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Some generalized k-Fractional companions of Hadamard’s inequality

1Hussain R., 1Kehkashan B., 1Ali A., 1Latif A. and 2Rauf K.*

Abstract

The present study deals with the derivation of some new

companions of Hadamard’s inequality of fractional type

by means of generalised convex functions, viz. h-convex

functions, s-convex functions and also by co-ordinated

h-convex functions on a rectangle from the plane R2.

1. Introduction

A convex function f : I ⊆ R −→ R, induces the following classical inequality

f

(
p+ q

2

)
≤ 1

q − p

∫ q

p
f(x)dx ≤ f(p) + f(q)

2
,

known in the literature as Hadamard’s inequality, where p, q ∈ I with p < q.
Hadamard’s inequality is considered to be the first fundamental result for convex
functions with a natural geometrical interpretation and has wide range of appli-
cations. Over the years this inequality has been refined, extended, generalised,
for different classes of functions, as can be seen in a large number of research
papers and books devoted to the field. The aim of the present work is to give
some generalisations and extensions of this inequality. In order to endow the
results, we require the following preliminaries.

Received: 05/01/2016, Accepted: 19/04/2016, Revised: 19/05/2016.
2015 Mathematics Subject Classification. 47Jxx & 35A23. ∗ Corresponding author.
Key words and phrases. Hadamard’s inequality, h-Convex function, co-ordinated h-Convex

function, s- convex function in the second sense and k-Riemann-Liouville fractional integrals.
1Department of Mathematics, Mirpur University of Science and Technology, Mirpur, AJK,

Pakistan; E-mail: chairperson.maths@must.edu.pk, unigraz2009@yahoo.com
2Department of Mathematics, University of Ilorin, Ilorin, Nigeria.

E-mail: krauf@unilorin.edu.ng

8



Some generalized k-Fractional companions of Hadamard’s inequality 9

In [16], Mubeen and Habibullah introduced the following generalization for
Riemann-Liouville fractional integrals.

Definition 1.1. Let f ∈ L1[p, q], the k-Riemann-Liouville integrals kJ
γ
p+
f and

kJ
γ
q−f of order γ > 0 with p ≥ 0, k > 0 be defined by:

kJ
γ
p+f(x) =

1

kΓk(γ)

∫ x

p
(x− r)

γ
k
−1f(r)dr, x > p(1)

and

kJ
γ
q−f(x) =

1

kΓk(γ)

∫ q

x
(r − x)

γ
k
−1f(r)dr, x < q,(2)

respectively, where Γk(γ) is the k-gamma function given by Γk(γ) =
∫∞
0 rγ−1e

−rk
k dr.

Motivated by [16] and [23], we define double order k-Riemann-Liouville frac-
tional integrals as follows:

Definition 1.2. Let f ∈ L1([p, q] × [m,n]), the k-Riemann-Liouville fractional

integrals kJ
γ,δ
p+,m+f , kJ

γ,δ
p+,n−f , kJ

γ,δ
q−,m+f and kJ

γ,δ
q−,n−f of order γ, δ > 0 with

p,m ≥ 0, k > 0 be defined by:

kJ
γ,δ
p+,m+f(x, y) =

1

kΓk(γ) kΓk(δ)

∫ x

p

∫ y

m
(x−r)

γ
k
−1(y−s)

δ
k
−1dsdr, x > p, y > m,

kJ
γ,δ
p+,n−f(x, y) =

1

kΓk(γ) kΓk(δ)

∫ x

p

∫ n

y
(x−r)

γ
k
−1(s−y)

δ
k
−1dsdr, x > p, y < n,

kJ
γ,δ
q−,m+f(x, y) =

1

kΓk(γ) kΓ(δ)

∫ q

x

∫ y

m
(r−x)

γ
k
−1(y−s)

δ
k
−1dsdr, x < q, y > m,

kJ
δ,δ
q−,n−f(x, y) =

1

kΓk(γ) kΓk(δ)

∫ q

x

∫ n

y
(r−x)

γ
k
−1(s−y)

δ
k
−1dsdr, x < q, y < n,

where Γk(γ) and Γk(δ) are the k-gamma functions given by
∫∞
0 rγ−1e

−rk
k dr and∫∞

0 rδ−1e
−rk
k dr respectively.

