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Strengthened of Some Results on Fuzzy Soft Multiset Theory

H. M. BaLaMI* AND I. A. ONYEOZILI

ABSTRACT

In this paper, we present the definition of fuzzy soft multi-
set and its basic operations such as complement, union and
intersection as introduced in 2012. We define the operations
such as restricted intersection, restricted union, AND-product,
OR-product, restricted difference and restricted symmetric
difference. Basic algebraic properties of these operations
are presented with relevant examples. De Morgan’s inclu-
sions and laws are established in fuzzy soft multiset context.

1. INTRODUCTION

Most of the complicated and challenging problems faced in engineering, eco-
nomics, environmental science, medical and social sciences have various levels of
uncertainties and imprecision embedded in them. The solutions of such problems
involve the use of mathematical principles based on uncertainties and imprecision.
In an attempt to solve these problems, different theories were developed, such as
probability theory [1], fuzzy set theory [2], theory of interval mathematics [3], the-
ory of rough sets [4], and vague sets [5], which were considered as mathematical
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tools for dealing with uncertainties. But all these theories have their limita-
tions in dealing with the uncertainties. The major problem associated with these
theories is the inadequacies of the parameterization tools. To surmount these
limitations, Molodtsov [6] introduced the concept of soft set theory as a new gen-
eral mathematical tool for dealing with uncertainties and imprecision that is free
from the difficulties that have troubled the traditional mathematical approaches.
Molodtsov pointed out the application of soft set in several directions, such as
game theory, operation research, perron integration among others.

This theory has proven useful in many different fields such as decision making
[7], data analysis [8], forecasting and so on.

Research on soft sets has been progressing, since its introduction by Molodtsov in
1999 up to the present and several results have been achieved both in theory and
practice. Maji et al. [9] defined different algebraic operations in soft set theory
and published a detailed theoretical study on soft sets. Ali et al. [10] further
presented and investigated some new algebraic operations for soft sets. Sezgin
and Atagun [11] proved that certain De Morgan’s law holds in soft set theory
with respect to different operations on soft sets and discuss the basic properties
of operations on soft sets such as intersection, extended intersection, restricted
union and restricted difference. Maji et al. [12] extended crisp soft set to fuzzy
soft set.

Alkhazaleh et al. in 2012 introduced fuzzy soft multiset and define some basic
terms including union and intersection operations with examples. They finally
applied it to decision making using Row-Maji algorithm using scores. In this
paper, we define some operations such as restricted union, restricted intersection,
AND-product, OR-product, restricted difference and restricted symmetric differ-
ence with relevant examples and illustrations. Basic properties of the operations
were presented. We state and proved various De Morgan’s inclusions and laws.

2. PRELIMINARIES

2.1 Soft Set

We first recall some basic notions in soft set theory. Let U be an initial universe
set, E be a set of parameters or attributes with respect to U, P(U) be the power
set of U and ACE.

Definition 2.1.1 [6]: . A pair (F, A) is called a soft set over U, where F'
is a mapping given by F' : A — P(U). In other words, a soft set over U is
a parameterized family of subsets of the universe U. For z € A, F(z) may be
considered as the set of z-elements or as the set of z-approximate elements of the
soft set (F, A).

The soft set (F, A) can be represented as a set of ordered pairs as follows:

(F, A)={(z, F(x)):x€ A, F(x) e P(U)}.
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Example 2.1.1

Let U = {S1, S2,S3, S4,Ss5,S6} consisting of six students and A = {a;, az, as}
be the set of parameters under consideration, where each parameter e;, i= 1,2, 3
stands for, brilliant, average, healthy, respectively. In this case to define a soft
set means to point out brilliant students, average students and healthy students.
Such that F(al) = { S1, So, 85}, F(ag) :{ S3, S4, SG} and F(ag) = {Sl, S4, 55, Sg
}. Then the soft set (F, A) over U is given by
(Fa A) = {(alv { Sh 82,85})7 (a27{ S37 S4as6})7(a37 { 817 S4,S5, 86})}
Definition 2.1.2 [9]: Let (F, A) and (G, B) be two soft sets over U. Then

(1) (F, A) is said to be a soft subset of (G, B), denoted by
(F, A)C (G, B), if ACB and F (z) CG (z), Vz€A

(1) (F, A) and (G, B) are said to be soft equal, denoted by
(F, A)=(G, B), if (F, A)C(G, B) and (G, B)C (F, A)
Definition 2.1.3. [9]: Let (F, A) be a soft set over U. Then , the support of
(F, A) written supp(F, A) is the set defined as supp(F, A) ={zx € A: F(z) #
0}.
(i) (F, A) is called a non-null soft set if supp (F, A) # 0.
(ii) (F, A) is called a relative null soft set denoted by (4 if F (z) =0, Vx € A
(iii) (F', A) is called a relative whole soft set, denoted by U4 if F (x) = U, Vzx €
A.
Definition 2.1.4. [8]: Let (F, A) be a soft set over U. If F (z) # () for all
x € A, then (F, A) is called a non-empty soft set.
Definition 2.1.5[9]: Let (F, A) and (G, B) be two soft sets over U. Then the
union of (F, A) and (G, B), denoted by (F, A)U(G, B) is a soft set defined
as (F,A)U(G, B) = (H, C), where C = AU B and Vz € C,

F(x), ifre A-B
H(z)= G (z), ifre B—A
F(z)U G(z), ifx€eANB

Definition 2.1.6 [10]: Let (F, A) and (G, B) be two soft sets over U. Then
the restricted union of (F, A) and (G, B), denoted by (F, A) Ur(G, B) is a
soft set defined as;
(F, A) Ugr(G, B) = (H, C), where C = ANB #0andVz € C
H(z) = F(z) U G(x).
Definition 2.1.7 [10]: Let (F, A) and (G, B) be two soft sets over U. Then the
extended intersection of (F, A) and (G, B), denoted by (F, A) Ng (G, B),
is a soft set defined as (F, A)Ng (G, B) = (H, C) where C = AU BandV z €
C:

F (z), iftre A-B

H(z)= G (x), ifre B—A
F(x)n G(x), ifreANB
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Definition 2.1.8 [10]: Let (F, A) and (G, B) be two soft sets over U. Then the
restricted intersection of (F, A) and (G, B) denoted by (F,A) m (G, B), is a
soft set defined as (F, A) m (G, B) = (H, C), where C = AN B and V z € C,
H(z) = F(x) NG (x).

Definition 2.1.9 [10]: Let (F, A) and (G, B) be two soft sets over U. Then
the AND-product or AND-intersection of (F, A) and (G, B) denoted by

(F, A)N\ (G, B) is a soft set defined as

(F, A)/\ (G, B)=(H, C), where C=AxBandV (z, y) € Ax B

H(z, y) = F(z) N G(y).
Definition 2.1.10 [10]: Let (F, A) and (G, B) be two soft sets over U. Then

the OR-product or OR-union of (F, 4) and (G, B), denoted by (F, A)\/
(G, B) is a soft set defined as

(F, A)\/(G, B)=(H,C), where C =Ax BandV (z,y) € AX B,

H(z, y) = F(z) U G(y).

