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On the Existence of Fixed Points Satisfying Graphic Contraction
Conditions on an Open Ball

K. F. ADEDAPO, K. RAUF AND ISMAIL MUSA*

ABSTRACT

This paper investigates the existence of fixed points in com-
plete metric spaces through the application of Cirié—type fixed
point principles for (c«,)-contractive mappings. By formu-
lating the problem within an open ball of a complete metric
space, we establish sufficient conditions that guarantee the
existence of fixed points under this generalized contractive
framework. An illustrative example and corollaries are presented
to demonstrate the validity and applicability of the main results.

1. INTRODUCTION AND PRELIMINARIES

A point z* € X is called a fixed point of T if T'(z*) = z*. That is , after apply-
ing the mapping T to z*, the result is still the same point. In a metric space,
an open ball is the set of all points whose distance from a given center point is
strictly less than a specified radius. The open ball centered at zy with radius
r is defined as B(zg,r) = z € X : d(z,x0) < r. Fixed point results for graphic
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contractions in an open ball state that a function has a fixed point within open
ball under specific contractive conditions, such as being a graphic contraction.
It provides existence and uniqueness guarantees for a fixed point that satisfies
the contraction property in open ball. Results in this area are often presented as
extensions and generalizations of Banach contraction principle, by applying the
conditions to a smaller domain. Results often require the space to be complete
and the contraction to satisfy specific conditions related to the graph, such as
being an a-admissible contraction, which provides a generalized framework for
finding fixed points under these restricted conditions.

In metric fixed point theory, the contractive conditions functions play an impor-
tant role for finding solutions of fixed point problems. Due to its importance and
simplicity, several authors have it in different directions.

[15] proved some fixed point results in dislocated quasi and quasi b—metric spaces.
They also proved a theorem of integral type for some rational type generalized
contractions in the context of dislocated metric spaces.

[5] investigated fixed point results for almost ({—6)—contractions in the context of
quasi-metric spaces. The study focused on a specific class of (( —#)—contractions,
which exhibit a more relaxed form of contractive property than classical contrac-
tions. The research also provided sufficient conditions for the convergence of fixed
point sequence.

[2] introduced notion of a function weighted L — R—complete dislocated quasi-
metric space and generalized concept of bi-completeness by introducing the con-
cept of L — R—completeness. [14] introduced a concept of a — 1—contractive
type mappings and established various fixed point theorems for mappings in
complete metric spaces. Afterwards, [9] refined the notions and obtain var-
ious fixed point results. [7] enlarged the concept of a—admissible mappings
and obtained useful fixed point theorems. Subsequently, [1] introduced pairs
of a—admissible mappings satisfying new sufficient contractive conditions, and
proved fixed point and common fixed point theorems. Lately, [13] modified the
concept of av — 1)—contractive mappings and established fixed point results. [11])
introduced a new notion of o — @ —contractive mappings and showed that this is
a real generalization for some old results. [3] established fixed point results of a
pair of contractive dominated mappings on a closed ball in an ordered complete
dislocated metric space.

[4] introduced a type of contraction called the a—Geraghty contraction in metric
spaces, establishing fixed point theorems for such mappings, which generalized
existing results, particularly for a—admissible functions, and included applica-
tions to show the practical relevance and improvement over prior work in fixed
point theory, extending concept like a—admissibility and using tools like Ger-
aghty functions.

[10] proved fixed point results of a—admissible mappings with respect to 7, for
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modified contractive condition in complete metric space. [12] presented some
results on the approximation of fixed points. [6] introduced the concept of an
a—admissible map with respect to 7 and modified the a — ¥)—contractive condi-
tion for a pair of mappings and established common fixed point results for two,
three, and four mappings in a closed ball in complete dislocated metric spaces.
Over the years, fixed point theory has been generlized in multi-directions by sev-
eral mathematicians.

In this research work, existence of fixed points for mappings satisfying graphic
contraction conditions using Ciric-type mapping on open ball of a complete met-
ric space would be derived and proved. Also, some results concerning Ciric-type
fixed point for («, pu)-contraction would be considered.

2. PRELIMINARY RESULTS

The following lemma, example and definitions are required to prove our main
results.

