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ABSTRACT

We prove a new family of LP-Caffarelli-Kohn-Nirenberg (CKN)
interpolation inequalities with sharp constants on the unit sphere
of dimension greater than or equal to two. Consequently, several
sharp Hardy type inequalities are obtained as special cases.
Moreover, the same method is adopted to establish a new class of
Hardy-Rellich type inequalities on the sphere, though, uncertain
whelther or not the constants in this case are optimal in general.

1. INTRODUCTION

The prevalence and wide applications of the Hardy type inequalities in several areas of
mathematics like partial differential equations, differential geometry, geometric analysis,
harmonic analysis, spectral theory, mathematical physics and so on cannot be overesti-
mated [5, 6, 10, 14, 15, 17, 18, 20, 28]. The classical LP-Hardy inequality [21] takes the
form

(1.1) JZfH/R ﬂdaU < /R” |V f|Pdx

n |z[P
for every smooth compactly supported function f in R™, with optimal constant (not at-
tained by a nontrivial function) </ := ((n — p)/p)?, 1 < p < n. The Hardy inequality
(1.1) turns out to be a special case of a family of interpolation inequalities, popularly
called Caffarelli-Kohn-Nirenberg (CKN) inequalities [11] which on its own states that for
any f € C3°(R"™), there exists a constant .z > 0 such that

c a -6
(1.2) 2l Fllr ey < AoV 1150 ) 11215 Sy
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where r > 0, p,q > 1, a,b,c € R and § € (0, 1] satisfying
1 1 1. b _
;‘F%,5+%,5+5>0,C—5U+(1—5)b

if and only if

(1.3) 1+C:5<1+a1>+(1—6)<1+b>

r nmn  \p N q n

with0<d—0c ifd>0anda—-0c<1 if%+%:l+%1.

For instance, CKN inequality (1.2) yields Hardy inequality (1.1) if @ = 0, § = 1 and
r = p are chosen, while it reduces to the L?-Sobolev inequality by choosing a = 0, § = 1,
p=2and r = 2n/(n — 2). It is therefore worth mentioning that the CKN inequalities
also contain as special cases some other interesting and useful functional inequalities such
as Gagliardo-Nirenberg inequalities, Sobolev-Hardy inequalities, Heisenberg-Pauli-Weyl
(HPW) inequalities and Nash inequalities. This family of inequalities (1.2) (resp. Hardy
inequalities (1.1)) have been generalized to some other settings like Riemannian manifolds,
metric measure spaces, homogeneous groups, hyperbolic spaces and likes. We refer to
[5,9, 15, 22, 23, 24, 28] and the references therein for details.

We remark that inequalities (1.1) and (1.2) cannot be readily imported on to the unit
n-sphere since the length |z| is unity. In fact, they cannot also be transfered directly to
Riemannian manifold since |x| is not even defined for a point = in a Riemannian manifold.
So different techniques have been engaged for the case of Riemannian manifold [9, 27, 28].
Since the unit n-sphere can be viewed as a submanifold of R"*! with sectional curvature
1, it is then natural to consider the geodesic distance from a fixed point ¢ € S™ [1, 2, 30].
The interest in obtaining sharp Hardy type inequalities on the sphere began very recently
with [29] where the inequalities were obtained for n > 3 in L?-setting. The method in [29]
made use of geodesic distance from the pole, thereby restricting the singularity to polar.
This have been generalized to LP-case in [1, 25] and [2, 3] where geodesic distance from an
arbitrary point on the sphere was considered. The limiting case for n = 2 was considered
in [7] while critical and subcritical exponents cases (with general geodesic distance) were
considered for n > 2 in [8]. See also [4, 30, 31]. In literature, one can find some other
interpolation inequalities [16] including Gagliardo-Nirenberg-Sobolev inequalities proved
by the heat flow approach. It is observed that there is a dearth of literature on CKN
inequalities on the sphere, a tleast to the best of our knowledge. This then prompts the
consideration of the present paper.