2.2 Fuzzy Soft Set

Let U be an initial universe set and E be a set of parameters (which are fuzzy
words or sentences involving fuzzy words). Let P(U) denotes the set of all fuzzy
subsets of U, and A C E.

Definition 2.2.1 [12]: A pair (F, A) is called a fuzzy soft set over U, where F'
is a mapping given by F': A — P(U). F is called fuzzy approximation function
of the fuzzy set (F, A) and the values F(x) are fuzzy subsets of U, V x € A.
Therefore, a fuzzy soft set (F, A) over U can be represented by the set of ordered
pair (F, A) ={(z, F(z)):z€ A, F(z) e P(U)}.

Example 2.2.1: Suppose that U = {hq, he, h3, ha, hs} be a universe set and
E = {x1,22,23,24} be a set of parameters. A = {z1,z9,23} C E, F (1) =

ha hg
0.870.6 [

F(xz2) =U and F (z3) = {%, %, 3—5}, then the fuzzy soft set (F, A) is written

= () 0 (o B 2 1))

2.3 Soft Multiset:

Let {U; : i € I} be a collection of universes such that (;c; U; = 0 and let {Ey, :
i € I} be a collection of sets of parameters. Let U = |f;c; P (U;), where P (U;)
denotes the power sets of Ujs, FE =;c Py, and AC E.



152 H. M. Balami and I. A. Onyeozili

Definition 2.3.1 [13]: A pair (F, A) is called a soft multiset over U, where F'
is a mapping given by F': A — U.

In other words, a soft multiset over U is a parameterized family of subsets of U.
For a € A, F (a) may be considered as the set of a—approximate elements of
the soft multiset (F, A). Based on the definition, any change in the order of the
universes will produce a different soft multiset.

Example 2.3.1:

Suppose that there are three universes Uy, Us and Us. Let us consider a soft mul-
tiset (F, A) which describes the “attractiveness of houses”, “cars” and “hotels”
that Mr. X is considering for accommodation purchase, transportation purchase,
and venue to hold a wedding celebration respectively.

Let U1 = {hl, hg, h3, h4, h5, hﬁ} s U2 == {Cl, Co,C3,C4, 05} and U3 = {7}1, V2, U3, U4} .
Let Ey = {Ey,, Eu,, Eu,} be a collection of sets of decision parameters related
to the above universes, where

By = ev,, 1 = expensive, ey,,2 = cheap, ey,,3 = beautiful,
! e, ,4 = wooden, ey,,5 = in green surroundings ’

[ eu,, 1 = expensive, ey,,2 = cheap, ey,,3 = Model 2000 and above,
U2 = ev,,4 = Black, ey,,5 = Made in Japan, ey,,6 = Made in Malaysia

By = { ey, 1 = ea:pensive, eus, 2 = cheap, eU3,‘3 = mqjestz‘c, } ‘
3 evs,4 = in Kuala Lumpur, ey,,5 = in Kajang
Let U=W._,P(U;), E=W_Ey, and AC E, such that
A={a1 = (ey,, 1, ery, L, evs, 1), a2 = (ey,, 1, ev,, 2, €05, 1),

as = (6U1,2,€U2,3,6U3, 1), aqs = (6U1,5,€U2,4, 6U3,2),

as = (ey,, 4, eu,, 3, evs,3), as = (e, 2, er,, 3, eus, 2)

a7 = (6U1,3, €U2, 1, 6U3, 1) , ag = (€U17 1, eUQ, 3, €U37 2)}
Suppose that

F'(a1) = ({h2, hs, he} , {c2}, {v2, vs}),

F(az) = ({h2, ks, he}, {c1,c3,ca,c5} , {v2})
F (ag) = ({hl, h4, h5} s {Cl, 63} 5 @) y
F(as) = ({h1, ha, he} . 0, {v1,v4}),
F(as) = ({h1, ha}  {c1,e3}, {v1}),
F'(ag) = ({h1, ha, hs}, {c1,c3},Us),

F (a7) = ({hh h4} ) @7 {U3}) )
F (ag) = ({ha,h3, he},{c1,c3},{vi,v4}).

Then we can view the soft multiset (F, A) as consisting of the following collection
of approximations:

(F7 A) = {(a17 ({h27 h37 hﬁ} ) {CQ} ) {UQ7 1)3})) )
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(ag, ({h2,h3, he},{c1,c3,ca,c5}, {va2})),
(ag, ({h1, ha, hs} {e1,e3},0)), (aa, ({h1, ha, B}, 0, {v1,va}))
(ag, ({h1,hat,{er, 3}, {v1})), (ag, ({h1, ha, hs}, {e1, e}, Us))
(a7, ({h1, ha}t,0,{v3})), (as, ({h2,hs, he},{c1, e}, {v1,va}))}-

3. Fuzzy SOFT MULTISET:

)

Y

Let {U; : i € I} be a collection of universes such that (;c; U; = () and let {Ey, :
i € I} be a collection of set of parameters. Let U = [t);c; F'S (U;), where F'S (U;)
denotes the set of all fuzzy subsets U;, F = LﬂieIEUi and A C E.

Definition 3.1 [14]: A pair (F, A) is called a fuzzy soft multiset over U, where
F' is a mapping given by F': A — U.
In other words, a fuzzy soft multiset over U is a parameterized family of fuzzy
subsets of U. For a € A, F (a) may be considered as the set of a—approximate
elements of the fuzzy soft multiset (F, A). Based on the definition, any change in
the order of the universes will produce a different fuzzy soft multiset.
Example 3.1:
Suppose that there are three universes Uy, Us and Us. Let us consider a fuzzy
soft multiset (F, A) which describes the “attractiveness of houses”, “cars” and
“hotels” that Mr. X with a budget is considering for accommodation purchase,
transportation purchase, and venue to hold a wedding celebration respectively.
Let Uy = {h1, ha, h3, ha, hs} , Uz = {c1,¢2,¢3,ca} and Uz = {v1,v2,v3}.
Let Ey = {Ey,, Eu,, Eu,} be a collection of sets of decision parameters related
to the above universes, where

Fy, — { ey, 1 = eazpensive,. eu,, 2 = cheap, ' }

ey, ,3 = wooden, ey,,4 = 1in green surroundings ’

Ey, = {ev,,1 = expensive, ey,,2 = cheap, ey,, 3 = Sporty} ,

Eu, = { ev,, 1 = expensive, 6U3é(]23,_40:h€]\a4p(;j:g;{cg =in Kuala Lumpur, } .
Let U=W_FS(U;), E=W> Fy and ACE, such that
A={a1 = (ey,, L, ery, L, evs, 1), a2 = (ey,, 1, ev,, 2, €05, 1) ,
as = (ey,, 2, eu,,3,evs, 1), as = (ey,, 5, ev,, 4, evy, 2)
as = (ey,, 4, ev,, 3, evs,3) , as = (eu,, 2, ev,, 3, euy, 2)
Suppose that

F( ) h1 h2 h3 h4 h5 { C1 Co C3 Cy } { U1 V2 U3 }
a = —_— _——— — —_— _——— —_— —_——
! 0.2 04°0.8°05 0 J 10.8 0.5°0470..6J710.8" 0.770.7 ’