Lemma 1 [13]: If ¢ € U, then ¢(¢) < t for all ¢ > 0.

Definition 1[14]: Let (X,d), be a metric space. A mapping T : X — X is
(v, 1) —contractive mapping if there exist two functions a : X x X — [0, +00)
and 1 € ¥ such that

a(z, y)d(Tz, Ty) < p(d(z,y)),
for all z,y € X.
Definition 2 [14]: Let 7: X — X and a: X X X — [0,400). We say that T is
a—admissible if z,y € X, a(x,y) > 1
implies that
a(Tz,Ty) > 1.

Example 1: Let (0,00) and 7" an identity mapping on X. Define av: X x X —
[0, +00) by
y .
d _ ) ew, ifxe>y, x#0
(@,y) { 0  otherwise
Then T is a—admissible.
Definition 3 [13]: Let T: X — X and «,n: X x X — [0,4+00) two functions.
We say that T' is a—admissible mapping with respect to n if z,y € X, a(z,y) >
n(@,y)
implies that
Tz, Ty) > n(Tx, Ty).

If n(x,y) = 1, then above definition reduces to Definition 2. If a(z,y) = 1, then
T is called an n—subadmissible mapping.
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Definition 4 [13]: Let 7': X — X and ap : X x X — [0,+00) by

_ 1 al@y) =n,y)
o(w,y) = { 0 otherwise

We say that T is ap—admissible. If a(x,y) > 1 then a(z,y) > n(z,y) and so
a(Tx, Ty) > n(Tx,Ty).
This implies that

a(Tz,Ty) = 1.
Also

ap(zo, Txg) = 1.
Moreso, consistent with [8], let (X, d) be a metric space and A denotes the diag-
onal of the Cartesian product X x X. Consider a directed graph G such that the
set D(Q) of its vertices coincides with X, and the set S(G) of its edges contains
all loops, i.e., S(G) D A. We assume G has no parallel edges, so we can identify
G with the pair (D(G), S(G)). Moreover, we may treat G as a weighted graph by
assigning to each edge the distance between its vertices. If x and y are vertices in
a graph G, then a path in G from z to y of length m(m € N) is a sequence {z;};",
of m+1 vertices such that g = z, 2, = y and (2,1, 2,) € S(G) for i =1,...,m.
A graph G is connected if there is a path between any two vertices. GG is weakly
connected if G is connected. Now we extend concept of G-contraction as follows:
Definition 5 [8]: defined a mapping 7" : X — X is a Banach G-contraction or
simply G-contraction if T' preserves edges of G, i.e.,

Vz,ye X, (z,y) € D(G) = (Tx,Ty) € S(G)

and T decreases weights of edges of GG in the following way:

dke(0,1), Va,ye X, (z,y) € D(G)
= d(Tx,Ty) < kd(x,y).

Definition 6: Let (K, d,), be a metric space endowed with a graph G and
F : K — K be self-mappings. Assume that r > 0, 29 € By, (zo,7) and p € ¥,
following conditions hold,

Vz,y € By, (xo,7),(x,y) € S(G) = (Fx, Fy) € S(G)
Vx,y € By, (xo,7),(z,y) € S(G) = dy(Fx, Fy) < u(Ny(z,y)).

where

dy(z, Fz) + dy(y, Fy) dy(x, Fy) + dy(y, Fx
Mq(x,y):max{dq(.x’y)’ a( )2 oy, 1Y) dy )2 o )}’
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Then the mappings F is called Ciric pu-graphic contractive mappings. If u(t) = kt
for some k € [0,1), then we say F' is G-contractive mappings.

3. MAIN RESULTS

In the following section, Ciric-type fixed point results for («, 1)-contractive maps
in an open ball of a complete metric space are used to obtain the main results.