The first goal of this paper therefore is to derive a more general family of LP-interpolation
inequalities (1 < p < o0), which we refer to as the LP-CKN inequalities of Hardy type, on
the n-sphere. The method of proof is more direct and simpler when compared to some
other methods, as it only makes use of elementary properties of Laplacian of the distance
function on the sphere, the divergence theorem and Holder’s inequality. The application
of Holder’s inequality here accounts for the optimality of the inequality as the equality
can only be (possibly) achieved by constant functions, while the sharpness of the constant
can be shown by considering extremal functions which achieve equality in the Holder’s
inequality. The motivation for adopting this approach follows from [12, 13, 19]. Secondly,
we will use the same approach (as used for Hardy type inequalities) to derive LP-Rellich
type interpolation inequalities, though, uncertain whelther or not the constant in this case
is sharp. Note that Rellich type inequalities are usually obtained from Hardy inequalities
as a consequence of Holder’s inequality. Further discussion on interesting consequences of
these inequalities are made. Specifically, sharp LP-Hardy type inequalities are derived to
complement existing literature.
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Preliminaries on the sphere. Denote S" := {z € R"*! : |z| = 1} as the unit n-sphere
(n > 2) equipped with canonical Riemann surface measure v, in R"™L. Let r, := d(-,q) :
S™ — [0, 7] be the geodesic distance from a fixed point ¢ € S™.

Througout, we denote by V., the gradient operator and by A, := divV,, the Laplace-
Beltrami operator on S™. Consider the functions u,v € VVO1 P(S"), where WO1 P(S™) is the
completion of C5°(S") in the norm

||UHW3vP(Sn) = vau”ip(gn)'

By the divergence theorem

(1.4) / udivVdy, = —/ (Vyu, V)duy,

where V' is any smooth vector field on S™ and (-, -) is the inner product induced by the
Riemann metric from S” € R**!. Whilst integration by parts yields

(1.5) Azuvdy, = —/ (Vzu, Vau)dvy :/ uA vdy,.
Sn n n

The geodesic distance r; has the gradient and Laplacian (in distribution sense) which
respectively satisfy

(1.6) |Vargl =1 and Agrg = (n— 1) cotrg, (n>1).

In the next section (Section 2) a new family of LP-interpolation inequalities of Caffareli-
Kohn-Nirenberg type is established on the unit n-sphere S”, and as a consequence sharp
Hardy type inequalities are derived. The last section (Section 3) presents a new class of
Hardy-Rellich type inequalities which relates first derivative of a function to its second
derivatives.

2. LP-CKN INTERPOLATION INEQUALITIES OF HARDY TYPE

In this section we derive a new family of LP-interpolation inequalities of Caffareli-Kohn-
Nirenberg type on the unit n-sphere S, n > 2 and then present some of its consequences.
Specifically, sharp Hardy type inequalities are obtained as special cases. We adopt a
simple and direct method of proof using elementary properties of Laplacian of the distance
function, divergence theorem and Holder’s inequality. The main result is stated as follows:

Theorem 2.1. Let S”,n > 2 be the unit sphere in R"*1. For all a,b € R and for all
f e C§e(S™), there holds

p—1

o f e ([ AT LY )
(2.1) P Jan [tanrg T =\ Jou [ tanrg|or sn \tanrq\bﬁ

5 Iz
= — L _dv,,
+p/sn [tanr 51"

where 1 <p<oo,n#a+b+1,0=a+band 6, :=|(n—0—1)/p| is sharp.

Q=

Proof. In the sequel we write V := V,, A := A, and dv := dv,. By a simple computation

for 0 e R
A d sec?
div( \% 5) _ r - sec Zil
| tan | | tan | | tan |
n—1-4 o

- | tanry|o+! B |tanr,[0—1’
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where we have used the two equations in (1.6) and trigonometric identity tan? r+1 = sec?r,

r € [0,7]. Then for f € C§°(S™) \ {0} and 1 < p < oo we have

wo
/Sn\tawﬂd 6/’f’d”<|t |5)

5 s
d
* n—l—é/gn | tan ry|0—1 .