(@)
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1 he hs 4 1 vy U3
F(aﬁ): N o ) - 7{77 7777}7{77 777} .
0.7 0.770.1°0.8"0.7 0.8" 0.6°0.3°0.5 0.8 0.7°0.6
Then we can view the fuzzy soft multiset (F, A) as consisting of the following
collection of approximations:

a h1  ha hs ha hs {07167207367}{7171”72“73}
1 0.2° 0.4°0.8°05° 0 [*10.8” 05°0.4°0.6J°10.8" 0.7°0.7 J
hi  ha hs hg hs €1 c €3 ca v V2 w3
2 {102’ 04>08°05° 0 7{04’ 0.5’0.870.5}’{0.4’ 0.4’0.3} J
a hi  hy hs hg hs {071072073674}{@712073}
(F, A) = 3107 07°01°08°07(>108 067032057105 0.4°0.2 )
’ - a hi  hy hy hy hs {071072073&}{1171”72”73}
4{109° 05°05°02°07 (>0 02°07°06J>10.8” 0.7°0.9 )
a h1  ha hy hga hs {071072073074}{11711}721175}
5{109° 05°05°02°0.7(>10.7> 0.8205°04J°105> 0.5°0.7 )
a hi  hy hy ha hs 071072673074}{1)711172073}
6{107 07°01°08°0.7(>108 06703°05J°10.8> 0.7’ 0.6
Each approximation has two parts: a predicate name and an approximate value
pPp p p pPp

set.

We can logically explain the above example as follows: we know that

a1 = (ey,, 1, ep,, 1, ey, 1), where ey, , 1 = expensive house, ey,, 1 = expensive car
and

eus, 1 = expensive hotel. Then

Ia h1 hg h3 h4 h5 C1 (6] C3 C4 V1 Vo U3

(1) = ({0.27 04708705 0 } ’{0.8’ 0.5°0.4’ 0.6} ’ {0.8’ 0.7’ 0.7}) ’
We can see that, the membership value for house h; is 0.2, so this house is not
expensive for Mr. X; also we can see that the membership value for house hj is
0.8, this means that the house h3 is expensive and since the membership value
for house hj is 0, then this house is absolutely not expensive. Now, since the first
set is concerning expensive houses, then we can explain the second set as follows:
the membership value for car ¢; is 0.8, so this car is expensive (however, this car
may not be expensive if the first set is concerning cheap houses), also we can see
that the membership value for car cs is 0.4, this means that, this car is not very
expensive for him and since the membership value for car ¢4 is 0.6, then this car
is quite expensive. Now, since the first set is concerning expensive houses and the
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second set is concerning expensive cars, then we can also explain the third set as
follows: since the membership value for vy is 0.8, so this hotel is expensive (but
this hotel may not be expensive if the first set is concerning cheap houses and the
second set is concerning cheap cars), also we can see that, the membership value
for venue vo and vz is 0.7, this means that these venues are almost expensive.
Therefore, depending on the previous explanation we can say the following.

If the {%, (%, 6%, %, %} is the fuzzy set of expensive houses, then the fuzzy set

of relatively expensive cars is {0.8, 0% 0 0.6} and if { 05 02 0505 6 } is the
fuzzy set of expensive houses and { 0%’ 0% 04’ 0‘6} is the fuzzy set of relatively
expensive cars, then the fuzzy set of relatively expensive hotels is {%, 0% oF t-
it is obvious that, the relation in fuzzy soft multiset is conditional relation.

Definition 3.2: For any fuzzy soft multiset (F, A), a pair (ey,;, FGUU) is called

a
Ui — fuzzy soft multiset part ey, € aj and Fe, C F (A) is a fuzzy approx-
imate value set where a;, € A, k = {1, 2, ...,n}, i € {1, 2, ...,m} and

jed{l, 2, ...,rh

Example 3.2: Consider example 3.1. then

h1 he hs ha hs h1 ha h3z ha hs
<6U1717{oia 04080500 () \evi- 1,03 0408050 0
— hi hy hs ha hs hy hy hs ha hs
(eviys Feus;) = <6U1’27{W7 07 01080 07 f) (409> 05505009007
hy hy hy ha hg hy  hy hz ha hg
<6U1747 {0.9> 057 0.5 0.2 0.7}) , (€U1>27 {0.7’ 0.7 0.1 0.8 0.7})

is a Uy —fuzzy soft multiset part of (F, A).
Definition 3.3: For any two fuzzy soft multiset (F, A) and (G, B) over U,
(F, A) is called a fuzzy soft multisubset of (G, B) if

(1) AC B and
(2) Veu,; € a, (eu,,, FeUij) is a fuzzy subset of (ey,;, GeUU), where aj, € A,

E={1, 2, ....,n},ie{l, 2, ...om}and j €{1, 2, ...,r}

The relationship is denoted by (F, A) C(G, B). In this case (G, B) is called a
fuzzy soft multisuperset of (F, A).

Definition 3.4: Two fuzzy soft multisets (F, A) and (G, B) over U, are said
to be equal if (F, A) is a fuzzy soft multisubset of (G, B) and (G, B) is a fuzzy
soft multisubset of (F, A).

Example 3.3: Consider example 3.1. Let

A= ayp = (€U17176U27176U371)7 ag = (6U17276U2737€U371)7
az = (ey,, 4, ey, 3, eus, 3) ;a4 = (evy, 3, evy, 1y evy, 1) [
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by = (6U17 176U27 17€U37 1)7 by = (€U17 176U27276U37 1)7
by = (6U17276U2737€U3> 1) by = (6U17576U2747 6U372)
bs = (6U17476U27376U373) ,bg = (6U17376U27 17€U37 1)

B

Clearly, A C B. Let (F, A) and (G, B) be two fuzzy soft multisets over the same

U, such that
a hi  ha hy ha hs {071 <2 c3 074} {Ll g
1 0.2” 0.4°0.820.5° 0 > 10.87 0.5°04°06J°10.8” 0.7
a hi  ha hs hg hs {071 c2  c3 074} {Ll 2
(F A) . 2 0.7 0.720.1°0.803(10.8” 0.670.320.5J°10.5” 0.4
’ a hi ha hy ha hs {071 ca c3 074} {Ll vy
35 1’ 080.72 020.7(10.7” 0.820.5704J°10.5° 0.5
h1  ha hs hs hs € Cc2 €3 c4 v w2
<a4’ <{0.8’ 0.670.1°05> 1 }’{0.5’ 0.3’0.1’02}’{0.5’ 0.3
b h1  ha hs ha hs {Ll ca  c3 674} {Ll L2
15 0.3 0.4709°0.7°0.2(°10.8” 0.60.620.7J°10.9 0.7
b hi  ha hy ha hs {ﬂ c2  c3 674} {Ll i
25 0.47 06707207203 (>L1° 090908J°10.87” 0.5
(G B) o 3 0.9 0.9 10806 (108" 0.820.5205J10.7> 0.6
’ b hi  ha hy hyg hs {671 2 c3 074} {Ll vy
4:1109> 06°0.7°05°05 (103> 05°0.7°0.7J°10.8> 0.8
b hi  ha hs ha bhs {071 c2  c3 074} {ﬂ vy
5) 1° 0908704207108 090.5205J°10.5”> 0.6
b hi  ha hs hs hs {671 co  c3 674} {ﬂ vz
L 6> 0.8 0.7 10906 (108 0.7°0.620.5J10.8”

Therefore (F, A) C(G, B).