Theorem 3.1: Let (K,d,;) be a complete metric space and if F' : K — K
is a-admissible mapping with respect to 8 and o, € (0,1). Suppose r > 0,
wo € By, (xo,7) and p € ¥ where p : [0,00) — [0, 00), assume that,

a(z,y) > B(z,y)

and
(7,y) € Ba,(xo,7),
where

dy(, Fy) + dy(y, F) }
2

Oyl ) = maz {dq@c,y), 4y, F), dy(y, Fy)

and

j
(2) > 1 (dy(wo, Fao)) <,
=0
for all j € N.
Suppose that the following assertions hold:
(i) a(zo, Fxg) > B(xo, Fxo);
(ii) for any sequence {w,} in By, (wo,7) such that a(z,, 1) > B(@n, Ter1) for
all n € NU {0}
and
Tp — u € By, (w0,7) as n — +o0 then a(xy,u) > B(zy,u) for all n € NU {0}
Then, there exists a point z* in By, (zo,r) such that Fz* = z*

Proof:
Let 1 be in K be such that 1 = Fxg, 290 = Fx1,23 = Fxy . . . 2, = Fx,,_1.
By assumption «(zg,z1) > B(zo,z1) and F is a—admissible mapping with re-
spect to [.
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we have,

a(Fzg, Fz1) > B(Fxo, Fxy)
from which
a(zy, ) > B(x1,12)
which also implies that

a(Fzy, Frg) > B(Fxy, Frxg).

and

a(x2,x3) > B(22, 73)
gives
a(Fxg, Fxg) > B(Fxa, Fxs)
Continuing in this way we obtain
(T, Tpt1) = B(Tn, Tnt1) Vo € NU{0}.
implies that

a(Fxp, Frpp1) > B(Fay, Frope) Vo e NU{0}.
it could be shown that
Ty € Bg,(z0,7) Vn €N

By using (2)

J
ﬂ?o,FSL‘Q < Z $07F$0)) <r
1=0

It follows that

r1 € By, (zo,7).
Assume w3, ..., zj € Bg,(zo,r) for some j € N.
(1) gives
dq(.%'i, $i+1) = dq(in_l, Fxl)

< w(Qq(zi-1,7:))
But

2
dog(xiz1, x;) + dg(xi, xiv1) }

dg(Ti—1,Tiq1) }

<max § dg(xi—1,2;), dg(xi, Tit1),

Qq(xi—1, ;) = max {dq(xi—lyxi)y dg(xi, Tit1),
{ :
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Hence,

(3) Qq(xi—1, i) < max{dy(xi—1,2;),dg(xi, zit1)},

the case Qq(wi—1, ;) = dg(xi, xi+1) is impossible

dg(@iy ziv1) < pldg(@i, wiv1)) < dg(Ti, Tigr).
Which is a contradiction. Otherwise, in other case if
Qq(io1,7;) = dg(xi1,7;)

dg(i, Tit1) < pldg(i1, 7))
< pP(dy(wi2, wi1))
<..< ;/(dq(azo,xl))
Thus

(4) dg(s, miy1) < p'(dg(zo, 1))

Now

dq(ZE(),CEjJrl) < dq($0,$1) + dq(l‘l,ivg) + dq(.’EQ, .Tg) + ...+ dq(xifl, .’Ej) + dq($jaxj+1)

<> w'(dg(wo, 1))
=0

IN
=

Thus
zj+1 € By, (0,7).

Hence x,, € By, (wo,7) for all n € N.
Now equation (4) can be written as

(5) dQ($N7xn+1) < Mn(dQ(xovxl))ﬂ

for all n € N.

Fix € > 0 and N € N such that n > N p"(dg(zo, 1)) < €.
Let m,n € N with m >n > N.

Then, by the triangle inequality, we have
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3
L

dq(xn7$m) S dq(xk7$k+1)

T
L s

IN

1" (dg (o, 1))

B
Il

n

o0
<Y i (dg (o, 1)) < e.
k=n
therefore,

d(xn,zm) <€V m>n>N

Hence x,, is a Cauchy sequence in (Bg,(zo,7)).

As every open ball in a complete metric space is complete, so there exists x* €
By, (xo,7) such that z,, — z*.