Note that when k →1, these k-fractional integrals turn out to be the usual
Riemann-Liouville fractional integrals. For details on k-gamma function, k-beta
function, k-zeta function, k-hypergeometric functions based on Pochhammer k-
symbols, see [1], [2], [3], [10], [11], [13], [14]. We also recommend [5], [6], [15] and
[20] for detailed study of fractional calculus.

In [21], Varosanec defined h-convex functions, interested reader can see the
interaction between h-convex functions and other generalised convex functions in
[7], [17], [19], [24] and also the references therein.
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Definition 1.3. Let h : (0, 1) ⊆ J ⊆ R→ R be a positive function. A function
f : I ⊆ R −→ R is said to be h-convex or that f is said to belong to the class
SX(h, I), if f is non-negative and ∀ x, y ∈ I and γ ∈ (0, 1), we have

f(rx+ (1− r)y) ≤ h(r)f(x) + h(1− r)f(y).(3)

In [12] Latif and Alomari described the following class of functions as co-
ordinated h-convex functions, which allows a functions to be h-convex on each
co-ordinate individually, rather than being simultaneously on the whole plane.

Definition 1.4. A function f : 4 −→ R is said to be h-convex for the co-
ordinates on 4 if the inequality

f(rx+ (1− r)y, su+ (1− s)v) ≤ h(r)h(s)f(x, u) + h(r)h(1− s)f(x, v)

+h(1− r)h(s)f(y, u) + h(1− r)h(1− s)f(y, v)(4)

holds ∀ r, s ∈ [0, 1] and (x, u), (x, v), (y, u), (y, v) ∈ 4, where 4 is the bidimen-
tional interval given by 4 := [p, q]× [m,n].

In [18] Orlicz introduced the following classes of s-convex functions. Interested
readers are to see [4], [8] and [22], and the references therein.

Definition 1.5. A function f : R+ −→ R, where R+ = [0,∞), is said to be
s-convex in the first sense if

f(αx+ βy) ≤ αsf(x) + βsf(y)(5)

∀ x, y ∈ [0,∞), α, β ≥ 0 with αs + βs = 1 and for some fixed s ∈ (0, 1]. We
denote this class of functions by K1

s .

Also, a function f : R+ −→ R, where R+ = [0,∞), is said to be s-convex in
the second sense if

f(αx+ βy) ≤ αsf(x) + βsf(y)(6)

∀ x, y ∈ [0,∞), α, β ≥ 0 with α+ β = 1 and for some fixed s ∈ (0, 1]. We denote
this class of functions by K2

s .

In the next section, we shall discuss the main results of our work. Initially, we
generalize Hadamard’s inequality by means of right and left k-Riemann-Liouville
fractional integrals for generalized convex functions viz. h and s-convex functions.
Then, we give k-fractional extension of Hadamard’s inequality for co-ordinated
h-convex function on a rectangle from the plane. In the future, we intend to
generalise these results to substantially generalised convex functions such as (h−
(α,m)) and (m,h1, h2)-convex functions.
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2. Main Results

Theorem 2.1. Let f : [p, q] → R be a positive function with 0 ≤ p < q and
f ∈ L1[p, q]. If f is a h-convex function on [p, q], then the following inequalities
for k-fractional integrals hold:

f

(
p+ q

2

)
≤ h

(1

2

)Γk(γ + k)

(q − p)
γ
k

[kJ
γ
p+
f(q) + kJ

γ
q−f(p)]

≤ h
(1

2

)
Γk(γ + k)[f(p) + f(q)][kJ

γ
1−h(0) + kJ

γ
0+
h(1)].(7)

Proof. Since f is h-convex function then from (3), we have

f(rx+ (1− r)y) ≤ h(r)f(x) + h(1− r)f(y).

