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Parameter Estimation Methods for Fourier Regression Time Series
Model

A. I. Tatwo AND T. O. OLATAYO

ABSTRACT

This paper present a multiple form of Fourier regression analysis.
This model consist of one periodic response variable and several
independent variables decompose into periodic components
in order to have an uncorrelated predictors series. Ordinary
least square and maximum likelihood methods of obtaining the
parameters of the model was proved, the estimators are shown
to be unbiased, variance of the estimators and variance of error
term were derived and from the decomposed sum of square the
coefficient of determination and adjusted coefficient was derived.
The steps of test of hypothesis are stated and the performance
of the error are checked based on Durbin Watson statistic to
justify the consistency and reliability of the estimation methods.

1. INTRODUCTION

Periodic phenomena are primarily seen and observed in several fields. It is syn-
chronized with daily, lunar and annual changes (Bliss, 1970). The periodic or
cyclic character of many phenomena in natural environment is expressed in time
and in space and these variations occur depending on daily, monthly, yearly or
other cyclic changes. The analysis of relationship between periodic variations
has been done using so many methods (Rawlings et al., 1998). In these methods,
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cautions are not put in place to account for the phase, amplitude and periodic
components, even the analysis of periodic variables has been done by discussing
the periodic changes in the response variables with respect to time (see, Bliss
1958, Korngold 1964, Popinski 1999, Bloomfield 2000, Cobanovic et al., 2006,
Xiajian et al., 2014 and Taiwo 2017).

This paper is used to propose a model that will accommodate several Fourier
decomposed independent variables and this will be done using Fourier series and
classical regression analysis steps. The theoretical aspect of the model and es-
timation of its parameters will be discussed based on ordinary least square and
maximum likelihood methods. Significance of the estimated parameters will be
as well discussed.

2. METHODOLOGY

The following are the theory involved in the article.
2.1 Fourier Regression Analysis
Given a simple Fourier deterministic model as:

(1) y = pcos (wt — )
where p is the amplitude, w is the frequency and 6 is the phase.
Using the compound angle formula

cos (A — B) = cosAcosB + sinAsinB

We rewrite (1) as
y = pcosfcos (wt) + psinfsin (wt)

(2) y = fBeos (wt) + [*sin (wt)

where 3 = pcosf, B* = psinf and 2 + 3*? = p?.
Based on (2) a Fourier multiple regression model can be expressed

p p ;
k. .7:17"'7p
(3)  w=08+ E OﬁjCOS(wjt) + E O:ﬁjsm(wjt) TEL i 1T
J= J=

where w; = 2% and n is the length of observation.

By substituting ¢ = X; in (3), we have a multiple form of Fourier regression
model given as

P p i
B ‘ . . ij=1....p
(4) yt = Bo + E 153603‘“’Xt+z:1518mw}(t+€t’ t=1,...,T
J= =

where X are the predictors, y; is the dependent variable and e; ~ N (0, 03) is
the error term.
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We can as well express the predictors in their lags and this is given as

p p )
. —0,...,
(5)  yr=Po+ g BjcoswXi—; + E B} sinwXi—i + e, Z‘.]: 1 5’
=~ = e

where X,_; are the predictors, 1 is the dependent variable and &4 ~ N (O, 03) is
the error term.

2.2.1 Methods of Parameter Estimation

The parameter estimation involves ordinary least squares and maximum likeli-
hood estimation methods.

2.2.2. Ordinary Least Squares Estimation Method

Based on the multiple form of Fourier regression model in (4)

Y, = Bo+BjcoswXi+B] sinw Xi+e
et = Y — Bo — BjcoswXy — ﬁ;siant
The residual sum of square is
2
(6) Z (at)Zzz (yt — Bo— Bjcos wX;—pB; sinwXy)
Firstly we will differentiate (6) with respect to By, we have

9y (er)”

9Po

(7) = —22 (yr — Bo— ﬁjcoszt—ﬁ;-‘ sinwt X)
Also differentiate equation (6) with respect to 3;

9y (er)”

0B,

(8) = -2 Z (coswXy )(ye— Bo—Pjcos th—B; sinw X3)
Lastly differentiate (6) with respect to 87

03 (er)?

op;

= —22 (y+— Bo—pBjcos th—B;f sinw) Xy

= QZ (Yt — Bo — Bj coswXi — B sinwXy)(— coswXy)

= QZ(yt — Bo—PBjcos wXi—f; sinw) X¢(— sinwXy)

(9) = —22 (sinw Xi)(yt— Bo—PBjcos wXi—f; sinwXy)
Setting (7), (8) and (9) to zero gives
=Yy, — nPy— BjXcos wX;—F; ¥ sinwX;
=Y (coswXy;)— BOE(coszt)—,BjZ(cosQth)—ﬂ; Y (cosw Xysinw Xy)
=Y (sinw Xy ) — B()E(siant)—/6’jZJ(Cosztsiant)—B}k YsinlwX;
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Yy;= nfo+ BjXcos th—i—ﬁ*E sinw X
(10) X (coswXyy) = BoX (coswXy) +5;% (cos? th) +065 (cosztsiant)
Y (sinwXyys) = PoX (sinwXy) +5;5 (cosztsmth) +55 YsinwX;)