Also

(6) limp—o0dy(zp, %) = 0.

based on the given assumption
a(xp, %) > B(p, z*), for all n € NU{0}.
Now from (1)

(7) dq(Tnt1, Fa") < p(Qq(wn, 27)).

where

Qq(xn, ™) = max {dq(xn,x*), dg(zn, Tpi1), dg(x”, Fz™)

If dy(x*, Fa*) # 0, then Qq4(zp,x*) > 0 for every n.
Thus

dg(zp, Fx*) + dg(z*, xn41) }
’ 2

(8) dg(Tn41, Fz*) < p(Qq(@n, z")) < Qqlan, %)
which on taking limits as n — oo gives
do(x*, Fx™) = limp—oodg(ni1, Fz™)
< limp—00Qq(Tn, ")
= dq(z*, Fz").
Hence dy(z*, Fz*) = 0. The result follows.
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Example: If K = [0,00) with metric on K is defined by dy(z,y) = |z — y|.
Let F: K — K be defined by,

" if xe€0,1]
-3 ifz€(1,00)

0 otherwise.

olz, ):{ 1 ifz,yel0,1]

Now By, (wo,7) = [0, 1]. then

1 1, 2
dg(wo, Fro) = dyg(1, F1) = dy(1, 3) = 11— g} =3
= ., 2¢~1 _5
Zz;ﬂ (dg (0, F9)) = 5 > 5 <o<3
Also if z,y € (1,00), then
‘2x—2y‘>’x—y‘
=5~ (= 3)| > ulla —y))
-5 = W=3)>nlr—y

dg(Fz, Fy) > p(dy(z,y))

dq(Fl‘,Fy) > ,U(Qq(-'lf,y))
Then the contractive condition does not hold on K.
Also if, 2,y € By, (wo,7), then

2z 2y
5 -3l <lz—yl

1
slz =yl < ullz —yl)
do(Fz, Fy) < p(dg(z,y)) < n(Qq(,y)).
where p = % If 3(z,y) =1 in the Theorem 3.1, we have the following theorem:

Theorem 3.2: Let (K, d,;) be a complete metric space and if F' : K — K
is a-admissible mapping with respect to 8. Suppose r > 0, zg € By, (zo,r) and
w € U, assume that,

(9) z,y € By, (xo,7), afz,y) >1
= dg(Fz, Fy) < u(Qq(,y)),
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where

Qq(x,y) = max {dq@c, ), do(z, ), dy(y, Fy), 0@ FY) T doly. 1) } |

2

and

j

(10) > i (dg(wo, Fzo)) <7, ¥V j €N.

=0
Suppose that the following assertions hold:
(i) a(xo, Fxg) > 1;
(ii) for any sequence x,, in By, (xo,7) such that a(z,, zn1) > 1 for alln € NU{0}
and , — u € By, (wo,7) as n — 400 then a(z,,u) > 1 for all n € NU {0}.
Then there exists a point x* in B(xg,r) such that

Fa* =a*.

If a(z,y) =1 in the Theorem 3.1, we have the theorem below

Theorem 3.3: Let (K, d,) be a complete metric space and if F': K — K is
p—subadmissible mapping. Suppose 7 > 0, ¢ € By, (wo,7) and p € ¥, assume
that,

(11) ARV qu<l'077'), 5(1’,?;) S 1

= dy(Fz, Fy) < u(Qq(,y)),

where

Qq(7,y) = mazx {dq(a:, Y), dy(x, Fx),d,(y, Fy), dg(z, Fy) + dg(y, Fx) } '

2
and
j .
(12) > i (dg(wo, Tg)) <,
i=0
for all j € N.

If following assertions hold:

(1) B(z0. Fro) < 1

(ii) for any sequence x;, in By, (zo,r) such that 8(z,, rpy1) < 1foralln € NU{0}
and x, — u € By, (xo,7) as n — +oo then B(z,,u) < 1 for all n € NU {0} .
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Then, there exists a point z* in By, (7o, 7) such that

Fx* =z*.

Corollary 1: If (K,d,) is a complete metric space and F' : K — K is a-
admissible mapping with respect to 3. Suppose r > 0, 29 € By, (xo,7) and
u € U, assume that,

(13) x,y € By, (zo,7), a(z,y) > B(x,y)
= dg(Fz, Fy) < p(My(z,y)),

where

M, (z,y) = maz { i), dy(z, F) +dg(y, Fy) dy(x, Fy) + dy(y, Fo) } |

2 ’ 2
and
j .
(14) S i (dy(o, Fao)) < 7,
i=0
for all j € N.

