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Some generalized k-Fractional companions of Hadamard’s inequality

'HussaIN R., 'KEHKASHAN B., 'ALI A., 'LaTiF A. AND 2RAUF K. *

ABSTRACT

The present study deals with the derivation of some new
companions of Hadamard’s inequality of fractional type
by means of generalised convex functions, viz. h-convex
functions, s-convex functions and also by co-ordinated
h-convex functions on a rectangle from the plane R2.

1. INTRODUCTION

A convex function f: I C R — R, induces the following classical inequality

f<p42rq> ! p/f \dz < I+ 79 f(),

known in the literature as Hadamard’s inequality, where p,q € I with p < q.
Hadamard’s inequality is considered to be the first fundamental result for convex
functions with a natural geometrical interpretation and has wide range of appli-
cations. Over the years this inequality has been refined, extended, generalised,
for different classes of functions, as can be seen in a large number of research
papers and books devoted to the field. The aim of the present work is to give
some generalisations and extensions of this inequality. In order to endow the
results, we require the following preliminaries.
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In [16], Mubeen and Habibullah introduced the following generalization for
Riemann-Liouville fractional integrals.
Definition 1.1. Let f € Li[p, ¢q|, the k-Riemann-Liouville integrals kJ;+ f and
kJ;_f of order v > 0 with p > 0,k > 0 be defined by:

M) R S@ = s [ @=F e sy
and
@ W@ = s [ -0 e <

_ ok
respectively, where I'y(7y) is the k-gamma function given by I'x.(v) = fooo r~le Tk dr.

Motivated by [16] and [23], we define double order k-Riemann-Liouville frac-
tional integrals as follows:
Definition 1.2. Let f € Li([p,q] x [m,n]), the k-Riemann-Liouville fractional
integrals kJ;jim+f, kJ;;’n_f, kJ;l(im+f and ngfin_f of order 7,6 > 0 with
p,m > 0,k > 0 be defined by:

1 rory ot )
J7e x,y) = / / z—r)k Yy—s)ktdsdr, z>p, y>m,

1 zorn y )
Jr x,y) = // z—r)E Ys—y)tldsdr, z>p, y<n,

1

qary . 5
kJ;fierf(az,y):W// (r—az)Z Yy—s)rtdsdr, = <gq, y>m,

1 arm ol )
Joo T,Y) = // r—x)k Ys—y) k" ldsdr, z<gq, y<n,

ok
where T';(v) and I'y(6) are the k-gamma functions given by [[°7" e * dr and
rk
e & dr respectively.

0 6—1,—
o T

Note that when k —1, these k-fractional integrals turn out to be the usual
Riemann-Liouville fractional integrals. For details on k-gamma function, k-beta
function, k-zeta function, k-hypergeometric functions based on Pochhammer k-
symbols, see [1], [2], [3], [10], [11], [13], [14]. We also recommend [5], [6], [15] and
[20] for detailed study of fractional calculus.

In [21], Varosanec defined h-convex functions, interested reader can see the
interaction between h-convex functions and other generalised convex functions in
[7], [17], [19], [24] and also the references therein.
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Definition 1.3. Let h: (0,1) € J C R — R be a positive function. A function
f: I CR — R is said to be h-convex or that f is said to belong to the class
SX(h,I), if f is non-negative and V z,y € I and v € (0,1), we have

(3) flrz+ (1 =r)y) < h(r)f(z) +h(1=r)f(y).

In [12] Latif and Alomari described the following class of functions as co-
ordinated h-convex functions, which allows a functions to be h-convex on each
co-ordinate individually, rather than being simultaneously on the whole plane.

Definition 1.4. A function f : A — R is said to be h-convex for the co-
ordinates on A if the inequality

flra+ (1 =r)y,su+ (1= s)v) <h(r)h(s)f(z,u) + h(r)h(l = s)f(z,v)
(4) +h(L = r)h(s)f(y,u) + h(1 —r)h(1 = 5)f(y,v)

)
holds V r, s € [0,1] and (z,u), (z,v), (y,u), (y,v) € A, where A is the bidimen-
tional interval given by A := [p, ] x [m n]

In [18] Orlicz introduced the following classes of s-convex functions. Interested
readers are to see [4], [8] and [22], and the references therein.

