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ABSTRACT

This work focuses on the presentation of a multifactor asset
management model based on the uncertainty theory, and the
stability of the multifactor model solution to the formulated
state design of a real-life situation of management of capital
assets. The model is designed as an optimization problem based
on the assumption of the Hyperbolic Absolute Risk Aversion
utility function. The formulated model is expanded from a single
factor investment model to a model based on the extension to
the multifactor uncertain differential equations. The stability in
measure and stability in mean of the formulated model is exam-
ined whereby the multifactor model is characterized to be stable.

1. INTRODUCTION

Liu founded uncertainty theory and since 2007 [5], it has become an essential tool to be
utilised while dealing with some mathematical formulations of real-life situations involv-
ing a level of uncertainty. This has been applied to different fields such as engineering,
economics, finance, biology, etc. The choice of uncertainty theory over the conventional
probability theory exists when there exists a small sample size to estimate a probability
distribution, thus degree beliefs which are mostly based on recommendations from ex-
perts are ascertained to work instead of frequency since human beings always over-weigh
unlikely events.

The theorems of existence and uniqueness of the solution of the uncertain differential
equation were proved by [1]. [7] established the stability in measure of the uncertain dif-
ferential equation while [13] proved some stability theorems of the uncertain differential
equation. [15] presented and proved the stability theorems of multifactor uncertain sys-
tems or differential equations while providing the relationship between stability in mean
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and stability in measure. Other researchers have also worked on different approaches to
the stability of the uncertain differential equations and problems formulated using the
uncertain differential equations. These include the works of [11], [14], [9], [12] and so on.
In this paper, a multifactor model of asset management formulated based on the uncertain
theory is presented. Thus, following [15], the stability of the solution to the multifactor
model of asset management is discussed by presenting and proving some stability theorems.

1.1. Preliminaries. For easy interpretation of the uncertainty theory formulated and
refined by [8], some concepts and assumptions are given below.

Let T' be a nonempty set and L be a o- algebra over I' such that (I', L) is a measurable
space. Each element A € L is called an event.

Definition 1.1. [5]: A set of function M defined on the o-algebra over L is called an
uncertain measure if it satisfies the following axioms:

Axiom 1 (Normality Aziom): M{A} = 1 for the universal set T".

Axiom 2 (Duality Aziom): M{A} + M{A°} =1 for any event A.

Axiom 3 (Subadditivity Aziom): For every countable sequence of events, Aj, Ag, ..., we
have

(1.1) M{GAZ} SiM{Ai}

Axiom 4 (Product Aziom): Let (I'y, Li, M}) be uncertainty spaces for
E=1,2,...
The product uncertain measure M is an uncertain measure satisfying

oo
(1.2) M {H Ak} = ming<p<ooMip{Ax}

k=1
where Ag(k =1,2,..) are arbitrarily chosen events from Ly for k = 1,2,---
Definition 1.2. [6]: Let (T, L, M) be an uncertainty space and let T’ be a totally ordered
set. An uncertain process is a function X () from 7' x (I', L, M) to the set of real numbers
such that X; € B is an event for any Borel set B of real numbers at each time t.
Definition 1.3. [I12]: An uncertain process C, is said to be a Liu process if
(i) Co = 0 and almost all sample paths are Lipschitz continuous,
(ii) C, has stationary and independent increments,
(iii) every increment Cyi, — Cy is a normal uncertain variable with expected value 0 and
variance o2. The uncertainty distribution of C, is

(1.3) By (z) = [1 + exp <\/7§::>] - , zeR

and the inverse distribution is

_ V3. y
1.4 Oy = L1 R
(1.4) o () =— n_ o Y€

Definition 1.4. [5]: Let £ be an uncertain variable. Then the expected value of ¢ is
defined by
+o0

(1.5) Blel= [ ez o)ao— [ ar{e<ojas

0
provided that at least one of the two integrals is finite
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Definition 1.5. [6]: An uncertain process X; is said to have independent increments if
Xt1 - Xt07 XtQ - Xt17 e 7th - th—l

are independent uncertain variables where 1, %o, ,{; are any times with

to <ty < -+ <{tg.

That is, an independent increment process means that its increments are independent
uncertain variables whenever the time intervals do not overlap. It is noted that the incre-
ments are also independent of the initial state.

Definition 1.6. [6]: Suppose C} is a canonical Liu process, and f and g are two functions.
Then

(1.6) dX; = f(t, Xy)dt + g(t, X¢)dC;

is called an uncertain differential equation. A solution is a Liu process X; that satisfies
(1.3) and (1.4) identically in ¢.

