values of bj,j = 0(1)5 into equation (6) and simplified, it will be expressed
in the form of equation (11) where

0
Bo(t) = (¢ = tn) = §55e0 30500 — TSk 4 205,

— _+ )5
B1(t) = 8L — 1650 +12<t ) _ 16 (i)

— _+ )5
Bi(t) = — L=ty 130 h,;,) _441<t ;fé’) Ll };f)
d1(t) = 2(t —t,)% — 5(t—;n) + 147 ( h2) _ %(t,}fg) 5

t—tn t—tn
pr(t) = —3h(t — ta)2 4 3(t — 1,)* — 3 4 1t

Interpolating equation (11) at t,41 to generate the main method, we obtained

3
h Tn+1

1 1
12 it = Un + h | — fn n —hPgni1 — —
(12)  Yny1=yn + [ Jnt fn+ t3 f +1} 50" 9nt1 ~ 1o

Also interpolating equation (11) at ¢, 1 to generate the additional method, we
2
obtained

33 , 23

320f" * 2of” 320"8”“} T gag" 9+t~ Tggph Tre

Equations (12) and (13) are combined and implemented simultaneously as a single
method known as the one-step Third Derivative Block Hybrid Obrechkoff Method
(ITDBHOM) for the numerical integration of stiff IVPs. Tables (5-7) in the
appendix section shows the discrete coefficients of k— step TDBHOM for k =
1(1)4 . From equation (5), the coefficients o, 55,7 = (%)k, ¢ and py, are defined.
The 1TTDBHOM can be represented in a matrix block form as

(14)  Aq)Yew = A(g)Yo1 + hB1)Fe + hBg)Foo1 + h*C(1)Ge + h* D1y Ry

where

Yo = < yn-i—% );Yw—l = < yn—% >7Fw_ < fn—}—% );Fw—l = < fn_% >
Yn+1 Yn frt1 fn
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(it e ()
gn+1 T'n+1

The 2 by 2 matrices A(O)aA(l)vB(O)aB(1)7C(1)7D(1) of the ITDBHOM (12) and
(13) are defined as follows:

1 0
A(l) — 10 1
01
A(O) — 1o 1

3. ANALYsIs oF TDBHOM

3.1. Order and Error Constant of the Method. Following [12] and [15], a
method was proposed for finding the order 1 and error constant W, 1 of the block
method (14) by first expanding y—, f—, g— and r— functions by Taylors series
expansion about ¢ and then comparing the coefficients of A . It is established
from the computations that the derived k-step Block Hybrid Obrechkoff Method
have order 7 and error constant W, [see appendix Table 8].
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3.2. Zero Stability. A numerical method is said to be zero-stable if the roots
R; ,j=1,2,...,N of the first characteristic polynomial p(R) satisfies |R;| <
1,j =1,2,...,N and those roots with |R;| = 1 is simple ([15]). Applying the
above conditions to the derived block method, the first characteristic polynomial
p(R) = 0 is calculated as

p(R) = det(RA(l) — A(O)) =R(R-1)
The ITDBHOM is found to be zero-stable since p(R) = 0 satisfies |R;| < 1 for
j=1,2.

3.3. Convergence. According to [13], a numerical method converges if it is con-
sistent and zero-stable. Since TDBHOM for £ = 1 is of order 5 > 1, then it is
consistent and we have established earlier that the method satisfies the conditions
of zero-stability. Therefore, the block method (14) converges and the TDBHOM
for k = 1(1)4 are convergent methods.

