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Review of a Study of Soft Fields

I. A. ONYEOZILI! AND H. M. BALAMI?*

ABSTRACT

Molodtsov in 1999 introduced the concept of soft set theory
as a general mathematical tool for dealing with uncertainty
about vague concept. In this paper, we present the definition
of soft field and soft subfield with illustrative examples. Some
properties of soft fields and soft subfield are investigated.

1. INTRODUCTION

Soft set theory was first initiated as a novel concept by Molodtsov [1] as a new
general Mathematical tool for dealing with uncertain, fuzzy, not clearly defined
objects. He pointed out that, the important existing theories such as Probability
Theory, Fuzzy set Theory, Intuitionistic Fuzzy sets, Rough set Theory, etc, which
are considered as mathematical tools for dealing with uncertainties have their
own inherent limitations due to the inadequacies of their parameterization tools.
These theories cannot be successfully applied to solve complicated problems in
the field of Engineering, Social Science, Economics, Medical Science, etc.Maji et
al. [2] introduced several operations on soft sets and established their properties.
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Aktas and Cagman [3] define the notion of soft group and presented its properties.
Feng et al. [4] initiated the study of soft semi rings, soft ideal and idealistic soft
semi rings.

Acar et al. [5] introduce the definition of soft ring and investigated their basic al-
gebraic properties, while, Singh and Onyeozili [6] further discuss on the algebraic
properties of soft rings with illustrative examples. Nagarajan and Meenambigar
[7] initiated the study of soft lattices and introduced several related properties.
The theory of soft set continues to receive attention and diversification such as
in the area of its application, and in the decision making problems in [8], [9],
[10],[11], [12].Some soft set operations, relations, derivatives and its properties
can be obtained in [13], [14], [15], [16], [17] and [20].

In this paper, we present the definition of soft field and soft subfield with illus-
trative examples. Some properties of soft fields and soft subfield are stated and
proved.

2. PRELIMINARIES AND BASIC DEFINITIONS

In this section, we present the notion of field and some basic definitions in soft
set theory.

Definition 2.1 [18]: A field is a nonempty set F together with two binary
operations, usually called addition and multiplication, denoted by 4 and ., such
that the following axioms hold (note that subtraction and division are defined in
terms of the inverse operation of addition and multiplication:)
(i) F is closed under addition and multiplication: For all a,b € F, both
a+band a.b e F;
(ii) Addition and Multiplication are associative: For all a,b,c € F, the
following holds: a+ (b+c¢) = (a+b)+cand ae (bec) = (aeb) ec;
(iii) Addition and Multiplication are commutative: For all a,b € F, the
following holds: a +b=b+4+a and aeb="bea;
(iv) Additive and multiplicative identity element exists: There exists
an element of F', called the additive identity element and is denoted by 0,
such that for every a € F', a + 0 = a. Similarly, there is an element, called
the multiplicative identity element and denoted by 1, such that for every a € F,
ael =a;
(v) Additive and Multiplicative inverses exist: For every a € F, there
exists an element —a € F' (called an additive inverse of a € F' ), such that
a+ (—a) = 0. Likewise, for every a € F' other than 0, there exists an element
a~! € F (called multiplicative inverse of a € F'), such that a e a™! = 1;
(vi) Multiplication is distributive over addition: For all a,b,c € F, the
following equality holds: a e (b+c¢) = (aeb) + (aec).
A field is therefore an algebraic structure (F, +, ). For the purpose of conve-
nience we simply denote (F, +, e) by F.
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Definition 2.2 [18]: If a subset S of a field F satisfies the field axioms with the
same operations on F', then S is called a subfield of F.

Theorem 2.1 [18]: Let K and S be subfields of a field F'. Then,

(i) KNS is a subfield of F;

(i) If K C Sor S C K, then K U S is a subfield of F.

We recall some basic notions in soft set theory. Let U be an initial universe
set, E be a set of parameters or attributes with respect to U, P(U) be the power
set of U and ACE.

Definition 2.3 [1]: A pair (', A) is called a soft set over U, where I' is a
mapping given byI':A— P(U). In other words, a soft set over U is a parame-
terized family of subsets of the universe U. For z€A, I'(x) may be considered as
the set of xz-elements or as the set of z-approximate elements of the soft set ( I,

A). Thus, (I', A) is defined as:
(I'y) A)={I'(x) e P(U),z € A}

The soft set (I', A) can be represented as a set of ordered pairs as follows:
(', A)={( =z, I'(x)), v €A, I'(x) eP(U)}

Example 2.2.: Let U = {ci, ¢, c3, ca.c5} be a universal set consisting of five
cars and E = { e, eq, e3, e4} be the set of parameters under consideration,
where each parameter e;, i=1,2,3,4, stands for, Expensive, Fuel economy, Fast,
Modern, respectively.

LetA = { e1, e3, ea}CFE such that I'(e;)={c1, c3}, I'(es)={c1, ca2, ca} and
I'(eq)={ca}. Then, the soft set (I', A) over U is given by (I, A) = {(e1,{ci,
cs}), (es,{c1, c2, ca}), (ea,{ca})}.