Let x = r1p+ (1− r1)q, y = (1− r1)p+ r1q and r = 1
2 , then

f

(
p+ q

2

)
≤ h

(1

2

)
[f(r1p+ (1− r1)q) + f((1− r1)p+ r1q)],

multiplying both sides by r
γ
k
−1

1 and then integrate with respect to r1 on [0, 1], we
get∫ 1

0
r
γ
k
−1

1 f

(
p+q

2

)
dr1 ≤ h

(1

2

)[∫ 1

0
r
γ
k
−1

1 f(r1p+(1−r1)q)dr1+

∫ 1

0
r
γ
k
−1

1 f((1−r1)p+r1q)dr1

]
,

1

γh(12)
f

(
p+ q

2

)
≤ Γk(γ)

(q − p)
γ
k

[kJ
γ
p+f(q) + kJ

γ
q−f(p)],(8)

By replacing x = p and y = q in (3) yields:

f(rp+ (1− r)q) ≤ h(r)f(p) + h(1− r)f(q),

f((1− r)p+ rq) ≤ h(1− r)f(p) + h(r)f(q).

Adding the last two inequalities above, we get

f(rp+ (1− r)q) + f((1− r)p+ rq) ≤ [h(r) + h(1− r)][f(p) + f(q)],

multiplying both sides of the last inequality by r
γ
k
−1 and integrate with respect

to r over [0, 1], we obtain

kΓk(γ)

(q − p)
γ
k

[kJ
γ
p+f(q) + kJ

γ
q−f(p)] ≤ [f(p) + f(q)]

∫ 1

0
r
γ
k
−1[h(r) + h(1− r)]dr.(9)

from (2) and (1), we have∫ 1

0
r
γ
k
−1h(r)dr = kΓk(γ)kJ

γ
1−h(0),
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0
r
γ
k
−1h(1− r)dr = kΓk(γ)kJ

γ
0+h(1).

Using above results in (9), we get

Γk(γ)

(q − p)
γ
k

[kJ
γ
p+f(q) + kJ

γ
q−f(p)] ≤ Γk(γ)[f(p) + f(q)][kJ

γ
1−h(0) + kJ

γ
0+h(1)](10)

from (8) and (10), we have

1

γh(12)
f

(
p+ q

2

)
≤ Γk(γ)

(q − p)
γ
k

[kJ
γ
p+f(q) + kJ

γ
q−f(p)]

≤ Γk(γ)[f(p) + f(q)][kJ
γ
1−h(0) + kJ

γ
0+h(1)],

multiplying the above inequality by γh(12), we obtain the required result (7).

Theorem 2.2. Let f : [p, q] → R be a positive function with 0 ≤ p < q and
f ∈ L1[p, q]. If f is a s-convex function in the second sense on [p, q], then the
following inequalities for k-fractional integrals hold:

f

(
p+ q

2

)
≤ Γk(γ + k)

2s(q − p)
γ
k

[kJ
γ
p+f(q) + kJ

γ
q−f(p)] ≤

( γ
k

2s

)
[f(p) + f(q)][

1
γ
k + s

+
s(s− 1)(s− 2)...(s− n)
γ
k (γk + 1)(γk + 2)...(γk + n)

∫ 1

0
r
γ
k
+n(1− r)s−(n+1)dr

]
.(11)

Proof. Since f is s-convex function in the second sense then from (6), we have

f(rx+ (1− r)y) ≤ rsf(x) + (1− r)sf(y).(12)

Let x = r1p+ (1− r1)q , y = (1− r1)p+ r1q and r = 1
2 in (6), we get

f

(
p+ q

2

)
≤ 1

2s
[f(r1p+ (1− r1)q) + f((1− r1)p+ r1q)],

multiplying both sides by r
γ
k
−1

1 then integrate with respect to r1over [0,1], we get

2s

γ
f

(
p+ q

2

)
≤ Γk(γ)

(q − p)
γ
k

[kJ
γ
p+f(q) + kJ

γ
q−f(p)],(13)

f

(
p+ q

2

)
≤ Γk(γ + k)