Definition 1.5. A function f : Rt — R, where Rt = [0,00), is said to be
s-convex in the first sense if

(5) flaz + By) < o’ f(z) + B°f(y)

vV x,y € [0,00), o, 8 > 0 with o® + 8° = 1 and for some fixed s € (0,1]. We
denote this class of functions by K.

Also, a function f : RT — R, where RT = [0, 00), is said to be s-convex in
the second sense if

(6) flaz + By) <o’ f(z) + B°f(y)

Vz,y €[0,00), a, 8 >0 with a+ =1 and for some fixed s € (0,1]. We denote
this class of functions by K2.

In the next section, we shall discuss the main results of our work. Initially, we
generalize Hadamard’s inequality by means of right and left k-Riemann-Liouville
fractional integrals for generalized convex functions viz. h and s-convex functions.
Then, we give k-fractional extension of Hadamard’s inequality for co-ordinated
h-convex function on a rectangle from the plane. In the future, we intend to
generalise these results to substantially generalised convex functions such as (h —
(a,m)) and (m, hy, he)-convex functions.
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2. MAIN RESULTS

Theorem 2.1. Let f : [p,q] — R be a positive function with 0 < p < q and
f € Lilp,q|. If f is a h-convex function on [p,q], then the following inequalities
for k-fractional integrals hold:

(51 <) LR 1 4 7y 10)
(7) < h(5) Ty + WU @) + F@IkT7-A(0) + kT3 h(1)]
Proof. Since f is h-convex function then from (3), we have
flre+ (1 =r)y) < h(r)f(z) +h(1—7)f(y).
Let # = rip+ (1 —r1)g, y = (1 —71)p+rig and r = §, then
F(250) < n(3) 1+ (=) + £ = rp + )l

2

. . . T-1 . .
multiplying both sides by rf = and then integrate with respect to 1 on [0, 1], we

get

1y 1y 1y
/0?"1’“ 1f (p2—|—q> dr; < h(%) [/07"1'“ 1f(7”1p+(1—7"1)Q)d?”1+/0?"1’“ 1f((1—7“1)p+7“1Q)d?”1 :

1 Ptaq I'r(v)
® o (5 2 @ 0

By replacing = p and y = ¢ in (3) yields:
firp+ (1 —=r)q) < h(r)f(p) +h(1 —7)f(q),

f((A=r)p+rq) <h(1—7)f(p)+h(r)f(q)

Adding the last two inequalities above, we get
frp+ @ =7)g) + f(A=7)p+rq) < [h(r) + h(1 = 7)][f(p) + f(a)],

multiplying both sides of the last inequality by r+~ ! and integrate with respect
to r over [0, 1], we obtain

1
© SO LR @+ T 1) < U0+ @] [ ) + b
from (2) and (1), we have

(g —p)*
1
|t = k)T o),
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1
/ rE h(1 = r)dr = kT (7) g k(1)
0
Using above results in (9), we get

LeO) (o 0 4T £ @) < TR @) + F@IT]B(0) + 1T, (L)

(¢ —p)*
from (8) and (10), we have

1 P+ k() y
i (5 = @) + S0

(10)

x
k

p)
< T (p) + F(@)kJ]-h(0) + kJg, h(1)],
multiplying the above inequality by ~h( 5), we obtain the required result (7).

Theorem 2.2. Let f : [p,q] — R be a positive function with 0 < p < q and
f € Lilp,q]. If f is a s-convex function in the second sense on [p,q|, then the
following inequalities for k-fractional integrals hold:

p+a\ _ Te(y+Fk) X
(%5 £ o @ + T ) < () 1)+ 1)

1 s(s—=1)(s—2)...(s—n) lr%—&-n () g,
an [’g SR T ) | G M 6 ) e } '

Proof. Since f is s-convex function in the second sense then from (6), we have
(12) flrz+ 1 =r)y) <rf(x) + (1 —7)°f(y).
Let z=rip+(1—-m)g,y=1—r1)p+rigand r = % in (6), we get