By the application of divergence theorem and Hélder’s inequality we obtain

(2.2)

1 . Vr —p (Vf,Vry)
I p _'q R p—2 ) q
n—1-—90 Jsn £ dlv(]tanrq]5>dy n—1-— |f| T ]tanrq]5 dv
4 —1 ’Vf’
< p
(2.3) “n—1-16]| /s /] | tanry|?

p—1

P P
<2 </ Ve fP V) / £ i
n—1—06] \Jsn |tanry|op sn |tanrq|(5—a)ﬁ

Inserting (2.3) into (2.2), rearranging and reverting to § = a + b yields the desired result
(2.1).

This approach clearly gives optimal constant. Thus, the the sharpness of the constant €,
can be proved by considering the condition for equality in the Holder’s inequality used as
n [12, 19, 23].

O
Next we consider special cases of (2.1) for different values of a and b.

Corollary 2.2. The inequality (2.1) implies:
(i) Whena=0andb=p—1forl<p<n

1 p—1
_ P ? P =
n p/ |f] dv, < / \sz|pd’/a; i / Ld% g
P Jsn |tanry|P sn s | tanry|P
-1 P
+ u / il dvy.
p  Jsn |tanrg|P—2
(ii) Whena=0 andb=p forl<p<n-—1
1
—p—1 P v P
n—p / |f] dv, < |V f[Pdu, P / Ld%
p sn | tanrglPt sn

| tanr, ]P I
/1P
—— = dv,.
+/Sn | tan g [P—2 Ve

(iii) Whena+b—1=0andp=2 forn >3

1 1
-9 2 v 2 2 2 2 1
n / f2 dv, < </ |zf2dux) (/ f deyx> + - f2dl/z~
2 Jgn tan?r, sn | tanr,[2® sn | tan gl 2 Jgn

(iv) Whena =0, b=1andp=2 forn>3

1 1
-9 2 2 2 2 1
r / f2 dvy < |fo\2dux / deux + - 2dv,.
2 Jgn tan“rg sn sn tan®r, 2 Jsn
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(v) When a+b=0 and a = —p forn > 2

1
-1 p 5 P
o / /] dy, < </ |fo]p|tanrq|p2dyx> ’ / LQde
P Jsn |tanry| sn sn 22

| tanrq|p=1

(vi) When a+b+1=ap

1
— p p D p P
n ap‘/ /| i S(/ rvzf\ad%)p /!f!pdyx
sn | tan | pd s | tanry|w® sn | tan |51

1 P
+ap / £ 3 dv,.
P Jsn [tanrg[oTt

(vii) When a+b+1=0 and a = —2

. p=1

1 P p P
n/ | f|Pdvy + / | f|P tan® rdy, < </ |me\p|tanrq|2pd1/x) ’ / Lpdux .
P Jsn P Jsn Sn Sn |tanrq|pf1

(viii) Whena+b+1=0 and a=0

1
) 1
\f|pd1/x+/ | £|P tan? rdv, < ( fo|pd1/x>p < |fp|tanrq|qd1/x>
sn p Jsn sn Sn

with ¢ = p/(p —1).
(ixr) Whena+b+1=0anda=1

1 1

1 =fP P q

n/ If!pdvﬁ/ [P tan? rdv, < (/ Vel dz/x)p </ ]fp|tanrq|2qdy$>q
D Jsn D Jsn sn | tanr[P sn

with ¢ =p/(p —1).
(x) Whena+b+1=0 anda= —p

1 D
1 P p P
n/ |f|Pdvy + / \f|ptan2 rdy, < </ ]fo|p]tanr|p2dux>p </ /] dz/m> "
D Jsn D Jsn Sn sn |tanr|P

O
Remark. (a) The cases (i) and (iii) in Corollary 3.2 are respectively LP and L? ver-
sions of Hardy type inequalities on the sphere. They extend the n-FEuclidean cases

obtained in [19] and [12], respectively.

