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Some Hankel Determinants for Functions satisfying Re f(z)/z > 0

M. A. Ganiyu! anp K. O. BABALOLAZ*

ABSTRACT

We obtain sharp bounds on some Hankel determinants
with Fekete-Szego parameter for analytic mappings of
the unit disk U = {z € C : |z2| < 1} satisfying Re
f(z)/z > 0 in U. Our results extend some known ones.

1. INTRODUCTION
Let A denote the class of functions
f(2) =24 ag2® + azz® + ... (1.1)

which are analytic in the open unit disk U = {z € C : |z| < 1}. In [7], Noonan
and Thomas defined the gth Hankel determinants of f for ¢ > 1, n > 0 by:

(079 Ap+4+1 - Gn4q—1
o Gn+41 :
Hq(n) = .
On+tq—1 " - OApy2(g-1)
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This determinant has been considered for specific choices of ¢ and n by several au-
thors which include, in particular, the case A = 1 of the well known Fekete-Szego
functional |az — Aa3| where ) is any real number, as a special case ¢ = 2 and n = 1.

The second Hankel determinant defined by Hy(2) = asaq — a% also received
a lot of attention by researchers among which is the notable work of Janteng
et-al [2]. They considered the functional |azas — a3| and found a sharp bound for
the function f in the subclass RT of S, consisting of functions whose derivative
has a positive real part . In their work, they have shown that if f € RT, then
lasas — a3| < §. They also obtained in [3], the second Hankel determinant and
sharp bounds for the familiar subclasses of .S, namely, starlike and convex func-
tions denoted by ST and CV and shown that |azas —a3| < 1 and |agas —a3| < &
respectively.

Babalola [1] observed that for function classes defined by other function classes
(for example the classes of close-to-star, close-to-convex, quasi-convex, a-starlike,
a-convex, a-close-to-star, a-close-to-convex whose definitions involve other func-
tion classes), coefficient functionals of the form |agas — Aas| and |agay — Aaj|
(and possibly more) for the defining function classes have frequently appeared to
be resolved in the investigations of Hankel determinants for the desired classes
of functions. He therefore defined Hankel determinants with such Fekete-Szego
parameters as follows:

Definition 1.1. Let A be a nonnegative real number. Then for integers n > 1
and ¢ > 1, we define the qth-Hankel determinants with Fekete-szego parameter
A, H)(n) as:

an pg1 -+ Apgg—1
A _ Anp4-1
Hy(n) = '
antg—1 - cee Qpy2(g-1)

He also defined another coefficient determinant associated also with function
classes of analytic mappings of the unit disk as follows:

Definition 1.2. Let A be a nonnegative real number. Then for integers n > 1
and g > 1, we define the B;‘(n) determinants as:

(7% ap4+1 .- Qp4q—1

an+1
Bé‘(n) = n+

Aptg—1 "7 .- )‘an+2(q71)
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In this work, we obtain the best-possible bounds on the determinants,

Aoy _ | G2 Aag
i) =| 2 N
:a2a4f)\a§
and
1 a
A1y 2
32(1)_ as )\&4
= asa3 — Aay,

for the class of functions Sy satisfying Re f(z)/z > 0 studied by Yamaguchi [§].

2. PRELIMINARY LEMMAS

Let P denote the class of Caratheodory functions p(z) = 1 + c1z + c22% + - --
which are analytic and satisfy p(0) = 1, Re p(z) > 0 in open unit disk U. To
prove the main results in the next section, we need the well known Caratheodory
inequality |cx| < 2 and the following lemma.

Lemma 2.1. [5, 6] Let p € P, then
29 =3 4 2(4 — ) (2.1)
and
de3 =3+ 24— e — e (4 — A2 + 24 — (A — |z]?)z (2.2)

for some value of x,z such that |x| <1 and |z| < 1.

3. MAIN RESULTS
OUI‘ main results are:

Theorem 3.1. Let f € Sg. Then

A1-X) ifA<o,
lagay — \a3| < % if 0 <,)\§ 3
4\ ifA > 3.

Proof. Let f € Sp. Then there exists a p € P such that f(z)/z = p(z). Equating
coefficients of f(z) and zp(z), we find that ag = ¢1, a3 = c2 and a4 = cs.
Therefore,

lagay — M\a3| = |ciez — Ac3l. (3.1)

Suppose A is negative, then take A = —¢ for some o > 0. Then

lagay — Aa3| = |cicz + och] < 4(1+0) = 4(1 — \).
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Next suppose A is nonnegative, then substitute for ¢o and c¢3 using Lemma 1, we
obtain

1=Necj  1=NEd—-cA)z  (E+A4-c3)4—cF)z?
lasas — Aa2| = - L 12 VT _ g 41 1
L el lP)E-)
2

(3.2)
Using the Caratheodory inequality, ¢c1 < 2, and letting ¢; = ¢, we may assume
without restriction that ¢ € [0, 2].

Suppose also (1 — \) is nonnegative. Applying the triangle inequality on equa-
tion (3.2) with p = |z|, we have

(1 ; )\)C4 n c(4 g c?) n (1— )\)c;(él —c?)
[(1 =N —2c+4N|(4—?) ,
4 p

lasas — Aad] < p

_l’_
= F(p)
so that

(1= N)c*(4—c?) N [(1—=X)e? —2¢+4N](4 - 2)

Fl(p) = 5 5

p

and we notice that F'(p) > F'(1) > 0 since the first term is nonnegative, so that

(4 —cA)[2(1 — N)c — 2¢ + 4)]
2

Thus F(p) is increasing on [0, 1] so that F'(p) < F(1). That is

F'(p) > > (4—c*)(2—c¢)>0.

