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On the Convergence and Consistence of Rational Integrator for the
Solution of Ordinary Differential Equation

O. A. Elakhe, A. O. Isere and F. Ebhohimen∗

Abstract

This research work is concerned with the determination of

solution to different classes of problems in Ordinary Differ-

ential Equations (ODEs). We derived an A0-Stable rational

integrators for the solution of ordinary differential equations.

We establish the convergence, consistency and the stability of

our scheme in the interpolants of order m = 3, through the

rational integrator. The stability analysis of the method was

carried with the use of MAPLE-18 and MATLAB software’s. We

compared our new and solve real-life problems which ascertain

the convergence and consistency of scheme. Our result shows

that our integrator is stable analytically and computationally.

1. Introduction

This research work is concerned with the determination of solution to different
classes of problems in Ordinary Differential Equations (ODEs). There have been
three major directions in which researches have been channelled, namely: the
modelling and simulation group, the abstract and classical analysis group and
the computerized group, [4]. The modelling and simulation group looks at real-
life problems, [18] observed the rate at which a given real-life problem is changing
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with respect to an observable single variable and then goes ahead to model and
simulate an ODE based on the observations. [12], [19] compiled a collection of
modelled ODE from various industries which today are used in testing the power
and direction of computerized group.
The second group which is the abstract and classical analysis group, considered
an ODE with specific unknown parameters and coefficients of the ODE terms,
subjects the ODE to certain constraints, then obtain conditions under which the
coefficients or parameters must exist in order for the given ODE to be able to
have solutions or classes of solutions. A typical example is the work due to [14],
where he considered the fourth order ODE in the form:

(1) a0x
(4) + a1x

(3) + a2x
(2) + a3x

(1) + a4x = p(t, x, · · · )

He considered several approaches, one of which involves Routh-Hurwitz condi-
tions and arrived at ai > 0 for all 1 ≤ i ≤ 4.
The researchers in the computerized group concern themselves with the devel-
opment, analysis, testing and implementation of methods to solve problems in
ODE. This group handles effectively problems whose solutions cannot be estab-
lished with ease through abstract and classical methods but to evaluate them
without computational methods becomes extremely difficult. These are the main
reasons why in today’s world of ODE, emphasis is drifting to computerized math-
ematics whenever one is handling most crucial problems in this area, [2].
This research work is concern with finding a suitable numerical solution to the
initial value problem:

(2) y
′

= f(x, y), y(x0) = y0, a ≤ x ≤ b

where f (x, y) must satisfy a Lipschitz condition with respect to y and is defined
and continuous in a region D ⊂ [a,b] that are either Stiff or Singular. Also to
determine its stability from both analytical and computational method.
In the course of this work, we shall make use of some terms, which are carefully
defined for more understanding.
Local Truncation Error according to Lambert (1978), at xn+1 of the general
explicit one-step method is defined to be Tn+1 where

(3) Tn+1=y (xn+1)−h∅ (xn,y (xn) , h)

and y(x) is the theoretical solution of the initial value problems.
Then the local truncation error at xn+k of an explicit linear k−Step method
satisfies Tn+k=y (xn+k)− yn+k. The relationship between global and local trun-
cation error is en+1 ≤ KTn+1. where K is a constant. The local truncation error
is directly proportional to the global error introduce at each step mostly when
the derivation and computation of local truncation error is rigorous on the exact
solution.
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Lipschitz constant according to [10], from (2) above,f(x, y) is said to satisfy a
Lipschitz condition in y, over the region D, if there exist a constant L such that

(4) | |f (x, y1)− f (x, y2)| | ≤ L| |y1 − y2| |

where L is called the Lipschitz constant and f(x, y) is said to be Lipschitzian.
By virtue of the relation. Hence,

(5)
∂f(x, y)

∂y
= lim

(α→0
[
||f (x, y1)− f (x, y2) ||

α
]

where α = | |y1 − y2| |. Consequently, we have

(6) L =
∂f

∂y

which relates to the test equation for systems of ivp (2), given by,

(7)
∂f

∂y
= λ ≡ y, = λy

The function ∂f
∂y = J where J is called the Jacobian matrix.

For treatment of stiff problems, heavy reliance is placed on the eigenvalue of this
Jacobian matrix. Then the Lipschitz condition here guarantees the existence
and uniqueness of solution (2) to a unique one as this convergence of solution is
needed in analyzing and comparing our solutions with existing ones.
According to [16], a system is said to be stiff over the finite interval [a,b] if for
every x ∈ [a, b] , the eigenvalues {λs(x), s = 1,2,. . . ,m} of the Jacobian matrix:

(8) J =
∂f

∂y

satisfy the following conditions:

(1) Re λs (x) < 0, s = 1, 2,. . . ,m

where Re λs (x) represents the real component of the complex number λs(x).