Suppose that the following assertions hold:

(i) a(zo, Fxg) > B(xo, Fxo);

(ii) for any sequence x,, in Bg,(zo,7) such that a(zpn, 2ny1) > B(Tn, Tny1) for all
n € NU{0} and =, — u € Bg,(z0,7) as n — +oo then a(z,,u) > B(z,,u) for
all n e NU{0}.

Then, there exists a point z* in By, (zo,r) such that

Fa* =z*.

If 5(z,y) =1 in the corollary 1, we have the following corollary.

Corollary 2: If (K,d,) is a complete metric space and F' : K — K is a-
admissible mapping. Suppose 7 > 0, zg € By, (zo,7) and p € ¥, assume that,

(15) T,y € qu(xo,r),a(x,y) >1
= dq(FZ',Fy) < M(MQ(xay))a

where

dy(z, Fz) + dy(y, Fy) dy(z, Fy) +dy(y, Fx
Mot 9) = maz { e, e ED L0 F0) e P el P,
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and

j

(16) S i (dy w0, Fro)) <,

=0
for all j € N.
Suppose that the following assertions hold:
(i) a(xo, Fo) > 1;
(ii) for any sequence x,, in By, (w0, ) such that a(xn, zn11) > 1 for all n € NU{0}
and x, — u € By, (zo,7) as n — +oo then a(x,,u) > 1 for all n € NU {0} .
Then, there exists a point z* in By, (zo,7) such that

Fa* =2o*.

in the corollary 2, we have the following corollary.

If Mq(may) — dq(:c,Fa:)—;dq(y,Fy)

Corollary 3: If (K,d,) is a complete metric space and F' : K — K is a-
admissible mapping. Suppose r > 0,z¢ € By, (7o,7) and pu € ¥, assume that,

(17) T,y € qu(l’o,?"), Oé(.iU,y) >1
= dg(Fz, Fy) < p(My(2,y)),
and
j .
(18) > pi(dg (o, Tao)) <,
=0
for all j € N.

Suppose that the following assertions hold:

(i) a(xo, Fxg) > 1;

(ii) for any sequence x,, in By, (xo, ) such that a(xn, 2,11) > 1 for all n € NU{0}
and ,, — u € By, (wo,7) as n — +o0 then a(w,,u) > 1 for all n € NU {0}.
Then, there exists a point z* in By, (zo,r) such that

Fx* =z*.

in the corollary 2, we have the following corollary.

If Mq(.’L‘, y) — dQ(w»Ty);dQ(vax)

Corollary 4: If (K,d,) is a complete metric space and F' : K — K is a-
admissible mapping. Suppose r > 0,z9 € By, (7o,7) and p € ¥, assume that,

(19) T,y € qu(l‘()ﬂ“),Oé(l‘,y) >1



60 M. A. Anise*, S. L. Soleye and K. Rauf

= dy(Fz, Fy) < p(My(z,y)),

and
j .
(20) Z:U'Z(dQ(w()v Fx())) <
i=0
for all j € N.

Suppose that the following assertions hold:

(i) a(xo, Fxg) > 1;

(ii) for any sequence x,, in By, (xo, ) such that a(xn, 2,11) > 1 for all n € NU{0}
and x, — u € By, (wo,7) as n — +o00 then a(w,,u) > 1 for all n € NU {0}.
Then, there exists a point z* in By, (zo,r) such that

Fx* = z*.
If My(z,y) = dg(z,y), in the corollary 2, we obtain the following corollary.
Corollary 5: If (K,d,) is a complete metric space and F' : K — K is a-

admissible mapping with respect to 8. Suppose r > 0, zg € qu(azo,r) and
w € U, assume that,

(21) T,y € qu(xo,r),a(x,y) > B(xuy)
= d’l(Fx7 Fy) S M(dq(l’,y)),
and
j .
(22) sz(dq(x(]vFliO)) S T,
1=0
for all j € N.

Suppose that the following assertions hold:

(1) OZ(ZL'O,FIE()) > B($03Fx0);

(ii) for any sequence w;, in Bg,(zo,r) such that a(z,, Tpy1) > B(@n, Tny1) for all
n € NU{0} and z,, — u € By, (wo,7) as n — 400 then a(xy,u) > B(an, 2,) for
alln e NU{0}.