(b) The case (iv) is a special case of (iii), that is, when a = 0 in (iii) one obtains (iv)
at once. The case (iv) has been obtained in [31] and the authors showed that the
constant (n — 2)/2 is sharp.

(¢) The case (v) is a version of HPW uncertainty principle with important conse-
quences in harmonic analysis. See [23] for homogeneous group version.

(d) The cases a+b+1 = 0 (that is, cases (vii)—(x)) are not equivalent but each could
be interesting on its own as they also illustrate HPW uncertainty principle.

(e) Two special cases of (vi), when a = 1 and when a = 0, are interesting. They can
be compared with cases (i) and (viii), respectively.

Going by the first case in Corollary 3.2 we can state the following.
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Proposition 2.3. For 2<p<mn,n>3 and f € C§°(S™) \ {0}, it holds that

p—

1 1

P 7 P e

Cp/ Ld% < ( ’vxf‘pd%)p (/ md%) ?
sn | tanrg|P gn sn | tanrg|P

(2.4) +p_1/ P,
S

P n | tanrg[P—2

where 4 1= d(q, x) with q being a fized point in S™. Moreover, the constant Cp, := (n—p)/p
is sharp.

When p = 2, (2.4) is the case (iii) of Corollary 3.2, which has been proved in [31] with
sharp constant Cy := (n —2)/2. Note that inequality (2.4) can be proved in the same way
to the proof of Theorem 2.1 but using the following quantity instead

div Vo et R e
|tanrq|P~2 tanr, |tanrq|P | tanry|P—2

Proceeding from here we prove a sharp LP-Hardy type inequality, which has been derived
in [2, 8] using different approach.

Theorem 2.4. For 2 < p <mn,n > 3 and q € S", then there exists a positive constant
y, p such that for all f € Cg°(S™) \ {0}

f1P
oo Tramrp e = Jy, VoIl e o

/1P

— _dv
gn | tanr [P~2 7"

(2.5) Cnp
where €, = ((n —p)/p)P, Dnp = (p—1)((n—p)/p)P~! and ry == d(q,z) with q being a
fized point in S™. Moreover, the constant 6, p is sharp.

Proof. We will proceed from (2.4) of Proposition 2.3. By the Young’s inequality of the
form AB < (aA)?/p + (p — 1)(a'B)?/®=1) /p for a positive nunmber o and A, B > 0.
Taking A = ([ |V4f[P)"/? and B = ([ L _)P=1/P we obtain

|tanrq\1’
1 p p—1 »
( |vxf|pd7/m> ’ (/ chl’?ﬂv)dyx) ’ < % |V:vf|pdl/z
N Sn q Sn
-1 _ 5 P
Sn q
Using (2.6) in (2.4) leads to
f1P / - / f1P
2.7 U ———dy, < 2 f|Pdvy Plp—1 ————dvy,
27) (a)/gn | tan r¢|P Ve = Sn|v flPdvy + a7 (p—1) gn | tanrg P2 g

where ¥(a) :=a'(n—p— (p— 1a?/@-1),

By the maximization procedure, it is obvious that the quantity o — ¥(«) attains its
maximum at the point o, = (p/(n—p))P~Y/P. Consequently, the maximum value attained
is max,s0 ¥(a) = ¥(ax) = ((n — p)/p)P. Hence, using o, and ¥(a,) in (2.7) gives the
required inequality (2.5).

Moreover, the constant €, , = ((n — p)/p)P is sharp in the sense that

Pl
(2.8) inf Jon |Va PV + i p Js dez _ (” —p>p
FECE(SM\{0} fSn If|P p

[tanrg |p
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The proof of (2.8) can be found in [2] and [8]. In a similar vein, the constant 47, , can
also be shown to be sharp (see [N]) in the sense that

sup =
Fecg N0} Jon #d%

Remark. (a). Letting p = 2 in (2.5) we obtain for n > 3

2
(2.9) an,Z/ fidym _/ ’vrf‘z + 2
sn tan?r sn

which has been derived in [30] through a different method and the constant %,2 :=
(n — 2)2/4 was shown to be sharp.