2s(q − p)
γ
k

[kJ
γ
p+f(q) + kJ

γ
q−f(p)],

with this the first inequality in (11) is proved. To prove the second inequality
put x = p, y = q in (6), we have

f(rp+ (1− r)q) ≤ rsf(p) + (1− r)sf(q),

and

f((1− r)p+ rq) ≤ (1− r)sf(p) + rsf(q).
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Adding the above inequalities, we get

f(rp+ (1− r)q) + f((1− r)p+ rq) ≤ [rs + (1− r)s][f(p) + f(q)],

multiplying the above inequality by r
γ
k
−1, then integrating with respect to r over

[0, 1], we get

∫ 1

0
r
γ
k
−1[f(rp+ (1− r)q) + f((1− r)p+ rq)]dr

≤
∫ 1

0
r
γ
k
−1[rs + (1− r)s][f(p) + f(q)]dr,

kΓk(γ)

(q − p)
γ
k

[kJ
γ
p+f(q) + kJ

γ
q−f(p)] ≤ [f(p) + f(q)]

∫ 1

0
r
γ
k
−1[rs + (1− r)s]dr,(14)

Considering∫ 1

0
r
γ
k
−1[rs + (1− r)s]dr =

∫ 1

0
r
γ
k
+s−1dr +

∫ 1

0
r
γ
k
−1(1− r)sdr

=
1

γ
k + s

+

∫ 1

0
r
γ
k
−1(1− r)sdr,

considering the integral term on right hand side of above equation, taking (1−r)s
as first function and applying n-times integration by parts, so that∫ 1

0
r
γ
k
−1[rs+(1− r)s]dr=

1
γ
k + s

+
s(s− 1)(s− 2)...(s− n)
γ
k (γk + 1)(γk + 2)...(γk + n)

∫ 1

0
r
γ
k
+n(1− r)s−(n+1)dr.

By putting this result into (14), we have

kΓk(γ)

(q − p)
γ
k

[kJ
γ
p+f(q) + kJ

γ
q−f(p)] ≤ [f(p) + f(q)][

1
γ
k + s

+
s(s− 1)(s− 2)...(s− n)
γ
k (γk + 1)(γk + 2)...(γk + n)

∫ 1

0
r
γ
k
+n(1− r)s−(n+1)dr

]
,(15)

multiplying the above double inequality by
( γ
k
2s

)
, we get

Γk(γ + k)

2s(q − p)
γ
k

[kJ
γ
p+f(q) + kJ

γ
q−f(p)] ≤

( γ
k

2s

)
[f(p) + f(q)][

1
γ
k + s

+
s(s− 1)(s− 2)...(s− n)
γ
k (γk + 1)(γk + 2)...(γk + n)

∫ 1

0
r
γ
k
+n(1− r)s−(n+1)dr

]
Hence, the second inequality in (11) is also proved.
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Theorem 2.3. Let f : 4 ⊆ R2 → R be co-ordinated h-convex on 4 := [p, q] ×
[m,n] in R2 with 0 ≤ p < q, 0 ≤ m < n and f ∈ L1(4). Then, following
inequalities hold:

f
(p+ q

2
,
m+ n

2

)
≤
[
h
(1

2

)]2 Γk(γ + k)Γk(δ + k)

(q − p)
γ
k (n−m)

δ
k[

kJ
γ,δ
p+,m+f(q, n) + kJ

γ,δ
p+,n−f(q,m) + kJ

γ,δ
q−,m+

f(p, n) + kJ
γ,δ
q−,n−f(p,m)

]
≤
[
h

(
1

2

)]2 [
kJ

γ
1−h(0) + kJ

γ
0+h(1)

] [
kJ

δ
1−h(0) + kJ

δ
0+h(1)

]
Γk(γ + k)Γk(δ + k)

[f(p,m) + f(p, n) + f(q,m) + f(q, n)].(16)

Proof. In (4), taking
x = r1p+ (1− r1)q, y = (1− r1)p+ r1q, u = s1m+ (1− s1)n, v = (1− s1)m+ s1n
and r = s = 1

2 , so that we have

f

(
p+ q

2
,
m+ n

2

)
≤
[
h
(1

2

)]2
[f(r1p+ (1− r1)q, s1m+ (1− s1)n)

+ f(r1p+ (1− r1)q, (1− s1)m+ s1n)

+ f((1− r1)p+ r1q, s1m+ (1− s1)n)

+ f((1− r1)p+ r1q, (1− s1)m+ s1n)].