Then, there exists a point z* in By, (zo,r) such that

Fx* =x™.
If B(z,y) =1, My(x,y) = dg(z,y) in the corollary 2, we have the following corol-
lary.
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Corollary 6: If (K,d,) is a complete metric space and F' : K — K is a-
admissible mapping. Suppose 7 > 0,x¢ € By, (zo,7r) and p € ¥, assume that,

(23) T,y € qu<1’077"),04(l’,y) >1
= df](Fx? Fy) g /.L(dq(.ﬁﬂ,y)),
and
j .
(24) > i (dg(wo, Fg)) < 7,
i=0
for all j € N.

Suppose that the following assertions hold:

(i) a(xo, Fxg) > 1;

(ii) for any sequence x,, in By, (w0, r) such that a(xn, 2,11) > 1 for all n € NU{0}
and z, — u € By, (wo,7) as n — +o0 then a(w,,u) > 1 for all n € NU {0}.
Then, there exists a point z* in By, (zo,r) such that

Fa* = z*.

Theorem 3.4: Let (K, d,), be a complete metric space endowed with a graph
G and F': K — K be ciric pu-graphic contractive mappings and xo € By, (zo,7).
Suppose that the following assertions hold:
(i) (wo, Fo) € E(G) and Y_7_, ' (dg(wo, Fxg)) < r for all j € N;
(ii) if {x,} is a sequence in By, (zo,r) such that (z,,r,41) € S(G) for all n € N
and z, — x as n — +o00, then (z,,x) € S(G) for all n € N.
Then F' has a fixed point.
Proof: Define, a : K? — (—00,+00) by

_J 1, if (zy) € E(G)
ow,y) = { 0, otherwise.

First we prove that the mapping F' is a-admissible. Let z,y € By, (wo,7) with
a(z,y) > 1, then (z,y) € S(G). As F is ciric p-graphic contractive mappings,
(Fz, Fy) € S(G).

That is, a(Fz, Fy) > 1. Thus F is a-admissible mapping.

From (2) there exists zp such that (zg, F'zg) € E(G).

That is, a(zo, Fxo) > 1. If x,y € B(xo,r) with a(z,y) > 1, then (z,y) € S(G).
Now, since F' is ciric y-graphic contractive mapping, so dq(F'z, Fy) < u(Qq(z,y)).
That is,

a(r,y) > 1= dy(Fz, Fy) < p(Qq(z,y)).
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Let {z,,} C Bg,(wo,7) With z, = x as n — oo and a(zn, Tn41) > 1 for all n € N.
Then, (zn,2n+1) € S(G) for all n € N and x,, — = as n — +o00. So by (ii) we
have, (z,,z) € S(G) for all n € N. That is, a(zp,x) > 1.

Hence, all conditions of theorem 3.2 are satisfied and F' has a fixed point.

Corollary 7: If (K,d,) is a complete metric space endowed with a graph G
and F': K — K a mapping. Suppose that the following assertions hold:
(i) F'is Banach G-contraction on By, (zo,7);
(ii) (zo, F'zo) € S(G) and dy(zo, Fzo) < (1 — k)r;
(iii) if {zy} is a sequence in By, (w0, ) such that (z,,rny1) € S(G) for all n € N
and x, — x as n — +o00, then (z,,x) € S(G) for all n € N.
Then F' has a fixed point.

Corollary 8: If (K,d,) is a complete metric space endowed with a graph G
and F': K — K a mapping. Suppose that the following assertions hold:
(i) F is Banach G-contraction on K and there is xyp € X such that (zg, Fzg) €
S(G);
(ii) (zo, Fzo) € S(G) and dy(zo, Fzg) < (1 — k)r;
(iii) if {xy} is a sequence in K such that (z,,zn41) € S(G) for all n € N and
Ty, — T as n — 400, then (x,,z) € S(G) for all n € N.
Then F' has a fixed point.

CONCLUSION

In conclusion, existence of fixed points for mappings satisfying graphic contraction
conditions using Ciric-type mappings in an open ball of a complete metric space
were proved. It was observed from the results that a point z* exists in an open
ball and F' has a fixed point.
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