3.4. Stability of TDBHOM. Applying the derived TDBHOM for k = 1(1)4
to the test equations

Y =Xy, ¥ =Xy, ¢ =Xy <0
yields

Yo =Q(2)Yoo1, z=2Ah
where Q(z) is the amplification matrix given by

_ A + 2B
A(l) + ZB(l) + 220(1) + Z3D(1)
The matrix Q(z) has eigenvalues (1, (2, - - , (x where the dominant eigenvalue (j
is the stability function with real coefficient and denoted as S(z) given in Table
9. The one-step and 4-step TDBHOM are L-stable methods while the 2-step and
3-step TDBHOM are L(0)-stable in nature. They are L-stable methods since
the stability region covers the entire left plane of the graph (A-stability) and the
limit of the stability function is zero as z — oco. Some of the derived methods
are L(0)-stable since the stability region do not cover the entire left plane of the
graph at an angle a and the limit of the stability function is zero as z — co. The
stability region for k— step TDBHOM for k = 1(1)4 are given in Figures (1 —4).
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Figure 1: Stability Region of one-step TDBHOM
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Figure 2: Stability Region of two-step TDBHOM
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Figure 3: Stability Region of three-step TDBHOM
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Figure 4: Stability Region of four-step TDBHOM
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4. NUMERICAL RESULTS

This section deals with some numerical experiments to evaluate the accuracy of
the proposed methods TDBHOM executed in Mathematica 9.0. We solved some
systems of IVPs and compared the obtained results with some existing methods
in literature. Existing methods considered for comparison are Third Derivative
Hybrid Linear Multistep Methods (TDHLMM) of order 6 in [20], Third Deriv-
ative Backward Differentiation Formula (TDBDF) of order 6 in [19] and Third
Derivative Multistep Methods (TDMM) in [10] used to solve same set of IVPs.
TDHLMM implemented in predictor-corrector mode:

1 7 3 1
yn+§ = 16 (Yn + 15Ynt1) — Ehfn—&—% + 372h2gn+1 - %hgrnJrlap =4

yn+1=yn+h< Jn+ fn+ + fn+1> 60h37’n+1,p=6

TDBDF:

Ynia = 581—45 (=27 + 256y 41 — 1296y, 12 + 6912yn+3)+1919669 hfia— 31660 g, 4 +% B s
TDMM:

Ynts = Yns2th <810f 48Of"+1 + f"“ + 182891630f"+3> 48332h g”+3+7170h "t

Tables 1-4 shows the numerical results for the stiff Initial Values Problems.

Example 1: A stiff system of equations
Y1 =2
yy = —100y; — 101y,
with initial conditions
y1(0) = 1.01, y2(0) = -2, t€][0,15]
whose exact solution is given as
yi(t) = 0.01e100 o7ty (f) = =100t _ =10t
Example 2: A stiff system of equations
y1 = —8y1 + Tyo
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yp = 42y1 — 43y»
with initial conditions
yl(o) = 17 3/2(0) = 87 le [0’ 15]
whose exact solution is given as

yr(t) =27t — e o (t) =27t + 6OV

Examples 1 and 2 were integrated using step size h = 1074 to aid in comparing
with other methods in literature shown in Tables 1 and 2. It was discovered that
ITDBHOM was better in accuracy than the three existing methods compared
with.

Example 3
Consider the non-linear system of first order Ordinary Differential Equations,
compared with Second Derivative Multistep Method (SDMM) of [14] and Multi-
derivative Hybrid Implicit Runge Kutta metheod (MHIRK) of [3]

Yyl =y + v}
Yy = —Yo
with initial conditions
y1(0) = =1/(A+2), 32(0)=1

where A = 10000,the exact solution is given as

y(t) =e /(A +2), ()=

From Table 3, the result obtained with the derived one-step Third Derivative
Block Hybrid Obrechkoff Method (1"TDBHOM) using step size h = 10~! is found
superior to MHIRK in [3] that used same step length and same order of 5. 1TDB-
HOM is also better than SDMM in [14] that used h = 10~%.

Example 4: A stiff system of equations

Yy = —1002y; + 1000y,
Yo = Y1 — Y2 — y%
with initial conditions
y1(0) =1, y2(0) =1
where A = 10000,the exact solution is given as

yi(t) =e?,  yt)=e"
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In Table 4, the numerical result of the method was shown using step size h = 1073.
The numerical result obtained is quite close to exact solution, thus the derived
method can integrate stiff initial value problems.