Definition 2.4 [4]: Let (I, A) and (G, B) be two soft sets over U. Then,

(1) (I, A) is said to be a soft subset of (G, B), denoted by
C (G, B), if ACB and I (z) CG (z), Vz€A

and (G, B) are said to be soft equal, denoted by
= (G, B) if (I, A)C(G, B) and (G, B)C (I', A)

~—  —

(I, A
(2) (I', A
(I, A

~—

Definition 2.5 [2]: Let (I', A) be a soft set over U. Then the support of (I,
A) written supp (I', A) is the set defined as: supp(I", A) = {z€A: I'(z) # 0}
where,

(i) (I", A) is called a non-null soft set if supp (I", A) # 0;

(ii) (I", A) is called a relative null soft set denoted by 04 if I' (z) = 0, Va € A;

(iii) (I", A) is called a relative whole soft set, denoted by

Ugif I'(x) =U, Vz € A.

Definition 2.6 [2]: Let (I, A) and (G, B) be two soft sets over U. Then the
union of (I', A) and (G, B), denoted by (I', A) U(G, B) is a soft set defined as:
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(I'yA)U(G, B) = (H, C), where C = AUB and Vz € C

I (z), ifre A-B
H(z) = { G (z), ifre B—A
I'(z)UG(z), ifzreANB

Definition 2.7 [2]: Let (I, A) and (G, B) be two soft sets over U. Then the
restricted union of (I', A) and (G, B), denoted by (I", A) Ug (G, B) is a soft
set defined as: (I", A) Ur (G, B) = (H, C), where C = ANB# () and V z€C
H(z) = TI'(z) UG(x).

Definition 2.8 [2]: Let (I', A) and (G, B) be two soft sets over U. Then the
extended intersection of (I', A) and (G, B), denoted by (I", A) Ng (G, B) =
(H, C), where C = AU B and VzeC

I (z), ifte A-B
H(z)= G (x), ifre B—A
I'izx)NG(z), ifreANB

Definition 2.9 [2]: Let (I, A) and (G, B) be two soft sets over U. Then the
restricted intersection of (I', A) and (G, B) denoted by (I', A)m (G, B) = (H,
C), where C = ANB # 0 and V ze€C, H(z) = I'(z) NG (z).

Definition 2.10 [2]: Let (I, A) and (G, B) be two soft sets over U. Then
the AND-product or AND-intersection of (I, A) and (G, B) denoted by

(r, A)/~\(G, B) is a soft set defined as:

(r, A)/\(G, B)=(H, C), where C=AxBandV (z, y) € AxB
H(z, y) = I'(z) NG(y).
Definition 2.11 [2]: Let (I, A) and (G, B) be two soft sets over U. Then the

OR-product or OR-union of (I', A) and (G, B), denoted by(I’, A)\7 (G, B)
is a soft set defined as (I', A)\/ (G, B) = (H,C), where C =AxB, VY (z,y) €
Ax Band H(z, y) = I'(z) UG(y).

Definition 2.12 [2]: Let (I', A) and (G, B) be two soft sets over the universes
Ujand Uj respectively. Then the Cartesian product of (I', A) and (G, B),
denoted by (I', A) x (G, B) is a soft define as:

(I', A)x (G, B)=(H, C), where C=A xBandV (z, y) €A x B
H(z, y) = I'(z)x G(y).
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Definition 2.13 [2]: Let (I', A) and (G, B) be two nonempty soft sets over U.
The sum (I, A)+(G, B) is define as the soft set (H, C) = (I', A)+(G, B),
where C = Ax Band H (z,y)= I'(2)+G(y), V (z, y) € C.

Definition 2.14: Let (I3, A;);c; be a nonempty family of soft sets over a com-
mon universe U. The union of these soft sets is defined to be the soft set (G, B)
such that B = UjesA; and for all x € B, G (v) = Ujera) i (v) where I () =
{i € I:2 € A;}. In this case we write U ;¢7 (I, A;) = (G, B).

Definition 2.15 [4]: Let (I3, A;),c; be a nonempty family of soft sets over a
common universe U. The AND-soft set 7\ie 1 (1%, A;) of these soft sets is defined
to be the soft set (H, B)suchthat B = [[,.; A;and H (z) = Nicr I (x;) for all
= (%i);er €B.

Definition 2.16 [20]: Let (I3, A;);c; be a nonempty family of soft sets over
a common universe set U. The OR-soft set \7 eI, Aj;) of these soft sets is
defined to be the soft set (H, B) such that B =[[,.; Ai and H (z) = U;er I (z;)
for all z = (x;),c; € B.

Note that if A; = A and I; = I for all i € I, then 7\ieI(Fi7 A;) (res.
\7 ier(li, A;) ) is denoted by /~\i€I(F, A) (res. \7 ier(I’, A)).  In this case,
[Tic; Ai = [1;c; A means the direct power A,

i€l

Definition 2.17 [20]: The restricted union of a nonempty family of soft sets
(I, Ai)jen over a common universe U is defined as the soft set (H, B) =
Ur iea(Is, A;), where B = Miea A; # 0 and H (z) = Ujealy (z) for all x € B.

Definition 2.18 [19]: The extended intersection of a nonempty family of soft
sets (I, A;i);ca Over a common universe set U is defined as the soft set (H, B) =
Ng ien(li, A;) such that B = UjeaA; and H (x) = Nieal; (z) where A (z) =
{ie Az e A} forall x € B.