(b). The Hardy inequality (2.5) implies the following HPW type uncertainty principle
on the unit n-sphere for all f € C§°(S™)\{0}

(2.10)

p » p—1
o ([ 1) < ([ 5t | ) ([ o)

This is a consequence of Holder’s inequality, (see [2]).

dvy,

The last remark in this section concerns the critical L™ Hardy type inequality on S™.
Observe that in the limiting case p = n the inequality (1.1) (also inequality (2.5)) makes
no sense for any constant as the weight ﬁ becomes too singular for the inequality to

hold for a function in I/VO1 P The following Hardy inequality (instead of (1.1))

(71; 1)n/9 |x|n(|1£’;§|)ndm S/lefl”da:

holds in the critical case for Wol’p(Q), Q C R™ and R = sup,¢q |z|, |z| # 0, R, again with
the constant (“=1)" known to be optimal. See for example [26] and the references therein.

Remark. Combining the argument in [8, Section 5] with the method of proof used in
Theorem 2.1 for the quantity div( Vrg

| tanrq|P—2 tanrq(log

)>, we remark that the following

sin Tq
critical Hardy type inequality holds for f € C3°(S"), n > 2,

n—1

1 n o
%n/ /] dv, < < |V$f]”dux>n / /] dv,
s | tanry|"(log ST € _)n sn sn | tanrg|(log Sinrg )"

1"

Sn |tanrq|" 2(10g sinTq )ni

(2.11) +%,

5 AV,

where 6, :== (n —1)/n.
Indeed, following the similar steps for proving (2.5) in Theorem 2.4 one sees that (2.11)
implies

n
sn | tanrg|"(log s

i < / IV [P,
gn

n— LS
+(n—1)%" 1/S —dvg,

n | tanrg|"—2(log Sro € _)n

which is exactly the inequality (53) in [8] with optimal constants € and (n — 1)¢2 1.
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3. A NEW CLASS OF LP-HARDY-RELLICH TYPE INEQUALITIES

Here we discuss a new class of LP-Hardy-Rellich type inequalities on the unit sphere and
some of its consequences. The method of proof is similar to the one in previous section.

Theorem 3.1. Let S*,n > 2 be the unit sphere in R"*1. For a,b € R and for all
f e C5e(S™), there holds for 1 <p <n

1 1
Vo fIP |Agp fIP » IV fl4 a
C’p7/ . z s dv, < it p |a7pdym . z bfqdy’”
(3.1) | tan 7| sn | tanrg sn | tanrg|
Ml—p)/“ |V fIP
S

D n | tanrg|0—1

wherep—p1,5—a+b T <64+1<0, Cp(g.—%>0andAmpf_
div(|V o fIP72V . f) is the p- Laplaczan on S™.

_|_

dvg,

Proof. Here we write V := V,, A, := A, , and dv, := dv. Clearly, a simple computation
as before using the quantity div(ltazirp) for 0 € R and application of the divergence
theorem yields for any f € C§°(S™) and 1 < p < oo,

|V fIP l/
—dv di d
/Sn | tanr,|0+! n—1-0 [V f[Pdiv rq|5 v

40 VFIP
n—1-20 Jsu |tanry|o—1
p —2v72 <vf7 v’rq>
- - - @@ v p v \VJ, VTq)
n—1-90 S"| 7l ! | tan ry|°
0 IVSIP
2
) +n—1—6/gn | tan ry |01
On the other hand, we have also by applying divergencce theorem
\Y% V ViV
" | tanr | tan 7|
_/ |Vf\p_2 sz(Vﬁ Vry) n IV f[2(V2r,) &V, Vrg)? sec? 7, .
sn | tanr,|9 | tanr,|® [ tan g1
2 2
= —/ v (vep VLY g IVIP s IVIPN
sn | tan |9 | tan 7|9+ [tanrg o1

where we have used the first equation in (1.6),trigonometric identity tan®r + 1 = sec?r

and the fact that V2r, = 0 (Hessian of distance function). Thus

NP7 W B/ L B
Sn |Vf| ‘t q|6 v Sn |taIl Tq|671 + Sn |tan Tq|6+1
(Vf, qu)
. — A, f————"dv.
(33) /n »f | tanr,|0 v