F(P) < i+ @ =)o)+ £ = mp+ o)l

4

multiplying both sides by rf " then integrate with respect to rjover [0,1], we get

T
13 S = O @ )

p+aq\ _ Tk(y+k)
< J) + 5 J) ,
P(75") < S )+ 1)
with this the first inequality in (11) is proved. To prove the second inequality
put x = p, y = ¢ in (6), we have

frp+ (L =r)g) <r°f(p) + (1 —7)"f (),

and

f(A=r)p+rg) <(1—r)"f(p) +r°f(q).
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Adding the above inequalities, we get
frp+ A =r)g) + f(L=r)p+rq) <[r*+ (1 —1)°][f(p) + f(a)],

multiplying the above inequality by r%fl, then integrating with respect to r over
[0,1], we get

1
KA74*Uﬁm+(®—ﬂ@+f«1—ﬂp+rwwr

< /01 P (L= r))[f(p) + f(a))dr,

1
(1) SO fa) + T F0) < 10)+ S [+ (= rlar
(g —p)* 0
Considering

1 1 !
t/)TZWTS+(1——Tth~:D/ rl*sldr*j/‘T21a——rfdr
0 0 0

1 ! -1 s
= + re (1 —r)%dr,
0

=7
p TS

considering the integral term on right hand side of above equation, taking (1 —17)*
as first function and applying n-times integration by parts, so that

Crsi gyt L S D=2 (s =n) [l ann ey,
/0 [r*4(1 —r)°]d _%+s+z(}i+1)(z+2>-~-(%+n)/o (1—7) dr.

By putting this result into (14), we have
KLk ()

Gt e dps f(@) + &~ F ()] < [f(p) + £(0)]
1 s(s—=1)(s=2)...(s—n 17“%+" sy,
15) [z+s+yz+n@+mm@+nxé (1=t

multiplying the above double inequality by (23 ), we get

Cp(y+k) 3
%%_mﬂwwﬂm+w}ﬂmﬁ<§>W”+“M

Lo s(s=1)(=2)(s=n) (" a0 iy,
[g+s * g(g+1)(g+2)...(g+n)/0 =) d ]

Hence, the second inequality in (11) is also proved.
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Theorem 2.3. Let f : A C R? — R be co-ordinated h-convex on A\ := [p,q] x
[m,n] in R2 with 0 < p < q, 0 <m < n and f € Li(A). Then, following
inequalities hold:

2
f m’m—l—n <n 1 Fk(7+lj)rk(5+l§)
( 2 2 ) [ (2)} (q—p)&(n—m)*
T Fasm) + kT2 Faem) 7 F o) + kT2, fp,m)
2
< [h (;)] (1] R(0) + . Jg, h(1)] [ka,h(o)ﬂng(l)} Liu(y + k)TR(6 + k)
(16) [f(p,m) + f(p,n) + f(g,m) + f(g.n)].

Proof. In (4), taking
r=rp+(1—-ri)g,y=1—r)p+rig,u=sim+(l—s1)n,v=_(1—s1)m+sn
and r = s = %, so that we have

P25 < [(3)] o+ 4 s+ 0 sum)

+ frip+ (1 =71)q, (1 — s1)m + s1n)
+ f(L=r)p+rig,s1m~+ (1 — s1)n)
+ f(1=7r1)p+r1g, (1 —s1)m + s1n)].

)

J_ o _
Multiply both side by 7 15{“ ! and then integrate with respect to (r1,s1) on
[0,1] x [0,1], we get

k2 p+q m+n N I-1 21
53 (525) <] [ e

+ f(rip+ (L —r1)q, (1 = s1)m + sin)]dsidry

I
[ AT et g+ (- som)
0 0

S =r1)p+7r1g, (1 — s1)m + sin)]dsidr],

11 5
11 3
/ / ri st frip+ (1 —r1)g,s1m+ (1 — s1)n)dsidry.
0 Jo

Let rip+(1—mr1)g==x, sym+ (1 —s1)n =y, then
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/ / ’“_ frip+ (1 —r1)g,s1im + (1 — s1)n)dsidry