Definition 2.19 [19]: Let (I, A;),ca be a nonempty family of soft sets over a
common universe set U. The restricted intersection of these soft sets is defined
to be the soft set (G, B) such that B = N;jead; # 0 and for all z € B, G (z) =
Nieal’; (z). In this case we write M;ea (1%, Ai) = (G, B).

Definition 2.20 [19]: Let (I}, A;),co be a nonempty family of soft sets over
U;, i € A. The Cartesian product of (I, A;);ca over Uj; is defined as the soft

set (H, B) =[Lica (Ii, A;) where B=T[T,ca Ai and H (z) = [Len Ii (2:)
for all x = (;);cp € B. It is worth noting that if A; = A and I = T
for all i € A, then [[;ca (I3, A;) is denoted by [[.ca (I', A). In this case
[Tica ( 4i) = Tl;ca A means the direct power A2,
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Definition 2.21: Let (I3, A;);ca be a nonempty family of soft sets over U;, i €
A. The sum of (I, A;);cn over Uj is defined as the soft set

(H, B)= > ca (It, A)) where B =[[;cn Aiand H () = >, AL (z5) forall
T = (Zi)ien € B

3. SOrT FIELDS

Definition 3.1 [20]: Let F be a field and A be a nonempty set. Let R be an ar-
bitrary binary relation between an elements of A and an elements of F', that is, R
is a subset of A x F', mathematically written as R = {(z,y) € Ax F :y € I'(z)},
where I' is a set-valued function I' : A — P(F) is defined as:

I'(z) = {ye€ F:(x,y) € R} for all z € A. Then the pair (I, A) is a soft set
over I, which is derived from the relation R. Let (I', A) be a soft set over F.
Then (I', A) is called a soft field over F' if and only if I' (z) is a subfield of F’
denoted by I' (z) <p F for all z € supp (I", A).

Example 3.1 [21]: Let A = ZTand F=R. Consider the function I : A —
P(F) be defined by I' (a) =Q(y/a) for all a € A, where Q(y/a) is the smallest
subfield of R containing Q and /a. Then I' (1)= Q (ﬁ) =Q, I'2)=Q (ﬂ),
ra)=Q((\s3), r4)=Q(v4) =2Q, ..., I'(n)=Q(v/n), ... which are all
subfields of F. Hence, (I', A) is a soft field over F.

Example 3.2: Let A = Ztand F=C. Consider the function I : A — P(F)
be defined by I' (a) =R(Va3) for all a € A. Then I' (1) =R, I'(2) = (2V2)R,
I'(3) = (3vV3)R, I' (4) = (8)R, I' (5) = (5v/5)R, ...which are all subfields of F.
Hence, (I', A) is a soft field over F.

Example 3.3: Let A = ZTand F=R(z) be a field of fractions of the polynomial
with indeterminate z. Consider the function I' : A — P(F') be defined by
I'(a)=Q (v/a) (z) for all @ € A.Then I' (1)=Q(z), I'(2) = V2Q(z), I'(3) =
V3Q(x), I' (4) = 2Q(x), I' (5) = v/5Q(x), ...which are all subfield of F. Hence,
(I", A) is a soft field over F.

Example 3.4: Let B= {p € Z" : pis prime} and F=R. Consider the function
G : B — P(F) be defined by G (b) =Q for all b € B. Then I' (2) =Q, I' (3) =Q,
I' (5)=Q, I (7)=Q,...which are all subfields of F. Then (G, B) is a soft field
over I

Example 3.5: Let FF = A= {0, 1, a, b} be a finite field whose addition and
multiplication tables are shown in Table 1 and Table 2
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Table 1. Addition table of F

+ 0 1 a b
0 0 1 a b
1 1 0 b a
a a b 0 1
b b a 1 0
Table 2. Multiplication table of F
. 0 1 a b
0 0 0 0 0
1 0 1 b a
a 0 a b 1
b 0 b 1 a

Consider the soft set (I", A) over F, where I' : A — P(F) is a set valued function
defined by I' (z) ={y € F : (z,y) € R<= zx+y\ z.y=0 for all z € A, where
\/ refers to Disjunction (OR).

Then I'(0) = F, I'(1) ={0, 1}, I'(a) =40, a}, I' (b) = {0, b}, since I" (a) and
I’ (b) are not subfields of F'. Hence, (I', A) is not a soft field over F.

Proposition 3.1: Let (I', A) and (G, B) be soft fields over F. Then
(i) (I, A)m (G, B) is a soft field over F, if it is non-null.
(i) (I, A)Ng(G, B) is a soft field over F, if it is non-null.
(iii) (I', A)Ug (G, B) is a soft field over F, whenever, it is non-null and if
I' (x) and G () are ordered by inclusion relation for all z € supp((I', A)Ug (G, B)).

(iv) (I'; A)A(G, B) is a soft field over F, if it is non-null.

(v) (I', A)U(G, B) is a soft field over F, if A and B are disjoint and if it is
non-null.

(vi) (I'y A)V (G, B) = (N, A x B) is a soft field over F', if it is non-null and
if I' (z) and G (y) are ordered by inclusion relation for all

(z, y) € supp((N, A x B).

(vii) (I';, A)+(G, B) is a soft field over F if it is non-null.