Substituting (3.3) into (3.2) we have

VTP _ P /° VTP /' VTP
/Sn \tanrq\“ldy  on—1- 5(6 gn | tanry|0—1 0 sn \tanrq\“ldy
P
[ ATy v/

dv.
| tan 7|9 n—1-0 Jsu |tanry®—1 v
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Simplyfying the last equation further we arrive at

(3.4) CM/S V£ /A Vf,VT‘q>dy+5(1—p)/S IV f[P "

o |tanr, \5“ | tanr,|0 P n [tanry|9—1

where C) 5 := %f(p_l). Then by the Holder’s inequality

[ ULy, o [ I,
n S

| tan g0 n | tanr|d

[ApfP N / VI .
. < — PR S
(3:5) - (/Sn |tanrq|“?’dy> < sn |tanrq|(5a)qdy)
Inserting (3.5) into (3.4), then
V1P / BN / V] @
< — g
Cps /n | tanr,|5+1 v ( Sn |tanrq|apdy) ( sn ]tanrq](‘S—a)qdy)
5(1— V£P
) / IV
S

p o |tanry|o—1

Finally, reverting to § = a + b and the condition _" <4+ 1 <0, we note that Cp 5 :=

n—14+6(p—1) _ n—p+(d+1)(p—1)
P o P

> 0 and then arrive at (3.1) which is the desired inequality.
O
Next we consider special cases of (3.1) for different values of a and b.

Corollary 3.2. The inequality (3.1) implies:
(i) If a =0 and b =0 then for n > 2

n—1 [ [Vafl / v / 7
dv, < Ay fPdy, Ve flidv, ) ™.
P /Sn tanrg Vo = ( Sn| pfIdv ) ( Sn| fltdv )

(ii) Ifa+b+1=0,a=—1andb=0 then for1 <p<mn

2 f|Pdy, < </Sn Awypf]p\tanrﬂpd%);(/gn |Vgcf]qdugg>é

—1
I |V f|P tan? rydv,.
p sn

(i4i) Ifa+b+1=0,a=0 and b= —1then for 1l <p<n

1 1
n—pr Py, < P » q q a
, /Sn |V fPdy, < (/Sn|Am7pf| dl/a;> (/Sn|fo] | tan 7| dyx)
—1
—|—p/ Vo fIP tan® rydv,.
p sn

(iv) Ifa+b+1=0,a=1and b= —2 then for 1 <p<n

p 1 1
vy < ([ 122l lan ) ([ (9o anr, o)’
S Sn

n | tanrg|P

-1
+ P / |V fIP tan? rydv,.
p Sm
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Theorem A1l (L?-CKN interpolation inequality of Hardy type). For f € C§°(S™\
{0}) and all a,b € R. It holds that

1 1
2 2 3 2 b
CH(a,b)/ L})ld% < </ v”f’ﬂgd%> </ m%dum)
sn | tanr,|atbt sn |tanr,|?® sn | tan ]

2
(3.6) +of b/ E
S

2 o |tanrgatt—t

with sharp constant Cy(a,b) = w, where n # a+ b+ 1.