/ / — ) n — )i f(, y)dyda,

similarly, by cons1der1ng the remaining integral in the equality above, solving
them the same way and putting them back into the above inequality, we get

k? p+qg m+n NE 1
75f<2’ 2>§[h(2)]( g

q—p)k(n—m)
q n y q
[/ [ a2t e + | m) 1 f (2, y)dydz
+/pq/:<x—p>l—1<n—y>k xydydas+/pq/m )y — m)E (e y)dydz |
1 p+qg m+n Tr(1)Tk(9) o v, m
vah@)?f( 2 "2 ) ey oy CARSICURTSARSCLD
(17) TP F o) + kT2, f(am)]

now let x = p, y = ¢, u = m and w = n in (4), we have

frp+ (1 =r)g,sm+ (1 = s)n) < h(r)h(s)f(p,m) + h(r)h(1 = s)f(p,n)
+ h(s)h(1 = r)f(g;m) + h(1 —r)h(1 = 5)f(q,n),

frp+ (1 =r)q, (L= s)m + sn) < h(r)h(1 = s)f(p,m) + h(r)h(s)f(p,n)
+h(1 = s)h(1 =7)f(g,m) + h(1 =r)h(s)f(g,n),

f(A=rp+rgsm+ (1= s)n) <h(1=r)h(s)f(p,m) + h(1 —r)h(1 —s)f(p,n)
+ h(s)h(r)f(g,m) + h(r)h(1 = 5)f(q,n),

(A =r)p+rq, (1= s)m+sn) <h(l—r)h(l—s)f(p,m)
+ h(1 =r)h(s)f(p,n) + k(1 = s)h(r)f(g,m) + h(r)h(s) f(q,n).
Adding the above inequalities, we have
frp+ (@ =7r)g,sm+ (1 —s)n) + f(rp+ (1 —7)q, (1 — s)m + sn)
+f(L=r)p+rg,sm+ (1 =s)n)+ f(1 —7)p+rq, (1 - s)m+ sn)
< [A(r) + h(1 = 7)][A(s) + h(1 = s)][f(p,m) + f(p,n) + f(q,m) + f(g,n)],
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multiplying both side of the inequality by #1571 and integrating with respect
to (r,s) on [0,1] x [0,1], we have
/ /rk sk~ frp+ (1 —=r)g,sm+ (1 —s)n)
+frp+ (1 —=7)g, (1 —s)m+sn)+ f((1 —=r)p+rq,sm+ (1 —s)n)
+f((1 —=7)p+rq, (1 —s)m+ sn)|dsdr
/ / PSR 1 B(L— P)](s) + R(1 — )]
[f(p,m) + f(p,n) + f(g,m) + f(g,n)]dsdr,

therefore,

kQsz( )L (0)

5
P To— T2 Fam) kT g m) k20 F ()42 f(pm)
< [f(p,m) + f(p,n) + f(g,m) + f(g;n)]
1 1,

(18)/0 ri! [/0 sk L[Rh(s) + h(1 — s)]ds][h(r) + k(1 — r)] dr.

By defination of k-Riemann-Liouville fractional integrals, we have
1
/ SEA(s) + h(1 — 9)]ds = KT4(6) [1-h(0) + 13 h(1)]
0

similarly,

1
[ )+ 5 =l = KT() [T R0) + 1T (D)

then (18) becomes,

Fk(z)rk(é) é[ T £ (@) + )L flam) + k)0 )+ k) f (pm)
(¢ —p)*(n—m)k ’

D4 (L() [k O) 4T3 (D] [1I3h(0) 413 B(1)] [ (oo m) 47 (0, m) £ (g.m) 1 0. m)]
combining (17) with the above inequality, we get

1 p+q m+n L'y(7)Tk(6)
véh(§)2f< 2 7 2 >S(q—p)7( —m)

1) é s ,0
[kjgik’erf( ) + kJ;+ nff(qv ) + kJ; m+f(p7 n) + kJ;,ﬂ,f(p, m):|

< (£ (0, )+ (0, m) (0, )+F (0 MITKOITRO) [T A0+ kT RO [ 80O+ TR h(D)] |

El %)
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obtain the required result by multiplying the above double inequality by

¥o[h(3)]?.

(10]
(11]
(12]
(13]
(14]
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