Table 1: A Comparison of absolute errors of methods for Example 1

t Methods | Error |y(t,) — yn|
ITDBHOM |  4.9622 x 10~ 1°

[20] 1.4321 x 10710

[19] 6.7386 x 1073

[10] 6.7383 x 1073
10 | ITDBHOM |  4.4427 x 10~ P
[20] 1.9299 x 10712
[19] 4.5405 x 107°
[10] 4.5405 x 107°
15 | ITDBHOM | 3.9133 x 10~
[20] 1.9506 x 10714
[19] 3.0593 x 1077
[10] 3.0593 x 1077

Table 2: A Comparison of absolute errors of methods for Example 2

t Methods | Error |y(t,) — ynl
1TDBHOM 5.3724 x 1015

[19] 1.5472 x 1072
[10] 1.5476 x 1072
10 | ITDBHOM 7.9971 x 1015
[19] 9.0808 x 10~°
[10] 9.0808 x 10~°
15 | ITDBHOM 8.7149 x 1015
[19] 6.1186 x 1077

[10] 6.1186 x 1077
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Table 3:  Numerical Results for Example 3
t | yi | Error [y(tn) — yn| | Error [y(tn) — yn

Error |y(tn) - yn‘

[14]

[3]

1TDBHOM

3|y
Y2

2.478147F — 11
2.471093F — 06

3.06450L — 15
3.07825E — 10

9.76732E — 16
9.81115F — 11

S|y
Y2

3.450271F — 14
2.304573F — 08

9.35475F — 17
6.94326F — 11

2.9807F — 17
2.21299F — 11

10 Y1

3.456372F — 18

8.49412F — 21
9.35666E — 10

6.46422F — 20
2.98221EF — 13

ys | 3.150734F — 10

Table 4: Numerical Results for Example 4

t

Yi

Exact solution

Error |y(tn) - yn‘

1TDBHOM

Y1
Y2

2.47875 x 1073
4.97871 x 1072

1.06425 x 10~ 1°
1.06859 x 1014

Y1
Y2

4.53999 x 10~°
6.73795 x 1073

6.09864 x 1019
4.51028 x 10717

Y1
Y2

8.31529 x 107
0.11882 x 10~*

1.11967 x 1018
6.17128 x 1016

10

Y1
Y2

2.06115 x 1079
4.53999 x 1075

6.44953 x 10~ 21
4.35036 x 10718

Conclusions: A class of stable high order Third Derivative Block Hybrid Obrechkoff
Methods (TDBHOM) has been developed for solving stiff system of Initial Value
Problems (IVPs) numerically. The TDBHOM has the advantage of being self-
starting and has a wider stability region than A-stable methods since they are
L-stable. The plot of the boundary locus of the roots of the stability polyno-
mial in Table 9 and Figures (1)-(4) shows that the methods are either L-stable
or L(0)-stable in nature. The k— step TDBHOM for k = 1(1)4 are zero-stable,
consistent, convergent and are of order 2k + 3. To attest the accuracy of the
methods, we compared their errors (see Tables (1)-(4)) and found that the meth-
ods are highly competitive with existing methods and is efficient for solving stiff
IVPs.
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Appendix
Table 5:  The Discrete Coefficients of k— step TDBHOM for k = 1(1)4

k 1 1 2 2 2 2 3 3
Method | yn+1 ¥, 1 Ynt2 Yn 2 Yyl Yn Yn+3 Ynts
o1 1 1 1 1 1 1 1 1
8 1 _ 97 17791 _ 65059  _ 270113 12293 23446261 _ 1142206241

k 20 320 9072 483340 1451520 30240 10206000 13063630000
ka% 5 20 105 840 810 T 105 4725 151200
Bi_1 3 49 43 243 1499 9 881 248533
3 ST TS - (D . A (N i i
k—32 2835 7560 22680 945 25515 816480

8 0 0o L 59 97 __ 493 181 32479
k-2 1120 53760 17920 3360 30240 3870770
Brs 0 0 0 0 0 0 — 115 ~ 945000

