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Some Results on Interval valued (€ v ¢)- fuzzy subgroups

L. S. AkinorLa, O. E. ABOLARIN®* O. A. AKINTUNDE AND B. A. Nawu

ABSTRACT

In this paper, we define the concepts of interval val-
ued (€ wq)-fuzzy subgroups and interval valued (€ wvgq)-
fuzzy normal subgroups and discuss their properties.

1. INTRODUCTION

Zadeh [13] introduced fuzzy sets in 1965. Since then, this idea has been ex-

tended to many branches of mathematics. Fuzzy subsystem of algebraic struc-
tures have been introduced and extensively studied by several mathematicians.
In particular, Rosenfeld [10] introduced the notion of fuzzy subgroups in 1971.
Liu [8] defined and characterized fuzzy normality of a fuzzy subgroup in 1982.
Ajmal and Thomas [1] introduced the concepts of fuzzy quasinormality. Fuzzy
subrings, fuzzy ideals in a ring and the likes have also been worked upon by sev-
eral researchers.
Ming and Ming [9] defined fuzzy singleton and used the idea to introduce and
characterize the concepts of quasi coincidence of a fuzzy point with a fuzzy set.
Bhakat and Das [2 — 5] used these concepts by Ming and Ming to introduce and
characterize the concepts of (€ vq)- fuzzy subgroups, (€ vq)-fuzzy normal sub-
groups, (€ vq)-fuzzy quasi-normal subgroup, and so on.
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Zadeh [14], in order to take care of imprecision that could arise as a result of
using fuzzy sets, introduced the idea of interval valued fuzzy sets. This idea has
been widely used by a lot of researchers. Dong and Chul [7], introduced and
characterized interval valued (€, € vq)-fuzzy ideal in a ring, Sargunadevi, et.al.
[11,12] studied anti interval valued fuzzy subbigroup and interval valued fuzzy
subbigroup.

In this paper, we define and characterize the interval valued (€, € vq)-fuzzy sub-
groups as an extension of the notion of (€, € vq)-fuzzy subgroups. In particular,
we define the (€, € vq)-fuzzy subgroups, (€, € vq)-normal fuzzy subgroups, and
give the conditions for an interval valued fuzzy subset A of a group G to be an
interval valued (€, € vq)-fuzzy subgroups, (€, € vq)-fuzzy normal subgroups of G
among others.

2. PRELIMINARIES

We present here some basic concepts and clarify notions which are used in the
sequel. For details, please refer to [1-14].
Let G be a non empty set.

Definition (2.1) [Zadeh] [13 A mapping i : G — [0, 1] is called a fuzzy subset
of G.

Definition (2.2) Let p be a fuzzy set in a set G. Then, the level subset f
is defined as:
pr=4{x € G : plx) > t} fort € [0,1].

Definition (2.3) [Rosenfeld] [10] Let p be a fuzzy set in a group G. Then, u
is said to be a fuzzy subgroup of G, if the following hold:

(1) p(zy) = min{u(z), u(y)} V o,y € G;
(1) pxz=!) = pu(z) Vz € G.

Definition (2.4) Let u be a fuzzy subgroup of G. Then, the level subset p, for
t € Imy is a subgroup of G and is called the level subgroup of G.

Definition (2.5) [Ming and Ming] [9] A fuzzy subset u of a group G of

the form:
_ [U(z#0) if y=2
my) = { 0 if y#x

is said to be a fuzzy point with support x and value ¢ and is denoted by x

Definition (2.6) [Ming and Ming] [9] A fuzzy point z; is said to belong
to(resp. be quasi-coincident with) a fuzzy set p , written as z; € p (resp.z; q )
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if p(x) > t(resp. p(x) +t > 1).
"xy € por zy q p” will be denoted by xy € vq )

Definition (2.7) [Bhakat and Das] [5] A fuzzy subset u of G is said to be an
(€ vq)- fuzzy subgroup of G if for every z,y € G and t,r € (0,1]:

(i) zt € pyyr € = (TY) ) €vq 1

(i) 2t € p= (74 €wvqp.

Theorem (2.8) [Bhakat and Das] [5] (i) A necessary and sufficient condi-
tion for a fuzzy subset p of a group G to be an (€, € vq)-fuzzy subgroup of G is
that u(zy~1) > M(u(x), u(y),0.5) for every z, y € G.

(73). Let p be a fuzzy subgroup of G. Then p; = {x € G : p(x) > t} is a
fuzzy subgroup of G for every 0 < t < 0.5. Conversely, if u is a fuzzy subset
of G such that p,; is a subgroup of G for every ¢ € (0,0.5], then p is an fuzzy
(€, € vq)-fuzzy subgroup of G

Definition (2.9) [Bhakat and Das][5] Let X be a non empty set. The subset
w={x € X : pu(z) >t} or {p(r)+t>1}={xr € X :x € vqg p} is called
(€ vg)-level subset of X determined by p and ¢.