Proof: (i) Let (I', A)m (G, B) = (K, C) where K () = I'(x) N G(z) for all
x € C = ANB # 0. By hypothesis,(K, C) is a non-null soft set over F.
If z € supp(K, C), then K (x) = I'(x) N G(z) # 0. It follows that I'(x) # 0
and G(z) # () are both subfields of F. Hence, K (x) is a subfield of F', for all
x € supp(K, C).Thus, (K, C) is a soft field over F.
(i) Let (I', A)Ng (G, B) = (M, AUB),
I (z), ifte A-B
where M (z) = G (x), ifre B—A
I'z)nG(z), ifzreANB
For all z € AUB. Then by the hypothesis(M, AUB) is a non-null soft set over
F. Letz € supp(M, AUB).If x € A—B,then() # M (z) = I' (z).Ifz € B—A,
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G(x),and if z € AN B, then M (z) = I'(x) NG (z) # 0.
d G (z) # 0, are both subfields of F' then M (z) is a subfield
AU B). Therefore, (I', A)Ng (G, B) = (M, AUB) is a

then ) # M (z) =
Since, I' () # () an
for all z € supp (M,
soft field over F.

(iii) Let (I', A)Ug (G, B) = (R, AN B) where R(x) = I' (z) UG () for all
x € AN B # (. Then by hypothesis (R, AN B) is a non-null soft set over F.
if z € supp(R, ANB), R(z) = I'(x) UG (z) # 0. Since, I' (x) and G (x) are
ordered by inclusion relation for all x € supp (R, ANB),I' (z) UG (z) = I' (z)
or I' () UG (z) = G (x). Since, I' (z) # 0 and G (z) # 0 are both subfields of
F, R (z) is a subfield of F for all € supp (R, AN B). Therefore, (R, AN B) is
a soft field over F'. _

(iv) Let (I, A)A(G, B) = (Q, A x B), where Q (z,y) = I' () N G (y), for
all (z,y) € A x B. Then by hypothesis, (Q, A x B) is non-null soft set over F.
If (z, y) € supp(Q, A x B), then Q (z, y) = I' () NG (y) # 0. It follows that
I'(z) # 0 and G (y) # 0 are both subfields of F. Hence, Q (z, y) is a subfield
of F for all (z, y) € supp(Q, A x B). Therefore, (I, A)A(G, B) is a soft field
over F.

(v) Let (I', A)U(G, B) = (V, AU B) where

I (z), if r€ A— B,
V() = G (z), ifre B— A,
''zx)UG(z), ifxe ANB,

For all z € AUB,and ANB = (), it follows that either x € A—Bor z € B— A,
forall z € AUB. If € A— B, then V () = I' (x) is a subfield of F' and if
r € B— A, then V () = G (2) is a subfield of F. Therefore, (I', A)U(G, B) is
a soft field over F'. _

(vi) Let (I, A)V (G, B) = (N, A x B), where N (z, y) = I' () UG (y), for
all (z, y) € A x B. Then by hypothesis, (N, A x B) is a non-null soft set over
F. If (z, y) € supp(N, A x B), then N (z, y) = I' () UG(y) # 0. Since I' (x)
and G (y) are ordered by inclusion relation for all (z, y) € supp(N, A x B),
I'(2)UG (y) = I'(z) or I' (x) UG (y) = G (y). Since, I' () # 0 and G (y) # 0 are
both subfields of F for all (z, y) € supp(N, A x B). Therefore, (I', A) \/ (G, B)
is a soft field over F'

(vii) (I'y, A)+ (G, B) = (H, A x B), where H (x, y) = ' (x) + G (y), for all
(z,y) € A x B. Then by the hypothesis, (H, A x B) is a non-null soft set over
F. Suppose (z, y) € supp(H, A X B), then H (z, y) = I' (x) + G(y) # 0. Tt
means that I' (x) # 0 and G (y) # 0 are both subfields of F. Hence, H (z, y) is
a subfield of F for all (x, y) € supp (H, A x B). Therefore, (I', A)+ (G, B) is
a soft field over F.
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Proposition 3.2: Let (I, A) and (G, B) be two soft fields over M and N
respectively. If it is non-null, then the product (I', A)x(G, B) is a soft field over
M x N.

Proof: Let (I', A)x (G, B) = (J, Ax B), where J (z, y) = I'(z) x G(y), for all
(z, y) € Ax B. Then by hypothesis, (J, Ax B) is non-null soft set over M x N.If
(x, y) € supp(J, A x B), then J (z, y) = I'(x) x G(y) # (0. Since, I'(x) # 0
is a subfield of M and G(y) # 0 is a subfield of N, it implies that J (z, y) is a
subfield of M x N for all (z, y) € supp(J, A x B). Therefore, (I', A)x(G, B)
is a soft field over M x N

Proposition 3.3: Let (I, A;);c; be a nonempty family of soft fields over F.
Then the following holds:
(1) Aier(li, A;) is a soft field over F, if it is non-null.
(ii) Mser(3, A;) is a soft field over F, if it is non-null.
(iii) Ng ser(ly, A;)is a soft field over F, if it is non-null.
(iv) If { A; : ¢ € I} are pairwise disjoint, that is, i # j implies A; N A; =0,
then U;cr(I;, A;) is a soft field over F.
(v) Let I (x;) C I'j(xj) or I'j (z;) C Ii(x;), for all i, j € I and z; € A;, then
Ug icr(Ii, Aj;) is a soft field over F', whenever it is non-null.
(vi) Let I (z;) € I'j(z;) or I'j (x;) C Ii(x;), for all i, j € I and z; € A;, then
V icr(Ii,  A;) is a soft field over F', whenever it is non-null.