Definition 3.5: The complement of a fuzzy soft multiset (F, A) is denoted by
(F, A)° and is defined by (F, A)° = (F°, A), where F¢: A — U is a mapping

given by F* (a)

c¢(F (a)), V a € A where c is any fuzzy complement.

Example 3.4: Consider example 3.1. By using the basic fuzzy complement,

which is
¢(x) =1—z, we have

a hy  hy h3 ha hs {071 €2 c3 074} {Ll vy w3
1 0.87 0.670.2°0.5° 1 > 10.2° 0.570.6°04J°10.2°” 0.3?0.3
a hi  ha hs hg hs {671 c2  c3 074} {Ll vy w3

2 0.87 0.670.2°0.5° 1 > 10.67 0.5°0.2°05J)°10.67 0.6’ 0.7

a h1  ha hs hs hs {071 € c3 074} {L vy w3

(F A)C o 3 0.3 0309202203 (10.2” 0.4°0.7°05J°10.5” 0.6 0.
’ ag ({ Do by hy ha hel fo ey ey e} fur v v

4 0.1 0.570.570.8203 (11 0.820.3704J°10.2° 0.3’0.1

a hi  ha hy ha hs {Ll Ca  c3 674} {Ll V2 vz

5 0.1 0.570.520.820.3(°>10.3” 0.270.520.6J°10.5° 0.5’0.3
a hi  ha hs ha hs {671 c2  c3 074} {Ll vy vz

L 6 0.3 0.370.9°0.2°03(°10.2” 04°0.7205/)> 20 37 0.
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Definition 3.6: A fuzzy soft multiset (F, A) over U is called a Seminull fuzzy
soft multiset, denoted by (F, A)._, if at least one of a fuzzy soft multiset parts
of (F, A) =1.

Example 3.5: Consider example 3.1. Let us consider a fuzzy soft multiset
(F, A) which describes “stone houses,” ”cars”and ”hotels” with

A - {al == (6U17376U27176U37 1)7 ag = (6U17376U27376U37 1) , A3 = (€U1747 6U27376U373)}'

Then a seminull fuzzy soft multiset (F, A).y, is given as

a hi ha hy ha hs gcicisg}{vilvizvia}

Ly 0°0°0°0°0 (2108 05°04°0.6J>10.80.7°0.7 )
_ hi ha hs hsa hs €1 C €3 c4 1 v2 w3

(F, A)zwl_ a2, 0°0°0°0°0 (2104 .5’0.8’0.5}’{0.4’0.4’0.3} )

(on ({5 % 5 5 0 ) (65 65065 680 (85 040 03
Definition 3.7: A fuzzy soft multiset (F, A) over U is a null fuzzy soft
multiset written (F, A)y, if all the fuzzy soft multiset parts of (F, A) = 0.

Example 3.6: Consider example 3.1. Let us consider a fuzzy soft multiset (F, A)
which describes “stone houses,” “cheap cars” and “hotels in Kuala Lumpur” with

A= {al = (€U1’3’6U2’2’ 6U373)7 az = (6U1737 6U27176U373)}'
(o ({855 5 (5 52980 00 %.9)))
(F’ A)(D: c2
0

cg cal ful vy v
55T T % ))

Q

Definition 3.8: A fuzzy soft multiset (F, A) over U is called a semi-absolute
fuzzy soft multiset, denoted by (F, A) . if (ev, 4, Feu,;,j) = U, for at least
onei,ar € A, k={1,2,...,n}, i €{1,2,...,m} and j € {1,2,...,r}.
Example 3.7: Consider example 3.1. Let us consider a fuzzy soft multiset
(F, A) which

Describes “wooden houses,

bA A3

cars” and “hotels”
A= {al = (6U1737 €U, 1a €Us, 1) , A2 = (6U1737 €U, 3a €Us, 1) , A3 = (6U1> 3> €U, 37 €Us, 3)}

Then a semi-absolute fuzzy soft multiset (F, A).,is given as

hi ha hs ha hs €1 C2 €3 ca v V2 w3
ai, 1010212101 ’{0.8’ 0.570.4’0.6}’{08’07’07} )
hi ho hs hg h c c c c v v, v,
(Fy Aspy, = 4 (02 (VT T 1 T 401040 05 080 05J 0 1040 040 03 ) )
1 570.87 0.5 0.4°0.4°0.3

Definition 3.9: A fuzzy soft multiset (F, A) over U is called an absolute
fuzzy soft multiset denoted by (F, A)y, if (ev,,j, Fey,,j) = Ui, Vi.

Example 3.8: Consider example 3.1. Let us consider a fuzzy soft multiset
(F, A) which describes “wooden houses,” “expensive classic cars” and “hotels in



158 H. M. Balami and I. A. Onyeozili

Kuala Lumpur” with
A= {al = (eUla 3, €Uy, 1’ €Us3, 3) , a2 = (eUla 3, €Uy, 3’ €Us3, 3)}

Then an absolute fuzzy soft multiset (f , A)U is given as

hi ha hs h c3 ¢
| (n, ({22, 5, 5 {9 .93, {2 %)))
(F’ )U - hi ha h3 ha c1 c3 ca vl U2
(a%({T’T’T’T}’ T 1Tt ))
Definition 3.10: Let (F, A) and (G, B) be two fuzzy soft multisets over
U. Then the union of two fuzzy soft multiset (F, A) and (G, B) denoted by
(F, A)U(G, B) is defined as
(F, A)U(G, B) = (H, C), where C = AU B and for all e € C,
F(e), if ec A/B
H(e) = G(e), if ee BJA
F(e)UG(e), if ee ANB
where F'(e) UG (e) = max(F (e),G (e)).
Example 3.9: Let

A= al = (6U17176U27 176U371)7 az = (6U17276U27376U371)7
az = (ey,, 4, ey, 3, eus, 3) ;a4 = (evy, 3, euy, 1, euy, 1) [