Transforming (10) into matrix form, we have

> () n >~ (cos wXy) > (sin wXy) Bo

do(cos wXiy) | = | Do (cos wXy) > (cos’wXy) > (coswt sinwXy) Bj
> (sinwXyy,) > (sin wXy) Y (cosw Xysinw) Xy 3 (sin®wXy) B;
hence
(11)
Bo n 3 (cos wXy) > (sin wXy) - > ()
Bi | = > (cos wXy) 3 (cos?wX;y) > (coswt sinwXy) > (cos wXyy:)
By ST (sin wXy) > (cosw Xysinw) Xy 3 (sin?wX;) > (sinwXyyy)

From the above matrix, we have the estimated parameter.
By representing (11) with

(12) W= <G‘G

~ Bo S (cos wXy) S (sin wXy) -
where ?(= [ 8; |,(G'G)" > (cos th > (cos’wXy) > (coswt sinwXy)
ST (sin wXy) Y (cosw Xysinw) Xy 3 (sinwX;)

Z (cos wX tyt
> (sinwXyy)

2.2.3 Distributional Properties of the Fourier Regression Estimator
W= (G'q)' Gy
— (G'G) "G (GW +¢)
W= (G'G)"'¢' GW +¢
W= W+G'e
Taking expectation, we have
W= [W]+GE[]
W= W+0
Then
(13) W=w

This shows that the estimators are unbiased.
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2.2.3 Dispersion of 14

A

(14) D(W) = var(W) = E[W — W] [W — W]
since .
W— W= (G6)"Gy -w
W— W= (GGG ¢

Therefore,

n > (cos wXy) > (sin wXy)

D (W) = | > (cos wXy) 3 (cos?wX;y) > (coswt sinwXy)
> (sin wXy) D (cosw Xysinw) Xy 3 (sin?wX;)

2 is the variance of the error term.

where o7

2.2.4 Variance of the Error Term
Given that
y=GW +¢

e=y—GW
e=ly—W [(G’G)_IG/y*}
c=y1-(¢'6) ¢
e=y[M]
e= (GW+e)M
e= MGW + Me
e=WG[1-(¢'G) '] + Me
e=WG—-WG(G'G)"'G + Mz
€= Me
If & = (Me)

2
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ee’ = M'e'Me
=¢e'Mellaw of Idempotent]

ee! = trace [M 55']

Eles] = tr |1 — (G'G)'G'| E[e¢]
Ele’e] = tr[I, — I};] o2
E [¢'¢]
2 _
% Tk
or
2 _Yy-Way
€ n—k
Hence
P
(16) e =9yy* —( Bo By Bi )| 2coswziyr | /n—k
> sinwriyy

2.2.5 Variance of (W)
. \72
V() = E[w -5 (W),
From the unbiasedness of the estimator

W=w+(¢'q)"

Gle
W—Ww=(G'G)"'G
v (W) =kel(ce) | [(¢'6) ¢l
1% (W) — Bl (GG GG (G'G)
—E[ee] (¢'6)™

e

. >yt
14 (W) =|vy" = (B B Bi" )| X coswzy /(n—k) | x

v (W) — o2 (G'Q)!

> sinwxyy

> (coswXy ) > (cos*wXy) > (coswt sinwX;)
> (sinwXy ) D (cosw Xysinw) Xy 3 (sin?wX;)

2.2.6 Decomposition of Sum of Square

( n >~ (coswXy ) > (sinw Xy ) ) !
(17)

This is done by partitioning the sum of square as follows
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(18) W—Y= Y — Y+ yu—y

SN -9 =D -+ W — )

SST =SSE+ SSR
SST = (yi— v)* =) v’ —ny’
SST =y'y — ny?
SSE = Z(Qt - 7)?

Zyt2 — W/G/y
Therefore
Zth — W/G/_ ng2
Hence
Z Yt )
SSE= (B0 B B;* )| Mcoszy: | — ny
> sinayyy
So
SSR=> (j ——7)°
=y'y - B'Gy
, E Yt
=yy—(Bo B; B )| X costiy
Z sinxtyt
R W'G'GW — ng?
y'y — ny?
_ W’G/@ _ n@Q
y'y — ny?
_ (Wy—ng?) e
y'y — ny?
_q_fe
y' Ay
_ ny>
where A =1+ vy
Thus $op
R’=1

- SST

23
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Z Ut
(Bo Bi Bi* )| Xcosmy | —ny?
> sinziy,

(19) R?=1-
Zyt
Yy—(Bo B Bi" )| X coszy
> sinzyy,
and
-2 1 9

20 R = R —k
(20) LR ]

2.2.7 Maximum Likelihood Estimation Method

If the error random variables (g;) are assumed to be independent and normally
distributed with mean zero, then the maximum likelihood estimates will be ob-
tained as follows

1 71(ytfﬁofﬂjcosztfﬁ;fsiant)2

2
e
oV 2

o

(21) L=

Based on
et = Yt — Po — BjcoswX; — B sinwXy
the likelihood function with respect to the error term becomes