Proof. For all a,b € R, f € Cg°(S™\ {0}) and s € R we have

/ i sf 2
n

dv > 0,
| tan 7y |® * | tan 7| V=
V£|? 2 Vf,Vr
/ ’ f| 2adl/+32/ ‘f| 2bdy+2 f< f aj—)bd 207
s | tanrg| s | tanrg| | tanrg|

Vry

that is,

which can be compared with the quadratic inequality As? + Bs + C > 0 with

A:_é Ldy’ B:=2 fwdy and C = ‘Vf|2

————d
n | tanrg)2b | tan ry|at? sn | tanry|2e v

Simplifying B further by the application of divergence theorem:

ZA AP .
/Snf]tanrq]a+bdy__ nfdlv | tan ry|at? dv

:_/ f<Vf,V7“q /If!Q Arg dv+

| tanr, ]“+b | tan ry|at?

|fI?|Vrg|? sec® rq
+(a+b)/n e

Hence,

bz [ LT,

| tan rq|@th

2 2 2
—(n-1) /n R du+(a+b)/ fP(1 + tan rQ)dl/

| tan rq|atb+l n | tanrg|etbtl
Fis

|fI?

—(n — b+1 — b — .
(n—(a+b+ ))/Sn | tan ry|atbo+l v (ot )/Sn | tan ry|ato—1 v

Note that As®> + Bs+ C > 0 is equivalent to B2 — 4AC < 0. Thus,
(n—(a+b+ 1))/ |f2dy—(a+b)/ Ldv i
gn |tanr,y|atotl sn | tanrglatd—l

V 2 2
cof WP WP,
sn | tanrg|?e sn | tan |

which implies (3.6). O
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Theorem A2 (L?-CKN interpolation inequality of Hardy-Rellich type). For f €
C§e(S™\ {0}) and all a,b € R. It holds that

1 1
2 A 2 3 2 2
sn |tanrgatotl sn | tanrg|2e sn |tanrg|?0
a+b |Vavf|2
. - d x>

(3.7) 2 /Sn | tan 7q|etb—1 Y
where a + b+ 1 < 0 and Cg(a,b) := %‘H’_l.
Proof. For all a,b € R, f € Cg°(S™\ {0}) and s € R we have

/ Af sV f 2
-

dv >0,
|tanr,|® = |tanr,|b
A 2 2
/ ’f|dV+s2/ ﬂduws Afwduzo,
S S

n | tanrg|2e n | tanrg|20 sn | |tanrg|ett

that is,

and when compared with the quadratic inequality As? + Bs 4+ C > 0 we see that

N\ /A )

dv.
sn |tanrg|ett g

Applying divergence theorem:

(VI Vr) / fVr,
/nAf\tanrq\a‘H’dV NIV Tamrgaws ) %

_ Vry VPV (V)
- / \Y ’vf‘ \ta ‘a-i—bdy /n |tanrq|a+b dv+-
|V f|?sec? r,
—i—(a—i—b)/ WdV
|Vf]2sec Tq

By divergence theorem again
Vr 1 Vr
—= | Vv —i VfPdiv( ——L—)d
/ Vi) | tan r,[eFb dv = 2 | /] V(]tanrq]a+b v

:2/ V12 Arg dy_a—i—b/ |V f|% sec? T 4,
N

| tan rgy|at? 2 | tan ry|ato+l
:n—l/ IV £|? dy_a—i—b/ |V £]2 sec? "a g0
2 Jsn |tanrglatotl 2 Jgn |tanrg|etttt
Therefore
/ Af (Vf, V) :n—l/ |V £|2 dy+a+b/ |Vf|2(1+tan2rq)dy
n | tanrg|eth 2 Jgn |tanr,|otbtl 2 no | tanrg|etbtl
:n+a+b1/ ik dy+a+b/ IV £|? v
2 sn | tanrg|atotl 2 Jon |tanryettl
That is,
2 2
B = (n—i—a—l—b—l)/gnmdy+(a+b)/gnmrﬁ]‘%du
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Reverting to the fact that B2 — 4AC < 0 holds as in the previous case shows that the
expected inequality (3.7) holds true. O
As it has been done in Sections 2 and 3, the interested reader can check different values of
a and b in (3.6) and (3.7) to see several interesting inequalities that have been discussed
for general p.
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