6Ulu]- eU271 €Uz, )7 b2 - (€U1717€U27276U371)7
b3 - eU172 6U273 €Us, )7b4 = (6U17576U27476U372) )
6U174 6U273 6U373)766 = (€U1,3,6U2,17€U3,1)
Suppose (F, A) and (G, B) are two fuzzy soft multisets over U, such that
a hi  ha hs h4 hs C2 €3 4 {L v w3
1 0.2 04’08’05’ 08’ 0.57 0.47 0.6 0.8 0.77 0.7 )
a hi  ha hs hg L €1 Cc2 c3 074} {Ll vz LS}
(F A)— 2 0.7 0.70.1°0.803(10.8” 0.6270.320.5J°10.5> 0.4°0.2 ’
’ o a h1  ha hg ha hs {L ca  c3 074} {vil vz Ls}
3 17 08207 0°07(>10.7> 0.820.50.4J°10.5° 050 )
hi  ha hy hg hs €L Cc €3 ca v V2 w3
<a4’<{08’ 6°0.1°057 1 7{05’ 30 0.1 2}’{05’ 0.370.}
b hi hy hs ha hs {ngg}{ﬂLL}
1s 0.3 0.4°09°0.7°0.2 (108" 0670.6°0.7J°109° 0.7°0.9 )
h1  ha hs hs hs c1 ca €3 c4 v V2 w3
(62’ 0.4° 0.6? 0.7 .7’03}’{ 1> 0.9’0.9’0.8}’{08’ 0.570.4}))’
b hi  ha hy ha hs {071 c2  c3 674} {Ll vz Ls}
(G B)_ 3> 0.9 0.9 1708206 °10.8" 0.820.520.5J10.7> 0.6? 0.5 )
’ b hi  hy hy hg hs {671 2 c3 074} {Ll g 1173}
4:1109° 06°0.7°05°05(°10.3> 05°0.7°0.7J°10.8° 0.8 0.1 )
b hi  ha hs ha hs {671 ca  c3 674} {ﬂ vz Ls}
9) 17 970.804°0.7 (108" 0.970.5°0.5J10.5” 0.6”0.8 ’
hy hs ha hs €1 Cc €3 ca v V2 3
(bG’({OS’ 07 1209 6}’{08’ 0% 06005} {05 o8 9})> )
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Therefore
c hi  ha hz ha hs {071 c2  c3 674} {ﬂ V2 L} )
1 0.3’ 0.4°09°0.720.2 (108" 0.670.670.7J°10.9” 0.7°0.9 ’
2, 0.9 0.9 170806 (108" 0.8205705J10.7> 0.6° 0.5 ’
¢ h1  ha hs hs hs {071 €3 €3 074} {L V2 U73}
35 1° 0820.7> 0°0.7(>10.7> 0.820.520.4J°10.5° 0.5°0.7 )
c hi  ha hy hg hs {071672073074}{07111721175}
(H C)_ 4 0.87 0.670.17 0.5 1 > 10.57 0.3°0.1°0.2J°10.5° 0.3’0.4 ’
’ c by o ha hg hy hal fe oo eg e oo wal
5) 04> 06207207203 (>L1° 09°09°0.8J>°10.8” 0.5’04 )
c hi  ha hs ha hs {071 co  c3 674} {ﬂ vz LS}
65 0.9’ 06707205205 (103" 0.570.7>0.7J°10.8” 0.8”0.1 )
c hi  hy hs hs hs {071 co  c3 074} {Ll v LS}
7 1’ 0908704707108 09°0.5°0.5J10.5° 0.6’ 0.8 ’
hi  hy hs hg hs €1 C2 €3 4 v v w3
<C87 ({08’ 0.7 1’09706}’{08’ o0 060 051 {os 08 9}))

C={a1=b1=c1, aa=b3= cp,a3= ¢3, as = ¢4, bp = ¢5,ba = ¢6,b5 = c7,b6 = ¢, }

Definition 3.11: The extended intersection of two fuzzy soft multisets
(F, A)and (G, B) over U, denoted by (F, A)Ng(G, B), is the fuzzy soft multiset
(H, D), where D = AU B and for all e € D,

) F (e), if ec A/B
H(e) = G(e), if ee BJ/A
F(e)nG(e), ifecANB

where F'(e) NG (e) = min(F (e), G (e))
Example 3.10: Let consider example 3.9 with

A — a; = (6U17176U2a]-a€U371)3 a2 = (€U17276U2a3a€U371)7
az = (6U1747 €U2,376U3a3) , A4 = (€U17376U27 176U33 ]-) ’

bl = (€U1, 176U27 176U37 1)7 b2 = (€U17 176U2727€U37 1)7
B = b3 = (€U172?€U27376U37 1) 7b4 = (6U17576U2747 €U372)
b5 = (€U1>476U2a3a€U373) 7b6 = (€U1,3,€U2, 17€U3a 1)
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hence
d hi  ha hs ha hs {671 c2  c3 074} {Ll L2 &}
15 0.2 0.470.820.5° 0 > 10.87 0.5°04°06J°10.8” 0.7 0.7 )
2, 0.7 0.720.1°0.803(10.8” 0.6270.320.5J° 105> 0.4°0.2 )
h1  ha hg ha hs €1 C c3 4 v w2 w3
(d?ﬂ ({ Lok 0% o0t Lo 0k 05 o) {0k 95050 ) )
d hi  ha hy ha hs {071 c2  c3 674} {Ll w2 Ls}
(H, D) = 41108 06°0.1°05> 1 (1057 0.3°0.1°02J°10.5° 0.3°0.4 )
' N d hy ha hg hy hal fe o eg el oo wal
5) 04> 06207207203 (>U1° 09°09°0.8J°10.8° 0.5’04 )
hi  ha hs ha hs €1 Cc2 €3 ca v V2 3
(dﬁv<{ 97 0.6’0.7’0.5’0.5}7{0.3’ 050 0% o) {os 0.8’0.1}))’
hi ha hs hg hs €1 C2 €3 ca v v w3
<d77 ({ 1° 0970.8’0.470.7}’{0.8’ o0 050084 {0k 0.6’08}))’
d h1  hy hy ha hs {Ll o c3 074} v we i3
85 0.8 0.7> 120906 (108" 0.7°06°05J°]0.8" 09’09

where
C={a1=b= di, ag=b3= dp,a3 = d3, as = dy, by = ds5,bs = ds,b5 = d7,bs = ds, }

Definition 3.12: Let (F, A) and (G, B) be two fuzzy soft multisets over U.
Then the restricted union of (F, A) and (G, B) denoted by (F, A)Ur(G, B)

is defined as:
(F, A)Ug(G, B) = (H, C), where C = AN B # () and for all e € C,

H(e) = F(e)UG(e).

Where F (e) UG (e) = max(F (e),G (e))
Example 3.11: Consider example 3.9. Let

A= a] = (€U17176U2717€U371)7 az = (6U17276U2737€U371)7
az = (ev,, 4, ey, 3, euy,3) ;a1 = (evy, 3, evy, Ly eps, 1) [

bl = (6U17 ]-76U27 1,6U35 ]-)7 b2 = (6U17 176U2a276U37 1)7
B= b3 = (ev,, 2, eu,, 3, eus, 1) ,ba = (ev,, 5, ev,, 4, €u5,2) ¢,
b5 = (6U1747 6U2a3a6U373) ab6 = (6U15356U27 1)6U3a ]-)