1( y1 — Bo — ﬂjcos wX1 - [3;-‘ sian1)2

2 o

L= (O'\/27T)_1€

yo — Bo — ,Bjcos wXo — B; sian2)2
X

x(a\/Qﬂ)le_é< 7

_l( ym — Bo — Bjcos wXm - [‘3; sianm)2
(22) x(o,2m) e v

Taking the log of (22) and linearize, we have
23)  InL = —min (02 )—li
= o./2m 5

t=1

Yt — Bo — Bjcosw Xy — ﬁ;fsiant)Q
o

Differentiate (23) with respect to 5y and equate to zero
2 o~ ~
=552 <yt — Bo — BjcoswXy — B;simuXt> (-1)=0

t=1

Ui -~ -~ ~

Z (Yt — Bo — Bjcosw Xy — B sinwXy) =0
t=1
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Z Yt — mBo - //B\j Z coswX; — Zﬁ;siant =0

mgo = Z Yyt + Bj Z coswXy + Z B}‘sinw??t
Divide both sides by m, we have

S~ Dy moocoswXy 4 Y sinwX;
(24) Bo = i — —,Bj -

Also, differentiate (23) with respect to ; and equate to zero

2

202
=1

(yt — Bo — Bjcoszt — E;siant> (—coswXy)

m
= Z (ye — Bo — BjcoswX; — B;siant)(coszt) =0
t=1

= Z (coswXy)yr — B{) Z coswX; — Bj Z (coszt)2 — Bj Z coswXsinwX; =0
Bj Z (coszt)2 = Z (coswXy)y — B\g Z coswX; — B\;‘ Z coswXisinwXy

(25)
B\j = Z (coswXy)yr — Bo Z coswXy — Bj Z cosztsiant/Z (coswXy)?

By differentiating (23) with respect to B; as well and equate to zero, we will have

92 . R o |
= 5.2 Z (yt — Bo — Bjcosw Xy — B35 smth) (—sinwXy)
t=1

m
= (ye — 30 — choszt — B\;siant)(siant) =0
t=1

= Z (sinwXy)yr — Bo Z sinwX; — Ej Z coswXisinwXy — B}k Z (siant)Q =0
B\; Z (sinwX;)? = Z (sinwXy)y; — Bo Z sinwXy — B\j Z cosw X sinw Xy

(26) BJ* = Z(siant)yt—Bo Z siant—Bj Z coswXsinwXy/ Z (sinwXy)?
The results in equations (24), (25) and (26) gives the parameters estimates.

2.2.8 Test of Hypothesis
For individual parameter, we will carry-out test of hypothesis as follows

—~

Hy:W; =0
Hl:V/V\j#O
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o~ o~

Wi _ W
\/ O'EQCJ']’ Sa (I/IZ)
where Cj; is the diagonal element of (G’ Gf1 corresponding to V/IZ , a is the level

of significance and (n — k — 1) degree of freedom.
For the joint hypothesis, the steps below will be followed

(27) t=

~ t(x/?? (n—k—l)

Hy: Bo=p1=p1=0
Hy:Bo=p1=p1#0

B SSR/k _ MSR

-~ SSE/(n—k—1) MSE

with (kK —1) and (n — k — 1) degree of freedom.

2.2.9 Error Term Performance based on Durbin Watson Statistic

If €, is the residual associated with the observation at time ¢, then the test statistic
is

(28) F

Sialer — 1)’

(29) d= )

i1
where T is the number of observations. Note that if the sample is lengthy, then
this can be linearly mapped to the Pearson correlation of the time-series data
with its lags (Durbin and Watson 1950). Since d is approximately equal to
2(1r), where r is the sample autocorrelation of the residuals, d = 2 indicates no
autocorrelation. The value of d always lies between 0 and 4. If the DurbinWatson
statistic is substantially less than 2, there is evidence of positive serial correlation.
As a rough rule of thumb, if DurbinWatson is less than 1.0 there may be cause for
alarm. Small values of d indicate successive error terms are on average close in
value to one another or positively correlated. If d > 2 successive error terms are
on average much different in value from one another, i.e., negatively correlated
(Durbin and Watson 1951) where this can imply an underestimation of the level
of statistical significance (Gujarati and Porter 2009).

3. DiscussioN AND CONCLUSION

This research work is used to present the framework of a multiple form of Fourier
regression analysis. This model consist of one periodic response variable and
several independent variables decompose into periodic components in order to
have a near uncorrelated predictors series. Ordinary least square and maximum
likelihood methods of obtaining the parameters of the model were proved. The
estimators are shown to be unbiased, variance of the estimators and variance
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of error term were derived and from the decomposed sum of square the coeffi-
cient of determination and adjusted coefficient was derived. The steps of test
of hypothesis are stated and the performance of the error are checked based on
Durbin Watson Statistic. Conclusively, a multiple form of parameter estimation
method for Fourier regression time series analysis was derived and its distribu-
tional estimator properties were presented. The steps of hypothesis testing and
error diagnosis were also derived to justify the consistency and reliability of the
estimation methods.
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