Definition 1.7. [6]: Let X; be an uncertain process. Then for each v € T, the function
X (7)is called a sample path of X;.

Definition 1.8. [8]: An uncertain process X; is said to be sample-continuous if almost
all sample paths are continuous functions with respect to time t.

Definition 1.9. Uncertainty Distribution of Solution. [12] Let o be a number such that
0 < a < 1. An uncertain differential equation

(1.7) dX (1) = f(t, X(£))dt + g(t, X (£))dC(t)

is said to have an a-path X (¢)® if it solves the corresponding ordinary differential equation

(1.8) dX(1)* = f(t, X)) dt + |g(t, X ())|® " (a)dt

where ®~!(qa) is the inverse uncertainty distribution of a standard normal uncertain vari-
able, that is,

(1.9) (o) = */glnl @ aeR
T

Definition 1.10. [4] Suppose Ciy, Cay, ..., Cpy are independent canonical processes, and
f,91,92, ..., gn are some given functions. Then

n
(1.10) dX, = f(t, Xp)dt + > git, Xi)dCy
i=1
is called an uncertain differential equation with respect to Cis, Coy, ..., Cpe. A solution is
an uncertain process X; that satisfies (1.10) identically in .
The uncertain differential equation (1.10) is equivalent to the uncertain integral equation

(111) XSZXO—I—/ f(t,Xt)dt—i-Z/ gi(t,Xt)dCit
0 —Jo
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Definition 1.11. [15] A multifactor uncertain differential equation (1.10) is said to be
stable in measure if for any two solutions X; and Y; with different initial values Xy and
Yy, we have

(1.12) lim| x, —yg oM {SuptZO | Xi =V < f} =1
for any given number € > 0.

Definition 1.12. [15] A multifactor uncertain differential equation (1.10) is said to be
stable in mean if for any two solutions X; and Y; with different initial values Xy and Yj,
we have

(1.13) lim | x_yy 0 E [sup;>o | Xe =Y || =0

Theorem 1.1. [13]: Let Cy be a canonical process. Then, there exists an uncertain
variable K such that for each -y, K () is a Lipschitz constant of the sample path Cy(7),

(1.14) limg oo M{K <z} =1

and
(1.15) M{’yEF\K(’Y)Sx}22(1+exp<_\;§)>_l—l

2. THE ASSET MANAGEMENT MODEL

Asset management problem is mainly based on decision making and the understanding of
probable asset degradation and trading-off capital investments, maintenance costs, risks
and other uncertainties to optimize decisions made by investors.

However, it is assumed that an investor invests her wealth in an asset (say, capital asset)
A(t) at a time ¢, within the period ty to ¢,. Assuming she starts with an initial net worth
Xo(t). At a time ¢, what ratio of her net worth, ¢, must she choose to utilize on the asset
and what ratio of her net worth, 7, must she choose to be incurred on the liability of the
investment to maximize the expected present value of the utility of asset, J(X)?

The parameters used in the formulation of the model are presented in Table 1.

An optimal control model of the expected present value of an asset over a given period of
time, based on uncertainty theory is presented following the study of portfolio selection
by [10]. We assume that the capital asset manager aims to decide the optimal utilization
and asset allocation for maximizing a value function which discounts exponentially future
uncertain values of the Hyperbolic Absolute Risk Aversion (HARA) utility function over
a given time horizon with the net worth of capital assets as the state variable.

Let the risky asset earn an uncertain return, an uncertain gain with the mean rate of
return and capital gain. The change in liability is calculated as the sum of liability service
with an assumption of uncertainty, consumptions, investment and net foreign supply, less
taxation, depreciation and revenue over a period of time as proposed by [3] to have:

(2.1) J(X) = maxy Ec / %e*"t(l/}X(t))’\dt
subject to
(2.2) dX(t) = [(k+0)Y— (W —1)+pt+h—j—g)| X (t)dt+[poy+poy,—o.(—1)] X (t)dC(t)
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TABLE 1. Definition of Parameters to the model.