F@)g4»+@-4»8-f12kk4zgwy

If (3 — 4) is negative that is A > 3, then G(c) is decreasing on [0,2] so that

G(c) < G(0) = 4X. Otherwise (that is A < 3), we have
G'(c) =2(3 —4N\)c—2(1 — \)c?

Then the maximum of G(c) on [0, 2Joccurs at ¢ = /3% and is given by

— 4\ 4\ — 8)\2
G( 3 >_3+ 82

DY 2(1 — \)
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Next we consider that (1 — \) is negative. Then we write equation (3.2) as

_ CV2( 2 2 2 2
lagay — )\a§| = (A 1)6411 + (A= 1D)er(4 Cl)x + [ef + A4 —c7)](4 01)952
4 2 4
Cal-lRU-d)
2

Following the same argument as above, we obtain

(A=1) cd4—c%)  (A=1)E4—c?)
R s 2
[AX —2c— (A= 1)P)(4 = 2) ,
1 p

|agas — Aa3| < p

i
= F(p)
F(p) < F(1) =4\ - = G(c)
and G(c) is decreasing on [0,2] so that
G(c) < G(0) = 4.

O
Corollary 3.2. Let f € Sy, then |agas — a3] < 4.
Theorem 3.3. Let f € Sg. Then
4 -2\ if A <1,
lasas —das| < § Z5\aw  FL<AS2
A-d, [2EAD)if N> 2,
Proof. If f € Sy, then as = ¢1,a3 = ¢2 and a4 = c3. Thus
lagas — Aayg| = |c1ca — Acs).
First, suppose A is negative, then take A = —o for some o > 0. Then
lagas — Aayg| = |c1ca + ocs| <4420 =4 — 2.
Now substituting for ¢y and c3 using Lemma 1, we have
lasas — Aas| = (2 —4)\)c?{ n (1-— )\)012(4 -z n Acp (4 2 cd)x?
A== ) )
2

Using the Caratheodory inequality, |c1]| < 2, and letting ¢; = ¢, we may assume
without restriction that ¢ € [0,2]. Suppose (1 — \) is nonnegative and applying
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the triangle inequality on equation (3.3) with p = |z|, we obtain

2-\N)c A\4— 2 1—Ne(4 -2
|a2a3—)\a4|§< 4)0 + ( 2C>+( )C; C)p

n Ae— 2)(44 —c2)p?

= F(p)
The extreme values of F'(p) are at p =0, p =1 and p such that

—N)e(4—c2 c— —c?
F(p) = (1 /\)2(4 ) 4 A 2)é4 )P _
Now, let
B 2= A4-)
Gi(c) = F(0) = 1 5
Ga(c) =F(1)=(2—-MN)c
and
— (4 — ¢ c— —c?
Gy(e) = Py = AN =) Ne=2a= _
implies
(I =X)c
P=X2—0
(1=Xc\  (2=Xc  A4—c)  (1-X1)?*PF(c+2)
F</\(2—c)>_ ;T 7 4\

By elementary calculus, we find that G1(c) < G1(0) = 2\, Ga(c) < G2(2) = 4—2)

and G3(c) < G3(0) = 2\ for all admissible c¢. Hence G(c) < G3(2) =4 — 2.
Next suppose 1 — \ is negative while 2 — X is nonnegative, that is (1 < A < 2).

Then we write equation (3.3) as

2-Nc A=1)ec1(d - n ey (4 — c2)a?

4 B 2 4
A4 —c)(1—|z)z
2

lasas — Aay| =

(3.4)

as above, with ¢; = ¢ € [0,2] and p = |z|, we obtain

2-Xc AN4—-c2) (A=1cd—c2)p
4 + 2 + 2

lagas — Aayg| <
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Applying the same extreme value technique, we find that the extreme value of
F(p) yielding the best possible bound for the functional is

G(c)=F(1)=(1-Nc+ 3\ —2)c

and that
G'(c) = 3(1 — N\)* + (3X — 2).
Thus the maximum of G(c) on [0,2] occurs at ¢ = 32(;E’§) and is given by

3 \/31-N)

Finally, we suppose 2 — A is negative, that is A > 2. Then we write equation
(3.3) as
(A —2)c3 n A—=1)e1(4—A)x CAci(4— cd)x?
4 2 4
L A= = o)z
2

’agag — /\a4] =

As we have shown above, with ¢; = ¢ € [0,2] and p = |z|, we have

(A —2)c? n A4 —c?) N (A—1)c(4—cA)p

‘a2a3 — )\CL4‘ S

4 2 2
Ae—2)(4—c*)p?
L A=) =)
4
= F(p).
Using the same extreme value technique, we obtain
3
Gle) = F(1) = (38A = 2)e — -
and
3A\¢?
G'(c) = (3A—2) — 2C :
Thus the maximum of G(c) on [0, 2] occurs at ¢ = W and is given by

o 230 —2)\  6A—4 [2(3X\—2)
3\ 3 3\

Corollary 3.4. Let f € Sy, then |asas — a4| < 2.
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