(vil) > ;7 (1%, Aj) is a soft field over F', whenever it is non-null.

Proof: (i) Let A\;c;(li, Ai)=(H, C), where C = [];c;4;, for all z = (z;) € C,
we have H (z) = Njerl; (x;). By the hypothesis (H, C) is a non-null soft set
over F. If & = (x;);c; € supp(H, C). Then, H(z)= Nierl; (z;) # 0, so we have
i (z;) # 0 for all ¢ € I, since (I3, A;) is a family of soft fields over F' for all
i € I, we have Njerl; (z;) are subfields of F, for all 2 = (2;);c; € C. Therefore,

Nier(li, A;) is a soft field over F.

(i) Let Mmier (I3, Ai) = (G, B), where B = Njead; # 0 and for all z =
(mi)iGA € B, G(l‘) = Nieal; (.%‘)

Suppose that (G, B) is a non-null soft set over F. If z € supp(G, B), then
G (z) = Nieal’ (z) # 0, so we have [ (z) # 0 for all i € A, since (I3, A;)isa
family of soft fields over F for all i € A. It follows that, N;eal; (z;) are subfields
of F, for all x = (x;),.; € B. Therefore, Mscr (I3, A;) is a soft field over F'.

(iii) Let Ng se1 (I3, A;) = (M, C), where C' = Ujepa 4; and M (z) = Niea T (z)
where A (z) ={i € A:z € A;} for all x € C = U;eaA;. Suppose that (M, C)
is a non-null soft set over F. If z € supp(M, C), then M (z) = Nieal; (z) # 0,
so, we have I (x) # 0 for all i« € A. Since (I}, A;) is a family of soft fields
over F for all i € A. It follows that, N;eal (x) are subfields of F' for all z € C.
Therefore, Ng se1 (I3, A;) is a soft field over F.
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(iv) Let Ujer (I3, A;) = (G, B), where B = UjerA; and for all z = (z;),; €
B, G(z) = Uerl; (z) where I (z) = {i € I : x € A;}. Then by the hypoth-
esis, (G, B) is a non-null soft set over F. If z € supp(G, B), then G (z) =
Uier i (x) # 0. Since, { A; : i € I} are pairwise disjoint, that is, i # j implies
A;N Aj =10, so we have I (z) # 0 for all ¢ € I (). Since (I3, A;) is a family
of soft fields over F for all i € I (x). Therefore, Uses (I, A;) is a soft field over
F.

(v) Let Ug ier (Ii, A;) = (H, B), where B = NicjA; # ) and H () =
Uier I (x) for all © = (;),.; € B. By the hypothesis (H, B) is a non-null soft
set over F. If x € supp(H, B), then H (z) = Uerl;(z) # 0 for all z € B.
Since, I (x;) C Ij(xj) or I (xj) C Ij(x;), for all 4, j € I and z; € A;, so we
have I (z) # 0 for all 4 € I. Since (I3, A;) is a family of soft fields over F' for
all i € I. It follows that U;er [ (z) are subfields of F for all x € B. Therefore,
Ug ier (I, A;) is a soft field over F.

(vi) Let \/ /(i Ay)=(M, C), where C = [[,c.;Ai # 0 and M (z) =
User Dy (z;) for all © = (z4);c; € C. By the hypothesis, (M, C) is a non-null
soft set over F. If z € supp(M, C), then M () = Ujerli(z;) # 0 for all
r = (x;),c; € C. Since, I'; (z;) C I'j(x;) or I (x;) C I'i(x;), for all 4, j € I and
x; € Aj;, so we have I (x;) # 0 for all ¢ € I. Since (I3, A;) is a family of soft
fields over F for all i € I, it follows that U;er [ (x;) are subfields of F' for all

x € C. Therefore, \/ ,.;(I3, A;) is a soft field over F'.

(vii) Let Y ..; (I3, Ai) = (G, B), where B = [[;c; Aiand G(x) = ;o i ;)
for all # = (x;),c; € B. By the hypothesis (G, B) is a non-null soft set over F.
If # € supp(G, B), then G(x) = Y ,c; [i( x;) # 0 for all z € B. So, we have
Ii(x;) # 0 for all 4 € I. Since (I, A;) is a family of soft fields over F for all
i € I, it follows that ), ; Ii( x;) are subfields of F' for all x € B. Therefore,

Yier (I, Aj) is a soft field over F.

Proposition 3.4: Let (I3, A;);c; be a nonempty family of soft field over F;.

Then [[;,c; (I3, A;) is a soft field over [[,o; Fi.
Proof: We can write (H, B) = ﬁiel (I%, A;), where B = J[,c; Ai and
H (x) = [Lic; I (%) for all x = (2;);,c; € B. Let x = (x;),o; € supp(H, B).
Then, H () = [[;c; Ii (x5) # 0, so we have I (z;) # 0 for all i € I. Since
(I3, A;) is a family of soft fields over F; , for all i € I we have [[,.; I (x;) is
a~subﬁeld of [T;e; Fi, for all x = (x;),.; € B. That is, the Cartesian product
[Lic; (I, A,;) is a soft field over [[,.; Fi.