Theorem (2.10) [Bhakat and Das] [5] A fuzzy subset p of G is a fuzzy
subgroup of G if and only if x4, is a subgroup for all ¢ € (0, 1]

Definition (2.11) [Bhakat and Das][6] An (€, € vq)-fuzzy subgroup u of
Gis said to be an (€, € vq)-fuzzy normal subgroup of G if for any x, y, € G and
t €(0,1), 2 € p= (yry ) €vgp

Remark (2.12) [Bhakat and Das] [6] The following statements are equiv-
alent:

(i) p is (€, € vg)-fuzzy normal

(i) p(y~'wy) > M(u(x),0.5) Vz,y G

(ili) p(zy) = M(p(yz),0.5) V z,y G.

Theorem (2.13) [Bhakat and Das] [6] Let 1 be an (€, € vq)-fuzzy normal
subgroup of G. Then {z € G : u(x) > t} is a normal subgroup of G for every
0 <t <0.5. Conversely, if u is a fuzzy subset of G such that u; is a normal
subgroup of G for every 0 < t < 0.5, then u is (€, € vg)-fuzzy normal subgroup
of G.
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We now give some information extracted from [7] on the utilized notion interval
value sets that we also found useful for our work here.

By an interval number 4, we mean an interval [a,a], where 0 < a < a <
1. Let D[0,1] denotes the set of all interval numbers. Consider the interval
numbers a ,b € DJ0,1], we define refined minimum, refined maximum, re-
fined infimum, and refined suprimum of a ,b € DJ0,1] denoted respectively
by r min(a, I;), r max(a, I;), rinf(a, 5), rsup(a, I;) as follows:

rmin(a,b) = [min{a,b}, min{a, b}]
r max(a, l;) = [max{a,b}, max{a,b}]
rinf(a, Z;) = [A{a,b}, A{a,b}]
rsup(a, l;) = [V{a, b}, V{a,b}]
We also defined the symbols 7 <7 ”=""<", in case of any two interval numbers

in D[0,1].
(z')dgl;ifandonlyifggbandagg
(i4) a = b if and only if ¢ = b and @ =
(iii) @ < b if and only if a < b and @ < b

Under these notations, the concept of interval -valued fuzzy sets defined on a
non-empty set X as objects have the form

A = {(z,[p,(2), ia(2)])}, for every x € X.

This will be briefly denoted by A = [u n A}, where , and fig are two fuzzy sets
in X such that p,(2) < jia(z) forallz € X

Let fia(z) = [p , fia] for every z € X. Then fia(z) € DI0,1]for every x € X,
and therefore, the interval valued fuzzy set A is given by A = {z, tia(x)}, for every
x € X, where piy : X — DJ0,1]. For a given interval valued fuzzy sets A and B
in a set X, we define

AC B« foreveryzx € X, pa(zr) < up(z)).

A=B<= ACBand B C A.

ANB ={z, min{p,(z), py(2)}, min{zia(z), ip(x)}] | 2 € X}

AUB = {x, [max{g (@), iy (2)}, max{fia(2), ip(@)}] | & € X},

3. INTERVAL VALUED (€ vq)-FUZZY SUBGROUPS

In what follows, G is a group.
Definition (3.1) An interval valued fuzzy set A in G of the form:

A i #10,0] it oy=ua,
P =1 10,0 if oy



Some Results on Interval valued (€ v ¢)- fuzzy subgroups 17

is called a fuzzy interval value with support x and interval value @ and is denoted
by U(z,a), just as in [3]. Throughout this paper, we assume that:

(i) Any two interval numbers of DJ0, 1] are comparable

(ii) rmin[g(x), f1a(x)] < [0.5,0.5] or min[ia(x), 1a(x)] > [0.5,0.5].

Definition (3.2) A fuzzy interval value U(zx,a) is said to belong to (resp.
quasi-coincident with) an interval valued fuzzy set A, written as U(xz,a) € A
(resp.U(z,) q A) if fia(z) > a (resp. fua(z) +a) > [1,1])

U(z,a) € AorU(zx,a) ¢ Awill be denoted by U(z,a) € vqg A while U(z,a) €A,
U(z,a) € vgA will mean U(z,a) € A, U(z,a) € vg A do not hold.