Parameter | Description

X(t) Net worth at time ¢ (state variable)

7(t) Liability ratio (control) at time ¢, 7 € R

or(t) Diffusion volatility of liability (with variance o2 per unit time)
P(t) Capital asset ratio at time ¢ (control) ¢ € R

op(t) Diffusion volatility of asset (with variance o7 per unit time)
K(t) Capital gain on asset due to inflation at time ¢

op(t) Diffusion volatility on asset price (with variance o7 per unit time)
B(t) Mean rate of return on the asset at time ¢

w(t) Mean interest rate of liability at time ¢

C(t) Liu canonical process at time ¢

wu(t) Consumption level at time ¢

J(t) Tax ratio at time ¢

g(t) Depreciation ratio at time ¢

h(t) Asset supplies ratio at time ¢

n subjective discount rate, e.g., ﬁ = Present value

A degree of relative risk, where (1 — \) is the risk aversion

U Utility function

2.1. Optimality of the Solution. The following principles are used in deriving the
optimality of the formulated model.

Definition 2.1. (Principle of Optimality) [16]: For any (¢,2) € [0,7) x R and At > 0
with ¢t + At < T, we have

t+At
(2.3) J(t,x) = supp E [/ f(Xs,D,S)ds + J(t+ At,z + AXy)

t

where x + AXt = XtJrAt

Theorem 2.1. (Equation of Optimality [16] ) Let J(t,x) be twice differentiable on [0,T) x
R, Then we have

(2.4) — Ji(t,x) = supp [f(x, D, t)) + Jo(t,z)V(z, D)]

where Ji(t,x) and Ji(t,x) are the partial derivatives of the function J(t,x) in t and x
respectively.

2.2. Optimal control of the model. The equation of optimality presented above is
applied herein to the uncertain control problem to obtain the optimal controls analytically.
Applying equation (2.4), we obtain Let

(25)  H= e WX~ g5+ B)XTx + (4t +9+h— (¥~ D)X Jx

(2.6) — Jy = maxy H
Thus,
(2.7) ol _ 0

5 =



174 T. Latunde, R. O. Folaranmi and A. A. Ayoade

(condition the optimal 1) satisfies)
OH

(2.8) 0 eMPX)P X — (k+ B —w)XJ, =0
(2.9) X)X = (w = k= B)Jpe™
(2.10) ($X) = [(w—r — B)Jxe"] 31
(2.11) b= (@K~ B)Ixe"] 7T

Hence, by solving the above equations, we obtained the optimal ratio of the net worth in

capital assets as
j —h)\—
(2.12) w*:(u+y+g+w A=
- N(r+5-w)
However, the optimal liability ratio, 7" can also be obtained as a control to the system.
Since T =9 — 1

(2.13) e R T 1

or
(ht+i+g9—MWA-(A-N(E+H)+w—rn

(1=XN(k+ 5 —w)
2.3. Solution to the Model. Here, the analytical and numerical solutions are derived

for the single-factored problem.
For the analytic solution, the required problem under consideration is

(2.14) =

tn

(2.15) (1) = miny Ec / %e‘"t(wX(t))Adt
to

subject to

(2.16)

dX(t) = [(k+B)Y = (W = 1)+ p+h—j—g)|X(t)dt+ [Yop + Yoy — or (¢ = 1) X (£)dC(2)

with a-path equation

(2.17)
dX(1)* = [(k+8) Y —(w(—1)+ut+h—j—g)|X (t)*di+|[pop+ior—0r (P—1)]X ()@ (a)dt.

The analytical solution to the constraint is

(2.18)
X(t) = Xoexp ([(k+ )Y — (W — 1) + p+h —j — gt + [Yop + o, — 0 (¢p — 1)]C(2))

and its inverse uncertainty distribution is

(2.19)
V(1) (@) = Xoexp([(r-+A)0— (=1 i LT e ZDIVE, o
Hence,

(2.20) U(t) () = BX (1))
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2.4. Multifactor Model. The multifactor model can be expressed as:

A 11—\
y 1 0 - 0 X1y
n
1 _ 0 ¢ 0 O Xot
(2.21) J(X) = maxy Ec E 1/ K . . dt
1 : . : : :
to
subject to
dX1y P 0 - 0 K1+ B1 — w1 0 0 X1t
dXa 0 2 0 0 0 K2 + B2 — w2 0 0 Xo¢
. = . . dt
Xt 00 W, 0 0 R a—— Xt
1+ hi—j1— g1 —wi 0 0 X1y
0 2 +ha —j2—g2 —w2 - 0 KXot
+ . dt
6 0 ° Hn + hn — ]n —Ggn — Wn X‘nt
(2.22)
P 0 .- 0 oipt o —o1r+1 0 0 X1t
0 P2 0 0 0 o2p + 025 — 02, +1 - 0 Xot
+ - . . . . . . . dC(t)
0 o - ’/;n 0 0 . aanranh.faval X;n
which can be rewritten as presented by [2]
tr
1 _ _
(2.23) J(X) = maxy Eo / TN TX
to
subject to
(2.24) dX = FXdt + UPXdt + UQXdC(t)
where
X1t
Xot
(2.25) X = . ,
X;z,t
P1 0 0
0 P2 0 0
(2.26) U= )
0 0 -
p1+hr —j1—g1 —w 0 0
0 p2 t+he —j2—g2 —w2 - 0
(2.27) F= ,
é 0 Mn"l‘hn_j;L_gn_“hn
K1+ P11 —w 0 cee 0
0 K2 + B2 — w2 0 0
(2.28) P = . . . . and
6 0 . K + ﬁ.n — Wn,
o1p + 015 — 01 + 1 0 0
0 o2p + 02p — o2, + 1 0
(2.29) Q=

0 0 st Opp +Onb — Opp+ 1
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Equations (2.23) and (2.24) which is the model of risky capital assets is an uncertain
optimal control system whereby X () is the state, U is the control, F' is n x n dimensional
constant matrix while P and @ are n x m dimensional constant matrices, C'(t) is the Liu
process and J(X) is the objective functional.

3. STABILITY OF THE MODEL

Here, we examine the stability in measure and stability in measure of the model as proposed
in [15].

Theorem 3.1. Suppose the multifactor system (2.24) has a unique solution for each
initial value, then it is stable in measure if the coefficients F', U, P and Q satisfy the
strong Lipschitz condition

(31) [F(t,z) = F(ty) | +|Ut2)P(t,z) Ul y)P(ty) |+ [ Ul 2)Q(t z)
—Ut,y)Qt,y) IS L|z—y| forallz,ye R, t> 0

where Ly is some positive function satisfying

+oo
(3.2) / Ldt < 400
0

Proof. Assume X; and Y; to be the solutions of the multifactor system (2.24) with different
initial values Xy and Y{ respectively. Then for Lipschitz continuous sample paths Cy(7),
then we have

(33) Xu(y) = Xo+ /0 Fs, Xa(y))ds + /0 U(s, Xu(7))P(s, Xo(7))ds
+ / U(s, X2(7))Q(s, Xa(7))dCs(7)
0
and
(34) Yi(y)=Yo+ /0 F(s, Ya(y))ds + /0 U(s, Ya(1)P(s, Ya(y))ds

+ / U (s, Ys(7))Q(s, Ys(7))dCs(7)
0

Following the strong Lipschitz condition, we obtain

| Xi(v) = Yi(v) |

<| Xo- Yo +/0 | F(s, X,(7)) = F(s,Y3(7)) | ds
T /0 | U(s, X,(1)P(5, Xa(7)) — U(s, Ya(3)) P(s, Ya(7) | ds

+ /O U (s, Xa(0)Q(5: Xo(1)) — U(5, Ya(1))Q(s. Ya()) | dCi()
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t t
<| Xo—Yp | +/0 Ls | Xs(v) = Ys(v) | d8+/0 Ls | Xs(7)Xs(v) = Ys(7)Ys(y) | ds

t
+ /0 K()Ls | Xo(1)Xs(7) = Ya(y)Ya() | ds

< Xo- Yo | +/0 Lo | Xu(7) = Ya(r) | ds+/0 K()Ls | X.(7) - Ya(y) | ds

(3.5) = Xo— Yo | +(1+ K(3)) /0 L | Xa(7) — Yaly) | ds

where K (7) is the Lipschitz constant od Cy(7).
Following the Gronwall’s inequality, we have

| X¢(7) = Yi() |
t
<| Xo— Yo | exp ((1 +x() | Lsds)
0
For any t > 0,
“+o00
<1 X0 =¥ [ (14 K() [ Lads)
0
Thus,
+o0o
sup | X, — ¥i|< X0 Yo lexp (14 K [ Lads)
0

Let K (v) be a nonnegative uncertain variable. Then, by Theorem 1.1, we have

(3.6) limg o M{y €T | K(y) <2} =1.