Multiply both side by r
γ
k
−1

1 s
δ
k
−1

1 and then integrate with respect to (r1, s1) on
[0, 1] × [0, 1], we get

k2

γδ
f

(
p+ q

2
,
m+ n

2

)
≤
[
h
(1

2

)]2
[

∫ 1

0

∫ 1

0
r
γ
k
−1

1 s
δ
k
−1

1 [f(r1p+ (1− r1)q, s1m+ (1− s1)n)

+ f(r1p+ (1− r1)q, (1− s1)m+ s1n)]ds1dr1

+

∫ 1

0

∫ 1

0
r
γ
k
−1

1 s
δ
k
−1

1 [f((1− r1)p+ r1q, s1m+ (1− s1)n)

f((1− r1)p+ r1q, (1− s1)m+ s1n)]ds1dr1],

Consider,∫ 1

0

∫ 1

0
r
γ
k
−1

1 s
δ
k
−1

1 f(r1p+ (1− r1)q, s1m+ (1− s1)n)ds1dr1.

Let r1p+ (1− r1)q = x, s1m+ (1− s1)n = y, then
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∫ 1

0

∫ 1

0
r
γ
k
−1

1 s
δ
k
−1

1 f(r1p+ (1− r1)q, s1m+ (1− s1)n)ds1dr1

=
1

(q − p)
γ
k (n−m)

δ
k

∫ q

p

∫ n

m
(q − x)

γ
k
−1(n− y)

δ
k
−1f(x, y)dydx,

similarly, by considering the remaining integral in the equality above, solving
them the same way and putting them back into the above inequality, we get

k2

γδ
f

(
p+ q

2
,
m+ n

2

)
≤
[
h
(1

2

)]2 1

(q − p)
γ
k (n−m)

δ
k[∫ q

p

∫ n

m
(q − x)

γ
k
−1(n− y)

δ
k
−1f(x, y)dydx+

∫ q

p

∫ n

m
(q − x)

γ
k
−1(y −m)

δ
k
−1f(x, y)dydx

+

∫ q

p

∫ n

m
(x− p)

γ
k
−1(n− y)

δ
k
−1f(x, y)dydx+

∫ q

p

∫ n

m
(x− p)

γ
k
−1(y −m)

δ
k
−1f(x, y)dydx

]
,

1

γδh(12)2
f

(
p+ q

2
,
m+ n

2

)
≤ Γk(γ)Γk(δ)

(q − p)
γ
k (n−m)

δ
k

[
kJ

γ,δ
q+,m+f(p, n) + kJ

γ,δ
p+,n−f(p,m)

+kJ
γ,δ
q−,m+f(p, n) + kJ

γ,δ
q−,n−f(q,m)

]
,(17)

now let x = p, y = q, u = m and w = n in (4), we have

f(rp+ (1− r)q, sm+ (1− s)n) ≤ h(r)h(s)f(p,m) + h(r)h(1− s)f(p, n)

+ h(s)h(1− r)f(q,m) + h(1− r)h(1− s)f(q, n),

f(rp+ (1− r)q, (1− s)m+ sn) ≤ h(r)h(1− s)f(p,m) + h(r)h(s)f(p, n)

+ h(1− s)h(1− r)f(q,m) + h(1− r)h(s)f(q, n),

f((1− r)p+ rq, sm+ (1− s)n) ≤ h(1− r)h(s)f(p,m) + h(1− r)h(1− s)f(p, n)

+ h(s)h(r)f(q,m) + h(r)h(1− s)f(q, n),

f((1− r)p+ rq, (1− s)m+ sn) ≤ h(1− r)h(1− s)f(p,m)

+ h(1− r)h(s)f(p, n) + h(1− s)h(r)f(q,m) + h(r)h(s)f(q, n).