Definition (3.3) An interval valued fuzzy set A in G is called a (€,€ vq)-
fuzzy subgroup of G if for all z,y € G and a,b € DJ[0,1]

(i) U(z,a) € A,U(y,b) € A= U(zy,rminfa,b]) €vq A

(i) U(x,a) € A= U(z"%a) €vg A

Theorem (3.4) A necessary and sufficient condition for an interval valued fuzzy
subset A of G to be an (€, € v g)-fuzzy subgroup of G is that
fia(zy™") = rmin[ia(z), fa(y),[0.5,0.5]

for all z,y € G.
Proof Since the condition of the theorem, according to remark(3.2) of [2], is
equivalent to

fua(zy) > rminffa(x), fa(y), [0.5,0.5]] (1%)
fia(z™h) > rminfia(z), [0.5,0.5]] (2)
we shall use the approaches of [1] and [2] to establish the proof.
First, we show that 1 = (1%)
Assume that 1 holds but (1*) is not true, then there exists z,y € G such that
fra(zy) < rminlia(z), ia(y),[0.5,0.5]]

Under this situation, the two possible cases are
rminfia(z), fta(y)] <[0.5,0.5]

rminfjia(z), fia(y)] > [05,0.5)
For the first case, we have

fia(wy) < rminfjia(e), fua(y))

If @ is chosen such that

A~

fra(zy) < a <rminfiia(z), fa(y)],
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then U(x,a) € A,and U(y,a) € A. Since U(xy,a) € A, and U(zy,a) gA, imply
that U(zy,a) € vg A, which is a contradiction to 1.
For the second case, we have

fa(zry) < [0.5,0.5) < rminfia(z), ta(y)]

This implies that U(x,[0.5,0.5]) € A and U(y, [0.5,0.5]) € A,

but U(zy,[0.5,0.5])€ vgA, which is a contradiction to (1*). Therefore, if 1 holds
then (1%) is true.

We now show that ((1*)
Let:UyGAandab

S
fia(z) > & and fia(y) >

fa(zy) > rminfia(z), 1a(y), [0.5,0.5]] > rmin|a, b, [0.5,0.5]].

) =
(DJo, 1] be such that U(z,a) € A,and U(y,b) € A, then
b.

From (1%),

If r min|a, l;] < [0.5,0.5], then ji4(xy) > rminfa, b].
If r min|a, b] > [0.5,0.5], then fia(zy) > [0.5,0.5].
These then imply that

fia(wy) +rmina, b > [1,1]
Hence,
U(zy,rminfa,b] € vq A)

which shows that 1 holds.
We also show that 2 = (2*). To this end, Assume that (2*) is not valid, then
there exists « € G such that

fra(z™!) < rminffa(z),[0.5,0.5]],
we look at it for the two cases
fa(x) < [0.5,0.5], and fia(z) > [0.5,0.5],

For the first case, we have

fa(@™) =7 < pa(z) =t.

If a is chosen such that

ﬁ>

a<tandi+t<[1,1],

then we have that U(z : [0.5,0.5]) € A. But U(z~1,[0.5,0.5]) € vqg A, which is

a contradiction to (2%).

For the second case, we have ji4(z~1) < [0.5,0.5], which implies that U(z ™1, [0.5,0.5]) € vq A.
But U(x,[0.5,0.5]) € A, which is a contradiction to (2*). Therefore, (2*) holds.

We conclude the proof by showing that (2*) implies 2.
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Let x € G and a € DJ0,1] be such that U(x,a) € A, then pia(x) > a. Now we
have
fa(z™) > rminfia(z),[0.5,0.5]] > rmin[a, [0.5, 0.5]]
< [0.5,0.5], then we have pa(z~!) > a, and
if @ > [0.5,0.5], then we have pua(x~1) > a. Hence,
,a) € vg A. Therefore (2*) holds, and that concludes the proof.

Definition (3.5) Let £ € D[0,1]. Let A be an interval valued fuzzy subset of
G. The fuzzy interval level subset A; of G is defined as
Ay ={z€G:jia(z) > 1}
Theorem (3.6) An interval valued fuzzy subsets A of a group G is an interval
valued (€, € vq) fuzzy subgroup of G if and only if A; is a subgroup of G for all
t € D[0,1]
Proof suppose A is an interval valued fuzzy subgroup of G. Let z,y € A such
that z,y € Ay, then
fia(x) >t or fia(x) +&>[1,1]
and
fia(y) >t or fua(y) +1 > [1,1]
so that
ﬂA(xy_l) > min[ﬂA(x)a ﬂA(y)a [057 05“

Since A is an interval valued fuzzy subgroup of G, it then follows that

fia(zy™') > rminlt,[0.5,0.5]]
since otherwise, it will imply that

fia(zy™') < rminlt,[0.5,0.5]]
which means that

U(z,t) € vg por U(y,t) € vq p,

a contradiction.