Definition 3.4 [20]: Let (I', A) and (G, B) be two soft fields over F'. Then
(I', A) is a soft subfield of (G, B) written (I, A)<p(G, B) if the following
conditions hold:

(i) AC B,
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(ii) I' (x) <p G(z), for all z € supp(I", A). (The notation <p refers to soft
subfield).

Definition 3.5 [20]: Let (I", A) be a soft field over F. Then,
(i) (I", A) is called trivial if I'(z) = {0p} (the zero element of F') for all
x € supp(I’, A).
(ii) (I", A) is said to be whole if I" (z) = F for all z € supp(I’, A).

Example 3.7: Let F =B ={0, 1, a, b} and A ={0,1} C Band I' : A —
P(F), if we define the set-valued function

I'z)={yeF:(z,y)c R<=ax+y \zvey=0} forallx € A, Then I' ()
is a subfield of F for all = € supp (I", A).(see Tables 5 and 6 ) Thus, conditions
(i) and (ii) in definition 3.5 are satisfied. Hence, (I', A) is a soft subfield of
(G, B).

Table 6. Addition table of subfield
0 1

+
0 0 1
1 1 0
Table 7.Multiplication table of subfield
° 0 1
0 0 0
1 0 1

Proposition 3.5: Let (I', A),(G, A) and (H, B) be soft fields over F'. Then
the following hold:
(1) If I' (x) C G(x) for all z € A, then (I, A) is a soft subfield of (G, A).
(2) (I, A)m(H, B) is a soft subfield of both (I", A) and (H, B) , if it is
non- null.
(3) (', A)Ng(G, A) is a soft subfield of both (I", A) and (G, A) if it is

non-null.

Proof: (1) Since I' (z) C G(z) for all x € A and AN A=A C A it is obvious
that I" (x) is a subfield of G(x), denoted by I' (z) <pG(z). Therefore, (I', A)
is a soft subfield of (G, A). (the notation <p refers to subfield)

(2) Since ANB C A and AN B C B, the first condition of definition 3.5
is satisfied. Let (I', A)m (H, B) = (K, C), where C = ANB and K (z) =
I'(x) N H(z) for all z € C. Since K (z) = I'(x) N H(z) C I'(z) and K () =
I'(x)NH(z) C H(x) for all x € C. Therefore, (I', A)m (H, B) is a soft subfield
of both (I, A) and (H, B) (see definition 3.5).

(3) Since ANA = A C ALet (I', A)Ng (G, A) = (Q, A) where Q (x) =
I'(z) NG(x) for all z € A. Since Q (z) = I'(z) NG (z) € I'(z) and Q (z) =
I'(z)NG (z) C G(z) for all z € A. Therefore, (I', A)Np(G, A) is a soft subfield
of both (I, A) and (G, A) (see definition 3. 5)
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Proposition 3.6: Let (I', A) be asoft field over I and (I3, A;);c; be a nonempty
family of soft subfields of (I", A). Then the following results hold:
(i) Nser(l3, A;) is a soft subfield of (I', A), if it is non-null;
(i) Mier (L3, A;) is a soft subfield of (I', A), if it is non-null;
(iii) Ng ser(ly, A;) is a soft subfield of (I', A), if it is non-null;
(iv) If { A; : ¢ € I} are pairwise disjoint, that is, ¢ # j implies A4; N A; = 0,
then U;er (I, A;) is a soft subfield of (I, A);
(v) Let I (x;) C I'j(x;) or I'j (x5) € I'i(x;), for all 4, j € I and x; € A;, then
Ur ier(l3, A;) is a soft subfield of (I, A), whenever it is non-null;
(vi) Let I (x;) € I'j(xj) or I'j (xj) C Ii(x;), for all 4, j € I and z; € A;, then

V icr(li,  A;) is a soft subfield of (I, A), whenever it is non-null;

(vii) > ;er(I%,  Ag) is a soft subfield of (I, A), whenever it is non-null;

(viii) [[;e; (I3, A;) is a soft subfield of (I', A), whenever it is non-null.

Proof: (i) Let A\;c;(l3, Ai) = (K, C), where C = [[;c;A; and K (x) =
Nier i (z;). for all = (z;);c; € C. Suppose that (K, C) is a non-null soft
set over F. If € supp(K, C), then K (x) = Nicrl; (z) # 0. Thus, we have
i (x) # 0 for all ¢ € I. Since (I, A;) is a family of soft fields over F for all
i € I. Tt follows that, C' = [[;c;A; # 0, It means that C' is nonempty and C' C A,
meaning every z € C implies x € A. Also, K (z) = Nier i (x;) <p I'(z), which
means K () is a subfield of I'(z) .Therefore, \;c (I3, A;) is a soft subfield of
(r, A).

(ii) Let Mier (I3, Ai) = (H, C), where C = Niead; # 0 for all = (2;),c4 €
C, H (r) = Nieal; (z). By the hypothesis (H, C) is a non-null soft set over F.
If © € supp(H, C), then H (x) = Nieal; (z) # 0, so we have [; (z) # () for all
i € A. Since (I, A;) is a family of soft fields over F for all i € A. It follows
that, C' = NjeaA; # 0, it implies that C' is nonempty and C' C A, means every
x € C implies x € A. Also H () = Nieal’; (z) <p I'(z),which means H (z) is
a subfield of I'(z) for all z € supp(H, C). Therefore, M;cy (I, A;) is a soft
subfield of (I', A).