47 17881

Pr-3 0 0 0 0 0 0 510300 130636800
B z 0 0 0 0 0 0 0 0
Br—a 0 0 0 0 0 0 0 0

p 1 33 _ 17 629 2887 139 _ 2743 480983

k 20 320 3024 16]38 ag384 1008 162000 20736000

Pk | “120  T7920 1008 _ 5376 ~ 16128 336 32400 — 4147200

Table 6:  The continuation of Table 5
The Discrete Coefficients of k— step TDBHOM for k£ = 1(1)4
k 3 3 3 3 4 4
Method yn+% Yn+1 yn_g_% Yn Yn+4 yn+%
Q-1 1 1 1 1 1 1
By, | — 87872812 2104229  _ 28936657 2416754 35610575353  _ 121822088417
k T3063G50000 102060000 161280000 3189373 146694240000 1877686272000
B 3 151200 T 425 5600 T 4725 155925 39916800
Br_1 _ 336523 _ 671 17457 767 156677 23026391
3 15880 4874 PP 3584 S '
k—3 816480 25515 10080 25515 18711 119750400
Brs 86591 _ 5851 95091 74 7603 788687
3 B VL R o MO eedty 20180 THHGL
k—32 945000 118125 35000 118125 3898125 199584000
8 36089 _ 257 5807 _ 18031 2557 580603
k=3 13063680(()) 51030(()) 16128000 127578 1871190 239300800
51%% "~ 7640325 "~ 1955923200
Bra 0 0 0 0 29 95999

p 406327 _ 1127 13001 _ 2400 _ 24939077 231156389°
k 20736000 162000 256000 10125 1164324000 1490227200
Pk 4147200 32400 51200 2025 1663200 __ 21288960
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Table 7: The continuation of Table 5
The Discrete Coefficients of k— step TDBHOM for k = 1(1)4
k 4 4 4 4 4 4
Method yn—&-g Yn+2 yn_;.% Yn+1 yn_l,-% Yn
g1 1 1 1 1 1 1
B | — 326270824373 883174711 _ 1611061031 95810809 2784872197 675242851
k 938843]3326920&030 1466942%030100 3863554250900090 36673%3880 1502]5%756 603682899
/Bk—% 39916800 155925 492800 " 155925 1596672 1925
Br_1 24164297 26623 297049 23707 1875505 15221
- 4
8 P St -y 159 R o
k—32 119750400 467775 19712 467775 4790016 1925
Brs 1442311 21017 226593 44573 5385125 10179
- 2
3 134933850 00 oRRY 1350 GRS
k—3 79979200000 3898125 12320000 779625 1596672 48125
Br_s 807707 _ 4867 14297 88481 6711725 2383
- 2 1
3 - HEA0 STaf00 o ERe00 38558 R STE
k—1 T 1955923200 1528065 24147200 7640325 78236928 94325
By 15689 923 151 1823 287575 _ 67003
i #6e 358899 KT 3506300% 1358600 oI 1438599
745%???900 1164%%800 2_75936§9100 291036100 _59?83%8 4313})9010
Pk 106444800 1663200 3942400 41580 4257792 61600
Table 8:  The Order and Error Constant of k— step TDBHOM for k = 1(1)4
k Order (p) Error Constant Cj,11
T 1 1 \T
1 ( ) (12800’ 14400)
T 1 197 23
2 (7 77, 7) ( 56448 * 43352064 ° 14450688 846720)T
T 1 161 23 661 761
3 (9 9,9,9,9, 9) (_ 241920 235929600 174182400 495454600 > 8918138810 10‘%5‘%600) -
T 3107 7445 31 12153
4 (11 11,11,11, 11,11, 11, 11) ( 3469312000 63946358784 ~ 1317254400 888143872000)
( 59 229517 11021 2739 )T
31223808000 30831280128000* 15986589696000 > 843042816000
Table 9:  The Stability Functions of k— step TDBHOM for k£ = 1(1)4
k S(z)
1 1+0.32+0.02522
1—0.72+0.22522—0.041666723+0.004166672%
2 14+0.104762+0.00515922+0.01071423+0.0017862*
1—0.67619240.7797622—0.41232340.111322—0.01652°+0.00119062°
3 14+1.1666672+0.607622+0.1822923+0.033562%+0.003652°+0.0001862°
1—1.8332+1.607622—0.8923+0.3462%—0.098625+0.020726 —0.003127+0.00027928
4 141.6362+1.2409224-0.5727254-0.1772%4-0.03792°4+0.00552%+0.0005274-0.000024 23
1—2.3642+2.69522—1.967234+1.02562% —0.4042540.123625—0.029627 +0.005525 —0.000749294-0.000063 210
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