If
M(%,[0.5,0.5)) = £, then zy~! € A,
and if
M (%,]0.5,0.5]) = [0.5,0.5], then fis(zy™t) +1 > [1,1]
and hence,

zyle A;.
So,flg is a subgroup of G.
Conversely, let A be a fuzzy subset of G such that flfj is a subgroup of G for every
€ (0,1]. If possible,let

fa(zy™) <t < Mlpa(z), fra(y), [0.5,0.5]
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for some ¢ € (0,[0.5,0.5]). Then x,y € A;. That is
falzy™) >t or fa(zy™) +1>[1,1]
which is a contradiction. Therefore

fa(ry™") > Mja(), ialy), [0.5,0.5]]
for every x,y € G. So A is an (€, € vq) fuzzy subgroup of G

Definition (3.7) An interval valued fuzzy subset A of a group G is said to
be an interval valued (€, € vq)-fuzzy normal subgroup of G if V z,y € G and
a,b € DI[0,1],

U(z,a) € A) = U(yzy™') €vg A

Theorem (3.8) An interval valued fuzzy subset A of a group G is an inter-
val valued (€, € vq)-fuzzy normal subgroup of G if and only if Ai is an interval
valued (€, € vq)-fuzzy normal subgroup of G Vi € D0, 1].

Proof Let A an interval valued (€, € vq)-fuzzy normal subgroup of G. Then, /15
is a subgroup of G by Theorem 3.2. Let z € Af,so that fia(z) > £, then
U(z,t) € A. And since A is fuzzy normal,

Uz,t) € A = U(yzy 1) €vg A
for some y € G. So that

fa(yzy™t) > rminfpa(z),[0.5,0.5]]

which shows that U(yxzy~',{) € A. That is yzy~! € A;. Hence, A; is an
interval valued (€, € vq)-fuzzy normal subgroup of G V¢ € D[0,1].

Conversely, let A be an interval valued fuzzy subset such that fli is an interval
valued (€, € vq)-fuzzy normal subgroup of G V¢ € DI0,1]. Then A is an interval
valued (€, € vq) -fuzzy subgroup of G by Theorem 3.2. We next show that A is
normal. For A to be normal, we must have

Uz,a) € A = Uyzy *,a) €vg A
which is equivalent to

fia(yzy™") > rminfia(z), [0.5,0.5]].
suppose the contrary, that is, suppose that

fia(yzy™t) < rminfia(z),[0.5,0.5]].
for some z,y G. If { is chosen such that

fa(yzy™) < t < rminfig(z),[0.5,0.5]],
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then it follows that fia(z) > £, which implies that = € 1215. But yay~! € Af.
that U(yxy~',#) € A. That is a contradiction since A; is fuzzy normal. Hence,
it follows that

/fLA(yxy_l) > Tmin[/lA(m),[O.5,0.5H,

and the result follows accordingly.

(1]
2l

3]

(12]

[13]
(14]

REFERENCES

Ajmal N. and Thomas K. V. (1993). Quasinormality and fuzzy subgroups. Fuzzy Sets and
Systems; 58: 217-225.

Bhakat S. K. and Das P. (1996). Fuzzy Subrings and ideals redefined. Fuzzy Sets and
Systems; ; 81: 383-393.

Bhakat S. K., Das P., On the definition of fuzzy Subgroups, Fuzzy Sets and Systems
51(1992), 235-241.

Bhakat S. K., Das P., (€ vq)-level subsets, Fuzzy Sets and Systems,

Bhakat S. K., Das P., (€, € vq)-fuzzy subgroup, Fuzzy Sets and Systems 80(1996), 359-393.
Bhakat S. K., Das P., (€, € vq)-fuzzy normal, quasinormal and mazimal subgroup,Fuzzy
Sets and Systems 112(2000), 299-312.

Dond Soo Lee and Chul Hwan Park, Interval valued (€,€ wq)-fuzzy ideal in
rings,International Mathematical Forum 4(2009), 623-630.

Liu W. J., Fuzzy sets, fuzzy invariant subgroups, and fuzzy ideals, Fuzzy Sets and Systems
8(1982) 133-139.

Ming P. P., Ming L. Y., Fuzzy Topology I:Neighbouhood structure of a fuzzy point and
Moore-Smith convergence,J. Math. Anal.Appl. 76(1980) 571-599.

Rosenfeld A., Fuzzy groups, J. Math. Anal.Appl. 35(1971) 512-517.

Sarguanadevi P., Muruganantha Prasad, Arjunan K., A study of anti I-fuzzy subbigroup of
a bigroup Bulletin of Mathematics and Statistics Research, Volume 3, Issue 3, (2015), pp
71-75

Sarguanadevi P., Muruganantha Prasad, Arjunan K., Notes on I-fuzzy subbigroup subbi-
group of a bigroup International Journal of Mathematics Achive-6(7), 2015, 67-70

Zadeh L. A., Fuzzy sets, inform. andcontrol 8(1965), 338-353

Zadeh L. A., The concept of a linguistic variable and its applications to approximate rea-
soning Linform. and control 8(1975), 199-249.