(iii) Let Ng se1 (I, A;) = (G, B), where B = Ujea4; and G (x) = Niea ()
where A(x) = {i € Az € A;} for all z € B = UjeaA;. By the hypothesis
(G, B)isanon-null soft set over F'. If z € supp(G, B), then G () = Nieali(x) #
(). Since, { A; : i € I} are pairwise disjoint, that is, ¢ # j implies A;N A; =0, so
we have I;(z) # () for all i € A, since (I3, A;) is a family of soft fields over F for
all i € A. Tt follows that, B = U;ea 4; # 0, it means B is nonempty and B C A,
it means x € B — x € A for all x € B. Also, G (z) = Nieal’i (z) <p ['(z),
which means G (z) is a subfield of I'(x) for all € supp(G, B). Therefore,
NE icr (I3, A;) is a soft subfield of (I, A).

(iv) Let Uier (I3, A;) = (K, C), where C = UjcrA; and for all z € C,
K () = Uje(z)li(x) where I (x) = {i € I : x € A;}. By the hypothesis, (K, C)
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is non-null soft set over F. If x € supp(K, C), then K (z) = Ujcy(y)li(z) # 0,
so we have I(x) # 0 for all i+ € I(z). It follows that, C' = U;c;A; # 0. It means
C is nonempty and C C A, this means x € B — z € A for all x € C. Also,
K () = Uier() i (v) <p I'(z), which means K () is a subfield of I'(z) for all
x € supp(K, C). Therefore, Ujcs (I, A;) is a soft subfield of (I', A).

(v) Let Ug ser (I1, Ai) = (H, C), where C' = NierAj and H () = Uje (o) Li(x)
for all x € C. Then by the hypothesis (H, C) is a non-null soft set over F. If
r € supp(H, C), then H (x) = Ujcrz)li(r) # 0. Since, Iy (v;) C Ij(x;) or
I (xj) C Ii(x;), for all 4, j € I and z; € A;, so we have Ij(z) # () foralli € I. It
follows that C' = N;crA; # 0, this means C' is nonempty and C' C A, it means that
reC —xeAforallz e C. Also, H (v) = Ujcp(y) [i(z) <p I'(x), it means that
H () is a subfield of I'(z) for all € supp(H, C). Therefore, Ug ;e (I3, A;) is
a soft subfield of (I', A).

(vi) Let \/ ;c; (I3, A;) = (M, D), where D = [[,c; Ai and M (x) = UserL5(x;)
for all z = (z;) € D. Then by the hypothesis (M, D) is a non-null soft set over
F. If x € supp(M, D), then M (z) = Ujerli(x;) # 0. Since, I (z;) C I'j(xj)
or Ij (zj) C [i(x;), for all 4, j € I and z; € A;, so we have [3(z;) # 0 for all
i € I. Since ([, A;) is a family of soft fields over F' for all i € I. It follows
that, D = [[,c;Ai # 0, it means D is nonempty and D C A, this implies
that for x € D — x € A for all x € D. Also, M (z) = Ujerli(x;) <p I'(z),
which means that M (x) is a subfield of I'(x) for all = € supp(M, D). Therefore,
V ier(Ii,  A;) is a soft subfield of (17, A).

(vii) Let Y, c; (1%, { As) = (W, C), where C = [[;c; Asand W (z) = >, c; Ti(xs)
for all x = (x;),c; € C. Then by the hypothesis (W, C) is a non-null soft set over
F. Ifz € supp(W, C), then W (z) = >, Ii(x;) # O for all i € I. Since (I, A;)
is a family of soft fields over F' for all i € I. It follows that, C = [],c; A # 0. Tt
means C is nonempty and C' C A. It means z € C — x € A for all x € C'. Also,
W (x) = e li(x;) <p I'(x), which means that W () is a subfield of I'(x) for

all z € supp(W, C). Therefore, Y . ; (I3, A;) is a soft subfield of (I", A).

(viii) Let [[,c; (I3, A;) = (H, B), where B = [[;ca Aiand H (x) = [[;ca Li(2:)
for all x = (2;),co € B. Then by the hypothesis (H, B) is a non-null soft set
over F. If x € supp(H, B), then H (x) = [[;ca I'i(2:) # 0, so we have I';(x;) # 0
for all i € A. Since (I3, A;) is a family of soft fields over F' for all i € A. It
follows that, B = [[;ca Ai # 0, it means that B is nonempty and B C A. Also,
H (z) = [liea Li(z;) <p I'(x), which means H (z) is a subfield of I'(x) for all

x € supp(H, B). Therefore, [[,c; (I3, A;) is a soft subfield of (I", A).