Suppose (F, A) and (G, B) are two fuzzy soft multisets over U, such that

(a h1  ha hs hs hs {071‘372573074}{”71”7”7}
1 0.2° 0.4° 08205 0 > 10.87 0.5°04°06J 108 0.7° 0.7 )
a hi  ha hy ha hs {071672073074}{0711)721173}
(F A)_ 2 0.7 0.770.170.820.3(°10.8” 0.620.320.5J°10.5° 0.4°0.2 ’
’ a hi ha h3 ha hs {671 o c3 674} {Ll vg U73} ’
3 1’ 08072 0207107 0.820.504J°10.5” 0.5°0 ’
h h h hs h c c C c v [ v,
(a0 ({8, 8. 50 2. 5 (&, & 8.8 {8 B.8))
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.
hi  hy h3 hsa hs € c2 €3 ca v vy w3
(bh({o.?n 04709’07703}7{08’ 0.6’0.6’07}’{09’ 0.7709} )
b hi  ha hy ha hs {Ll C2  c3 074} {Ll L2 Ls}
25 40 06707207203 (>L12 09°09°08J°10.8” 0.5’0.4 ’
b hi  ha hs ha hs {671 co  c3 674} {ﬂ 2 Ls}
(G B)_ 3 97 0.9 100806 (1087 0.820.570.5J10.7> 0.6” 0.5 )
’ b hi  hy hy ha hs {Ll a2 c3 074} {Ll g LS}
4, 0.9’ 0.6°0.7°0.5°05 (103> 0.5°0.7°0.7J°10.8” 0.870.1 )
b hi  ha hs hs hs {L € c3 074} {L 2 LB}
) 1’ 0908704207108 09°0.520.5J>10.5” 0.6’0.8 )
b h1  hy hy ha hs € ca c3 €4 o1 vz v
6> 0.8 0.72 1°0.9’0.6 ’{ 8’ 0.7 0.6° 5}’{ 87 97 9}

c hy  ha hs hg hs {LLLL}{LLU

(F, A)Ur (G, B) 1,110.3” 04209707702 (108> 06°0.6°0.7J5°10.9’ 0.7°0.9

’ R - hi  ha ha hyg hs €1 co c3 ca v v w3
€2, £’ 0.9 170806 v{ 8’ 0.8705° 5}7{0.7 6"

Theorem 3.1: If (F, A),(G,B) and (H,C) are three fuzzy soft multisets over
U, then

(1) (FvA)NUR(F7A)f(F7A)7 » »

(2) (F7 A) ER ((Gv B) Ur (H’ C)) = ((Fv A) Ur (G7 B)) Ur (Hv 0)7

(3) <F7 A) UR(G7 A)z@ = (Rv A) )

(4) (F7 A) QR(G7 A)tl) = (F7 A) )

(5) (FyA)Ur(G, B)yg, = (R, D), where D = AN B,

(6) (F,A)Ugr(G,B)g = { (}(7}52) O;]J;efszeB’ , where D =ANB,

(7) (F7 A) L:JR(G> A)zUi = (R7 A)zAiv

(8) (F,A)URr(G,A)y = (G, A),, '

(9) (F,A)Ur(G,B)y, = { ((%”%))z“‘i (i;ﬁfhi;isi’ , where D = AN B,
1) @By, = { G AR werep—anp,

Proof:

(1) (F, A)Ug(F, A) = (F,A),since A= ANA#0, Ve € A,
F(e) = F(e)UF (e) = F (e). Hence, the result.
(2) We first consider left hand side:
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(G, B)Ug(H, C)=(M,D), where D=BNC#0, Vec D,
M (e) = G (e) U H(e).
Now, (Fa A) OR ((Ga B) OR (Hv C)) = (Fa A) OR (Mv D) = (‘]a Z)v
where Z=AND=ANBNC #(), Veec Z,
J(e) =F (e)UM (e) = F(e)UG ()UH (€) . vniuiuiiiii i 1]
Let us consider right hand side:
(F,A)Ug (G, B) = (N,K), where K =ANB#(), Vec K,
N(e)= F(e)UG (e).
Also, ((F,A)Ug (G, B))Ugr(H, C)= (N,K)Ug (H, C) = (W, L), where
L=KnNnC=AnBNC #(,thenVee€lL,
Wie)= N (e)UH (€) = F(e)UG (e)UH (€) .. evvuiriiiiiii i [2].
Since [1] and [2] are the same map, hence the result.
(3) (F, A)Ur (G, A) gy, = (R, A)yp,, where A= ANA#D, Vee A,
R (e) = F (e) UG(e), hence the result.
(4) (F,A)Ugr(G,A)y = (F,A), where A=ANA#0D, Veec A
F(e) = F(e)UG (e) = F(e), since every G (e) = ).
Therefore, the result has been established.
Following similar argument (5)-(10) can be proved.
Definition 3.13: Let (F, A) and (G, B) be two fuzzy soft multisets over U.
Then the restricted intersection of (¥, A) and (G, B) denoted by (F, A) (G, B)
is defined as
(F, A)m(G, B) = (H, C), where C = AN B # () and for all e € C,
V(e)= F(e)NG(e).
Where F (e) NG (e) = min(F (e), G (e))
Example 3.12: Consider example 3.9.

c hi  ha hs ha hs
1, 0.3 0.4°09°07°02 (>

hi  ho hy ha hs
€2,1108> 09> 1°08°06(°

Where C = ANB= {a1= by = ¢1, ag = b3 = c2}.

(F, A)m(G, B) = {

Theorem 3.2: If (F, A), (G, B) and (H, C) are three fuzzy soft multisets over
U, then

(1) (F, A)ym(F, A) = (F, A),

(2) (£, A)m((G,B)m(H, C) = (F,A)m(G, B))m(H, C),

(3) (F7 A)ffﬂ (Gv A)U = (F7 A)7

(4) (F, A)m (G, A)yy, = (R, A)yy,, where R is defined by definition 3.13.
(5) (F, A)m(G, A)y = (R, A)y, where R is as defined by definition 3.13.
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(R, A)ny,, if ACB

(6) (F, A)m(G, B)y where D = AN B,

' (R, D), otherwise,
(7) (F, A)m(G, B)yy, = (R, D) where D = AN B and R is as defined by
definition 3. 13
8) (F, A)m ( = (F, A).
_ | (G, B)y, if A=B, _
(9) (F, A)m = { (R, D), otherwise, where D = AN B,
(10) (F, A)m = { ((% A), Zo{hémzuifé where D = AN B, R is as
defined by definition 3.13.
Proof:

(1) (F, AYm(F, A) = (F,A), since A=ANA#(D, Ve € A,
F(e) = F(e)NF (e) = F (e). Hence, the result.

(2) We first consider left hand side:
(G, Bym(H, C) = (M,D), where D=BNC#0,VeecD,

M (e) = G(e)N H(e).

Now, (. 4)a((C, B) (I, C) = (F., A)a(M,D) = (N, L),
where L=AND=ANBNC#0,Veecl,

Ne)=F(e)UM (e) = F(e)NG (E)NNH (€) <. v v

Let us consider right hand side:
(F,A)m (G, B)=(W,Q), where @ = ANB#0, Veeq,

Wie)= F(e)NG(e).

Also, ((F, A)m (G, B))m(H, C) = (W,Q)n(H, C) = (K, V), where
V=QNC=ANBNC #0,thenVeecV,
K (e) = W(
Since [3] and [4] are the same map, hence the result.
(3) (F, A)m (G, A)gg, = (R, A)yp,, where A= ANAF#D, VeeA,
R (e) = F (e) UG(e), hence the result.
Following similar argument (3), (5)-(10) can be proved.
Proposition 3.1:
If (F,A),(G,B) and (H,C) are three fuzzy soft multisets over U, then
(1) (F.A)D((G.B) g (H,C)) = ((F,A)T(G,B)) Ap ((F.A)D(H, ),
(2) (F,A)Ng ((G,B)U(H,C)) = ((F,A)Ng(G,B))U ((F A)Ng (H,0)).
Proof: The proofs are straightforward.