Adding the above inequalities, we have

f(rp+ (1− r)q, sm+ (1− s)n) + f(rp+ (1− r)q, (1− s)m+ sn)

+f((1− r)p+ rq, sm+ (1− s)n) + f((1− r)p+ rq, (1− s)m+ sn)

≤ [h(r) + h(1− r)][h(s) + h(1− s)][f(p,m) + f(p, n) + f(q,m) + f(q, n)],
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multiplying both side of the inequality by t
γ
k
−1s

δ
k
−1 and integrating with respect

to (r, s) on [0, 1] × [0, 1], we have∫ 1

0

∫ 1

0
r
γ
k
−1s

δ
k
−1[f(rp+ (1− r)q, sm+ (1− s)n)

+f(rp+ (1− r)q, (1− s)m+ sn) + f((1− r)p+ rq, sm+ (1− s)n)

+f((1− r)p+ rq, (1− s)m+ sn)]dsdr

≤
∫ 1

0

∫ 1

0
r
γ
k
−1s

δ
k
−1[h(r) + h(1− r)][h(s) + h(1− s)]

[f(p,m) + f(p, n) + f(q,m) + f(q, n)]dsdr,

therefore,

k2Γk(γ)Γk(δ)

(q − p)
γ
k (n−m)

δ
k

[
kJ

γ,δ
p+,m+f(q, n)+kJ

γ,δ
p+,n−f(q,m)+kJ

γ,δ
q−,m+f(p, n)+kJ

γ,δ
q−,n−f(p,m)

]
≤ [f(p,m) + f(p, n) + f(q,m) + f(q, n)]∫ 1

0
r
γ
k
−1
[∫ 1

0
s
δ
k
−1[h(s) + h(1− s)]ds][h(r) + h(1− r)

]
dr.(18)

By defination of k-Riemann-Liouville fractional integrals, we have∫ 1

0
s
δ
k
−1[h(s) + h(1− s)]ds = kΓk(δ)

[
kJ

δ
1−h(0) + kJ

δ
0+h(1)

]
,

similarly,∫ 1

0
r
γ
k
−1[h(r) + h(1− r)]dr = kΓk(γ)

[
kJ

γ
1−h(0) + kJ

γ
0+h(1)

]
,

then (18) becomes,

Γk(γ)Γk(δ)

(q − p)
γ
k (n−m)

δ
k

[
kJ

γ,δ
p+,m+f(q, n) + kJ

γ,δ
p+,n−f(q,m) + kJ

γ,δ
q−,m+

f(p, n) + kJ
γ,δ
q−,n−f(p,m)

]
≤Γk(γ)Γk(δ)

[
kJ

γ
1−h(0)+kJ

γ
0+h(1)

] [
kJ

δ
1−h(0)+kJ

δ
0+h(1)

]
[f(p,m)+f(p, n)+f(q,m)+f(q, n)]

combining (17) with the above inequality, we get

1

γδh(12)2
f

(
p+ q

2
,
m+ n

2

)
≤ Γk(γ)Γk(δ)

(q − p)
γ
k (n−m)

δ
k[

kJ
γ,δ
p+,m+f(q, n) + kJ

γ,δ
p+,n−f(q,m) + kJ

γ,δ
q−,m+

f(p, n) + kJ
γ,δ
q−,n−f(p,m)

]
≤ [f(p,m)+f(p, n)+f(q,m)+f(q, n)]Γk(γ)Γk(δ)

[
kJ

γ
1−h(0)+kJ

γ
0+h(1)

] [
kJ

δ
1−h(0)+kJ

δ
0+h(1)

]
,
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we obtain the required result by multiplying the above double inequality by
γδ[h(12)]2.
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