Proposition 3.7: Let (I, A) be a soft field over F and (I3, A;),c.; be a
nonempty family of soft subfield of (I", A). Then M;cr (i, A;) is a soft subfield
of (I;, A;) for each i€ I, if it is non-null.
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Proof: Let M;er (I3, A;) = (H, C), where C =N;er A; # 0 and
H (z) = N;cp T'i(x) for all x € C. The parameter set of the soft set Mier (I3, 4;),
that is M;er A; is a subset of the parameter set of the soft set (I, A;);c; for
all ¢ € I. Then by the hypothesis (H, C) is a non-null soft set over F. If
x € supp(H, C), then H (x)= N;cy I'i(x) # 0. Therefore, I'i(z) # 0 are
subfields of F for all i € I. Thus, H (z) = N;cy I'i(z) is a subfield of F'. More-
over, since N;er I'; (x) € I'j(x), for all i € I and for all = € N;er A;. Hence,
Nicr I'i () <p I'i(x), for all = € N;er A;. Therefore, Mer (L, A;) is a soft
subfield of (I3, A;) for each i€ I.

Proposition 3.8: Let (I', A) and (G, B) be two soft fields over F'. Then,
(i) If (I, A) and (G, B) are trivial soft fields over F, then (I', A)m (G, B)
is a trivial soft field over F'.
(ii) If (I", A) and (G, B) are whole soft field over F', then (I', A)m (G, B)
is a whole soft field over F'.
(iii) If (I", A) is a trivial soft field over F' and (G, A) is a whole soft field over
F, then (I', A)m (G, B) is a trivial soft field over F.
(iv) If (I, A) and (G, B) are trivial soft fields over F, then (I", A)+ (G, B)
is a trivial soft field over F'.
(v) If (I, A) and (G, B) are whole soft field over F, then (I', A)+ (G, B)
is a whole soft field over F.
(vi) If (I", A) is a trivial soft field over F' and (G, B) is a whole soft soft field
over F, then (I', A)+ (G, B) is a whole soft field over F'.

Proof: (i) Suppose that, (I, A)m (G, B) = (H, C), where C = AN B and for
all x € C, H (x) = I'(x) N G(z). Since (I', A) and (G, B) are trivial soft fields
over F'| it implies that I" (z) = {Op} for all x € supp(I', A)and G (z) = {Op}
for all x € supp(G, B). Thus, H (z) = I' (z) NG (z) = {0p} N {0} = {O0r} is
trivial, Vo € supp(H, AN B). Therefore, (I', A)m (G, B) is a trivial soft field
over I

({0p} refers to set of zero elements of the field F')

(ii) Suppose, (I, A)m (G, B) = (K, C), whereC = AN B, for all z € C,
K (x) = I'(x) NG (x). Since (I, A)and (G, B) are whole soft fields over F,
it follows that I' (z) = F, for all x € supp(I", A) and G (x) = F, for all x €
supp(G, B). This implies that K (z) = I'(x) NG (x) = FNF = F, for all
Vz € supp(K, AN B). Therefore, (I, A)m (G, B) is a whole soft field over F.

(iii) Let (I", A)m (G, B) = (T, N), where C = ANB, forallz € C, T (z) =
I'(x) N G(x). Since (I', A) is a trivial soft field over F, it implies that I' (z) =
{0f}, Vo € supp(I’, A) and (G, B) is a whole soft field over F', then G (v) = F,
for all Vo € supp(G, B). It means that T'(x) = I' (z)NG (z) = {0p}NF = {0p}.
Therefore, (I', A)m (G, B) is a trivial soft field over F'.

(iv) Let (I', A)+ (G, B) = (W, A x B), where W (z, y) = I' (x) + G(y), for
all (z, y) € A x B. Let (W, A x B) be a non-null soft set over F. If (z, y) €



176 I. A. Onyeozili' and H. M. Balami?

supp(W, Ax B), then W (z, y) = I' (£)+G(y) # (. It means that, I" (z) = {Op}
is a trivial soft field over F, for all z € supp(I", A) and G (y) = {0} is a trivial
soft field over F, then W (z, y) = I' (z) + G (y) = {0} + {Or} = {0r}, for all
x € supp(W, A x B). Therefore, (I, A)+ (G, B) is a trivial soft field over F.

(v) Let (I'y A)+ (G, B) = ( M, A x B), where M (z, y) = ' (x) + G(y),
for all (z, y) € A x B. Let, (M, A x B) be a non-null soft set over F. If
(z, y) € supp(M, A x B), then M (z, y) = I' () + G(y) # (. Since, (I, A)and
(G, B) are whole soft fields, it means that I' () = F' and G (y) = F. It implies
that, M (z, y) = ['(z) + G(y) = F+ F = F is a trivial soft field over F.
Therefore, (I', A)+ (G, B) is a whole soft field over F.

(vi) Let (I', A)+ (G, B) = (T, Ax B), where T (z, y) =TI (x)+ G(y), for
all (z, y) € A x B. Let, (T, A x B) be a non-null soft set over F. If (z, y) €
supp(T, Ax B), then T (z, y) = I" () + G(y) # 0. Since, (I', A) is a trivial soft
field over F, it implies that for all z € supp (I', A), I' (x) = {0p} similarly(G, B)
is whole soft fields, it means for all z € supp (G, B), and G (y) = F.

It implies that, T (z, y) =T (z) + G (y) = {Or} + F = F' is a whole soft field

over F. Therefore, (I', A)+ (G, B) is a whole soft field over F'.

4. CONCLUSION

In this paper, basic concept of soft set theory and algebraic fields were reviewed.
The definition of soft fields and soft subfields with illustrative examples were
presented. Important propositions on operations on family of soft fields were
stated and proved. We also defined soft subfield and proved some important
results.
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