Proposition 3.2:
If (F,A),(G,B) and (H,C) are three fuzzy soft multisets over U, then

(1) (F’A) OR ((G,B)@(H,C)) = ((F7A) DR (Ga B)) m ((FaA) OR (H,C)),

e)NH (e) = F (e)NG (€)NH (€) e v o eeeie e
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Proof: The proofs are straightforward.
4. DE MORGAN’S INCLUSIONS AND LAWS

We shall prove the following De Morgan’s inclusions and Laws.
Theorem 4.1. If (F, A) and (G, B) are two fuzzy soft multisets over U, then

(1) (F,A)U(G,B))“C (F,A)C (G, B)",
2) (F, A)°n (G, B)°C ((F, A ((;, B))C.

Proof
(1) Let (F,A)U(G,B) = (H, AU B) . Therefore,

(F,A)0(G,B)" = (H, AUB)®,
= (ﬁc, ﬂ(AuB)).
Take o € - (AU B),

(F(a))°, if ~a € ~A/-B

= { (G(a))”, if ~a € -B/-A
(F(a) UG(a)), if-a € ~AN-B

FC(~a), if ~a € ~A/-B

= { G (~a), if ~a € ~B/-A
FC(-a)n G (-a), if-a€-AN-B

Consider
(F,A)°C (G, B)" = (F,=4)0(G",-B),
= (J, ~AU-B), (say), where

FC(~a), if -« €-A/-B
J(ﬁa) = Gc(ﬁa), Zf o« € —|B/—|A
FC(-a)U G¢ (-a), if-a€-AN-B

Obviously, HY (~a) C J (—a), hence, (1) holds.
(2) Consider (F, A)°m (G, B)° = (F¢, =A)m (G, -B)
= (K, AN -B), (say), where

K (-a) = F¢(=a) N G%(-a),Y-a € ~AN-B.

On the other hand,
((F, A)m(G, B)® = (M, AnB)“, (say)

= (M%,~(AN B)).
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Now for —a € =(A N B),
M (ma) = (M()),
= (F(a)nG(a)),
= F%(=a)U G% (-a).
Clearly, K (-a) = F¢ (~a) N G® (-ma) C F (-ma) U GY (~a) = M° (-a).

Theorem 4.2: If (F, A) and (G, B) are two fuzzy soft multisets over U. Then
the following De Morgan‘s inclusions hold.

(1) (F, 4% (G, B)°C ((F, 4)0(G, B))“.

(2) (F, A)m(G, B))“C (F, A)°0 (G, B)°,
Proof (1) Consider (F, A)’m (G, B)® = (FY, =4)m (GY, -B)
= (H®, =AN-B), (say), where

HY (~a) = F°(-a) N GY(~a),Y-a € ~AN-B.
Again, let (F, A)U(G, B) = (V, AUB)
((F, A)T(G, B))" = (V, AUB)“, (say)
= (VY =(AUB)).

For —a € =(A U B), we have

o o (F(a)€, if ~a € 2A/-B
(VE (ma)) = (V ()" = ¢ (G(a))", if ~a€-B/-A
(F(a) UG(a))C, if-a € ~AN-B
FC(-a), if ~a € —A/-B
= GC(—\a), if o € ~B/-A
FC(-a)n G°(-a), if-a€-AN-B

Obviously, HC (~a) C (VY (-a).
(2) Suppose that (F, A)m (G, B) = (D, AN B), where
D(a) =F(a)NG(a), for alla € AN B.
Therefore, (F, A)m (G, B))® = (D, AnB)°
= (DY ~(ANB)).

Let us take ~a € = (AN B), then

DY (ma) = (D (@) = (F(a) N G(a)©

= (F () U (G ()"
DY (ma) = F¢(-a) UG (-a).

Now consider, (F, A)°U (G, B)® = (FY, =4)U (G, -B)
= (T, ~AU-B), (say)
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For —a € =AU —B, we have

FC(~a), if ~o € ~A/-B
T(—\a) Gc(ﬂa), if o € ﬂB/—!A
FC(-~a)U G (-a), if-a€-AN-B

Clearly, D (=at) C T (—cv).
Theorem 4.3: Let (F, A) and (G, B) be two fuzzy soft multisets over U. Then
the following
De Morgan'‘s law holds.
(1) ((F, A)Tr(G, B)” = (F, A°n (G, B)® .
(2) ((F, A)m(G, B) = (F, A)°Ur(G, B)".
Proof:
(1) Let (F, A)Ur(G, B) = (H, C), where C = ANB # (). For all a €
(AN B), we have
H(a)= Fla)UG(a) .
Now, ((F, A)Ur (G, B))” = (H, (AnB))® = (H°,~(An B)).
For all ~a € —(A N B), we have
HY (ma) = (H (@) = (F(a)UG (a))"
= F-a)nGY(-a)
Also, (F, A)°m (G, B)° = (F¢,-A)m (G°,-B) = (K,~(AN B) ).
For all —a € =(A N B), we obtain
K(~a)= F°(-a)NG° (-a).

Since, H® (~a) = K (=), therefore the result has been established.
(2) (F, A)m(G, B) = (H, AN B), where AN B # (. For all « € (AN B),
we have H (o) = F(a) NG(a) .
Now, ((F, A)A(G, B))® = (H, (AN B))“ = (H”,~(An B)).
For all —a € =(4 ﬂ B) we have

HY (ma) = (H ()" = (F(a) NG (a))°,
= F-a)UGY(-a).
Also, (F, A)°Ug (G, B)° = (F¢,-A)Ug (G°,~B) = (J,mAN-B).
For all ~a € AN —B, we obtain
J(~a) = F(~a)UG® (-a).

Since, H® (~a) = J (ma), hence, (2) has been established.
Definition 4.1: The AND-product on two fuzzy soft multisets (¥, A) and

(G, B) which is denoted by (F, A)/\ (G, B) is defined as (F, A)/\ (G, B) =
(M, Ax B), where M (a,b) = F(a) NG(b), for all (a, b) € A x B.
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Example 4.1: Consider Example 3.9. Let

A= {al == (€U17176U27176U371) , a2 = (€U17276U2737€U371)}7

B = {b1 = (ev;, 1, ev,, L, eus, 1), b2 = (evy, 1, eu, 2, €u5, 1) , b3 = (evy, 2, eu, 3, €us, 1)} -
Suppose (F, A) and (G, B) are two fuzzy soft multisets over U, such that

a L @ L L @ € Cc2 C3 } { V2 VU3
L 0.27 047082057 0 0.8 05’04706 0.8’ 0.770.7 ’