Thus, there exists a real number T such that

(3.7) M{y|[K(y) <T}=1-c¢
for each € > 0.
Taking
+oo
(3.8) J = exp (—(1 + T)/ Lsds> €
0

we have | Xy(v) — Yi(v) |< €, Vt > 0 where | Xo — Yy |[> 6 and K(y) <T.
If | Xo — Yy |< 4, we have

(3.9) M {sup;>q | X; = Vi |<e} >1—c¢

which implies

(3.10) lim, x_yy|—0M {SuPtzo | X —Y; [<e} =1
Hence, the system (2.24) is stable in measure. O

Remark. Theorem 3.1 shows the sufficient condition for multifactor model being stable
in measure.
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Theorem 3.2. The multifactor system (2.24) is said to be stable in mean if the coefficients
F, U, P and Q satisfy the strong Lipschitz condition

(311) | F(t,x) = F(t,y) |[< Lu|z -y
| U(t,z)P(t,z) —U(t,y)P(t,y) |[< Lo |2~y |
|Q(t,:n)—Q(t,y) |§ L3t | r—=y |7 V:U,yER,tEO

where Li¢, Loy and Lgy are functions satisfying

—+o00 +oo +00 T
(3.12) / Lydt < +00, / Lodt < —+00, / Lsdt < —.
0 0 0 \/g

Proof. Suppose X; and Y; are the solutions of the multifactor system (2.24) with cor-
responding initial values of X and Yy. Then, we have the following for the Lipschitz
continuous sample paths Cy(7).

@B)me:%+AF@mew+AU@memanwmw
+%@wmmmm

and

QM)mw—%+AF@me+AUwEMW@EMM8

+A@@nmmam.

By utilising strong the Lipschitz condition, we have

(3.15) | X¢(v) = Yi(v) |

QXVWM+/IF@XWM—F®KW»WS
0
+ArU@mema&w»—wamwwmmw»ws
+/ﬂ@@X¢M—Q@%MHM@WH
0
g\Xo—Yo|+/ Lis | Xo(7) = Ya() | ds
0
5/mgxmmaw—nmmwnw
0

+ / K(y)Las | Xa(7) = Ya(y) | ds
0
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t t
(3‘16) §| XO - YD | +/ Lls ’ Xs(’Y) - }/;(7) ’ ds +/ L25 | Xs(’Y) - }/5(7) | ds
0 0

+ / K(y)Las | Xa(7) = Ya(y) | ds
0

where K () is the Lipschitz constants of C¢(7).
Following the Gronwall’s inequality, we have

(3.17)

t t t
X,00) = i) 1<) X0 =i Lo [ Lasds)exo ([ Lats)exo (K00 [ L)
0 0 0
+oo +0o0 +o0
<| Xo — Yo | exp (/ Llsds> exp (/ L25d8> exp <K(’y)/ Lgsds> Ve > 0.
0 0 0

Thus,

(3.18) sup;»q | X¢ — Y7 |

+o0 +o00 +oo
<| Xo — Yo | exp </ Llsds> exp (/ L25d3> exp <K/ L35d3>
0 0 0

K represents the nonnegative uncertain varible.
Since {K () < z}, by Theorem 1.1 and independence of K (),we have

(3.19) M{yeT | K(y) <z} 22(1+exp <_\;§”)>_11

By taking the expected value of both sides of (3.18), we derive

(3.20) E [sup;sq | Xi — Vi |]

+o0 +o0 +00
<] Xo— Yo | exp (/ L15d8> exp (/ L25d8> E [exp <K/ L38d8>:|
0 0 0

Observing that
“+o0o
/ Lisds < 400,
0

—+00
/ Losds < 400,
0

+oo
exp (/ Llsds) < 400,
0
—+00
exp (/ L28d8> < +o0
0

+oo
/ Lisds < +
0

we have

and since
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B [exp (K /0 o Lgsds)]

(3.21) = /OMM {exp (K /Om L33d8> > a:} dz
< 1+/1+OO {exp< /O+OOL33ds> >x}dm
14 ( /0 +°o L38> exp <y /0 +°° L35d5> MK > yhdy
<1+ (/O+OOL33> /0+ooexp <y La.ds { ( 1+exp< \/§y>>_1 _ 1>}dy

+o0 1
=1+ 2/ dr < +00
1 1+ xﬂ/(\[fo Lgsds)

Hence, the proof of stability in mean for the multifactor system. O

by definition 1.4, we have

Remark. Theorem 3.2 shows the sufficient condition for the multifactor model being
stable in mean. Generally, the stability in measure of the multifactor model does not
result to the stability in mean.

Conclusions: In this work, the multifactor capital asset management model formulated
based on some uncertain conditions have been presented. The measure and mean stability
theorems of the multifactor uncertain system representing the problem formulation were
proved. This served as sufficient conditions for the multifactor asset management model
to be stable.
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