(F, A) = a hi  hy hs hg hs {g c2 c3 }{71 LzLS} ’
2, 7> 0.770.170.870.3 (> 10.8" 0.6°0.3” 0 0.5 0.47 0.2
<b1»({03’ 0,4’09’07’0.2}’{08 o0 060 0 ) {0 0.7’0.9}))v
_ hi  ha hs ha hs c1 c 3 ca v V2 w3
(G, B) = (b27 ({0.47 0% 05 050301 060000 o) {0k 959 }) ’
hi  ha hs hs hs €1 Cc €3 ca v V2 w3
<b3= ({ 50 0% 1008006 {08 0k 050050 {ow 06 5}>>

A X B = {(al, bl),(al, bg),(al, bg),(ag, bl),(ag, bg),(ag, bg)}

M (a1, bi) = F(a1) NG ( b1),

—
S
—
=
[\
~—
I
T
—
<
—
~—
D
Q
—~
=
DO
~—
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_ ([ h2 hs ha hs [o o ey o
0.4 0.6°0.8°0.770.3]°10.8” 0.6°0.3°0.5J10.5" 0.470.2 '
M(CLQ, bg) :F(ag)ﬂG( bg),
_ hi  he hs hyg hs {01 2 C3 04} {U1 V2 vs}
N 0.7707°1°0.8°03f/°10.8" 0.6’0.3°0.5J°10.5" 04°0.2 '
Therefore
hi ha hs ha hs .
(ala b1)7 0%7 ﬁ)ﬁa(ﬁgvﬁ ) %7 %’5734’5746}’{8)718 %a%
hi ha hy ha h
(a1> b2)7 ﬁa ﬁ,ﬁa(ﬁmﬁ ) %’ %306734’00746}’{8}718 %7%
hi ha hs ha h
(M AXB) _ (a17 bg)) 0%7 Ti?of%?r%’f ) %’ %70673475745}’{6)717 %7%
’ B (ag, by), ({ s, D2 ha he hsl gon cp oy el g e v
a2, 91),{103> 04°09°0.7°0.2 (108> 06°0.3°05J 105> 04°02
hi ha hs ha h
(a27 b2)7 ()i? T%:ﬁvﬁ?% ) %7 %7%7%}7{% (1))7247%
Definition 4.2: The OR-product on two fuzzy soft multisets (F, A) and
(G, B) which is denoted by (F, A)\/ (G, B) is defined as (F, A)\ (G, B) =

(N, A x B), where

N (a,b) = F(a) UG(b), for all (a, b) € A x B.

Example 4.2: Consider example 3.9. Let

A= {al = (€U17176U271a€U371) , @2 = (6U1,2,€U2,3,€U3,1)},

D N A

—— =

N—
N———

B = {bl - (6U17 17€U27 17eU37 1)7b2 = (CUU 176U27276U37 1) 7b3 = (6U17276U27376U37 1)} .

A X B = {(al, bl),(al, 52),((11, bg),(az, bl),(ag, bz),(ag, bg)}

N(al, bl) :F(al)UG( bl),

C1

C2

C3

£ G a
170.970.90.8

A

b vz
9 0.7
o2
87 0.7
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(
hi hy hy ha hs €L c2 c3 C4 oL vz
<(al7 bl)v({ 3 0.4’09’0.7’02}’{087 o0 060 07 ) {osr 0%
hi  ha hs ha hs ¢ c c3 ca oL vz
(a1, b2)7( 0.4’ 0.6°0.870.7 3}’{17 650 000 08} {05 0%
h1  hy hy ha hs €1 C €3 C4 v w2
(N, Ax B) = (a1, b3), (105> 05 108 06 ’{0.8’ 08’0.5’0.6}’{0.87 0.7°
’ (ag, by) hi  ha hy ha hs {Llcizgcizx}{vilﬂ
2, P1)»\ 07> 07>1°08°03 f>10.8" 0.6°0.6>0.7S>10.9° 0.7
h1  hy hs ha hs ¢ C ¢ ca v vy
<(a2’ b2)’<{0.7v 0% Trobos T o ob ost {0k o
h ho h3z ha h c c2 3 cC v v
((az, bs), ({2 2.2, 2. 20 ) (&, &8, 8} (& &
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Proposition 4.1: Let (F, A),(G, B) and (H, C) be three fuzzy soft mul-
tiset over U. Then

W) (F, AA (G BAWE ) = ((F. AAG B))
@) (F, AV (G BV @ )= ((F. V(G B)
(3) (F, AYA(F, A) = (F, A).

Proof (1) By using definition 4.1.

(F, A\ ((G, B)YA (H, 0)) — (F, A\ (G, BxC) = (N,Ax BxC),

where for all (b, ¢) € B x C, M (b,c) = G(b) N H(c) and for all (a, b, ¢) €
AxBxC,

N (a; b, ) (@) M(b,c) = F(a)N (G()m (©) = (F(a)nG(b) N
H(c) = ( b) N H(c) WlthQ(ab):F() G (b).

(Q, AxB)A\ (H, C) = ) (H, C). Hence (1) has been
proved.

(2) Similar to proof of (1), (2) can be proved.

The proof of (3) is straight forward, hence omitted.

Definition 4.3: The restricted difference of two fuzzy soft multisets
(F, A) and (G, B) over U denoted by (F, A)~gr(G, B) and is defined as
(F, A)~r (G, B) = (H, C), where C = ANB # () and for all &« € C,
H(a)= F () — G (). The difference of sets F'(a) and G (o) is denoted by
F () — G () and is defined as F () — G (a) = F () NG€ ().

Example 4.3: Consider example 3.9. Let

A= {al = (€U15176U27116U371) , A2 = (6U17276U2a3a€U371)}7

B = {bl = (€U17 17 €Uy, 17 €Us3, 1) ’ b2 = (eU17 17 €Uy, 27 €Us, 1) 3 b3 = (€U1727 €Uy, 3a €Us, 1)} .
Suppose (F, A) and (G, B) are two fuzzy soft multisets over U, such that

hy  ha hs h4 hs <1 , G
oA - <a17<{0.27 047 0.87 0.5 0}’ 08> 050 04> } {o5 o% 7}>>>
(F, A) = , , :
<3 v w2

where C = ANB= {a;= b= ¢, ag =

hi ho hs hyg hs
F(Cl): {<Cl><{2a 0.4’.8’.570}’
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hi hes hs hsa hs c1 ¢y C3 ¢4 V1 Uz U3
F(c) = LA @ G o fo v
(c2) {(cg’ ({0.7’ 0.7 1 ’0.8’0.3} {08 603 5}{ 5 0.4 2}>>}

_ (M ha hs ha hs {g 222} {ﬂ 22}
- \1037030702703[710.2" 047037057105 04°02J )"

Therefore

Definition 4.4: The restricted symmetric difference of two soft multisets
(F, A) and (G, B) over U denoted by (F, A) Ar(G, B), such that AN B # )

and is defined as

(Fv A) Ar (G, B) = ((F7 A) NR(Gv B)) U (<G7 B) NR<F? A))a

- ((F7 A) N (G7 B)C) U ((G, B) n (F7 A)C)

Conclusion
In this paper, we have defined restricted union, restricted intersection, AND-

Product, OR-Product, restricted difference and restricted symmetric difference
with relevant and illustrative examples. Basic properties of these operations were
investigated. De Morgan’s inclusions and laws were stated and proved.
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