(1) Stiffness Ratio = maxRe λr (x)
Re λs (x)>> 1, r,s = 1,. . . ,m

For the linear initial value problem:
y, = Ay + g, y(x0) = y0

∂f

∂y
=
∂y,

∂y
= A

is m x m matrix and g ε Rm.
[15] analyzed the rational integrator using Taylor’s series method for derivation of
order and error constant of the method. Associating the linear difference operator
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L defined by:
(9)

L [y (x) ;h] =

k∑
i=0

αiy (x+ ih)−
k∑
j=1

hj(βiky
(j) (x+ ih)− β∗jky(j) (x+ (i+ 1)h))

where y(x) is an arbitrary function, continuously differentiable on [a,b], expanding

y (x+ ih) and its derivatives y(j) (x+ ih) as Taylor’s series about x, and collecting
terms gives:

(10) L [y (x) ;h] = c0y (x) + c1hy
(1)y (x) + · · ·+ cqh

(q)y(q) (x) + . . .

where cq are constant. The class of the method is order p if:

(11) L [y (x) ;h] = cp+1h
(p+1)y(p+1) (x) + o(h(p+2)); cp+1 6= 0

where c0 = α0 + α1 + α2 + · · ·+ αk, αk = 1

c1 = α1 + 2α2 + · · ·+ kαk − (βik − β∗jk)

cq =
1

q
(α1 + 2qα2 + · · ·+ kqαk)−

k∑
j=1

(k)q−j

(q − j)
βik +

k∑
j=1

(k+)q−j

(q − j)
β∗jk

[11] constructed a quartic based denominator of order six rational integrator
which is defined by:

(12) U (x) =

∑2
i=0 p1x

i

1 +
∑4

i=0 q1x
i

where p0, p1, p2 and q0, q1, q2, q3, q4 are called the integrator parameters

(13) U (x) =

∞∑
r=0

crx
r

Hence equation (12) becomes

(14)
∞∑
r=0

crx
r

(
1 +

4∑
i=0

q1x
i

)
=

2∑
i=0

p1x
i

Which leads to the integrator as

yn+1 =

∑2
r=0

hry
(r)
n
r! +A

∑1
r=0

hry
(r)
n
r! +Byn

1 +A+B + C +D

[7] considered a case of the stability of order 7 rational interpolation scheme
for solving initial value problems in ordinary differential equations. The general
rational integrator formula for k = 4, we have

(15) U (x) =

∑3
i=0 p1x

i

1 +
∑4

i=0 q1x
i
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(16)

∞∑
r=0

crx
r

(
1 +

4∑
i=0

q1x
i

)
=

3∑
i=0

p1x
i

With the stability function

(17)
yn+1

yn
=

(
(1 +A+B + C) + h (1 +A+B) + h

2

2 (1 +A)h6

)
1 +A+B + C +D

2. Derivation of the Method

The rational interpolant U : R → R is defined by

(18) yn+1 = r +

∑m−1
i=0 pix

i
n+1

1 +
∑m

i=1 qix
i
n+1

where pi and qi are called the integrator parameters, and r is a constant param-
eter.
From (18) when m = 3, we have:

(19) yn+1 = r +

∑2
i=0 pix

i
n+1

1 +
∑3

i=1 qix
i
n+1

yn+1 = r +
[
p0 + p1x+ p2x

2
]

[1 + q1x+ q2x
2 + q3x

3]−1

= r +
[
p0 + p1x+ p2x

2
]
{
∞∑
i=0

(−1)i[q1x+ q2x
2 + q3x

3]i}

By the use of binomial expansion for rational functions and Maple 18 software
complier we obtain the matrix form:

(20)


y
(5)
n

5!(n+1)5
y
(4)
n

4!(n+1)4
y
(3)
n

3!(n+1)3

y
(4)
n

4!(n+1)4
y
(3)
n

3!(n+1)3
y
(2)
n

2!(n+1)2

y
(3)
n

3!(n+1)3
y
(2)
n

2!(n+1)2
y
(1)
n

(n+1)



q1

q2

q3

 = −


y
(6)
n

6!(n+1)6

y
(5)
n

5!(n+1)5

y
(4)
n

4!(n+1)4


Applying the Crammer’s rule to determine q1, q2, and q3 from (19) where qi = xi

|A| ,

for all i = 1, 2, 3. Let

(21) A =


y
(5)
n

5!(n+1)5
y
(4)
n

4!(n+1)4
y
(3)
n

3!(n+1)3

y
(4)
n

4!(n+1)4
y
(3)
n

3!(n+1)3
y
(2)
n

2!(n+1)2

y
(3)
n

3!(n+1)3
y
(2)
n

2!(n+1)2
y
(1)
n

(n+1)

 ,
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then

|A| = (n+ 1) 18yn
(2)2y(5)n − 60y(2)n y(4)n y(3)n − 12y(1)n y(5)n y(3)n + 15y(4)

2

n y(1)n + 40y(3)
3

n

If x1, x2 and x3 are respectively:

(22) x1 =


− y

(6)
n

6!(n+1)6
y
(4)
n

4!(n+1)4
y
(3)
n

3!(n+1)3

− y
(5)
n

5!(n+1)5
y
(3)
n

3!(n+1)3
y
(2)
n

2!(n+1)2

− y
(4)
n

4!(n+1)4
y
(2)
n

2!(n+1)2
y
(1)
n

(n+1)

 ,

(23) x2 =


y
(5)
n

5!(n+1)5
− y

(6)
n

6!(n+1)6
y
(3)
n

3!(n+1)3

y
(4)
n

4!(n+1)4
− y

(5)
n

5!(n+1)5
y
(2)
n

2!(n+1)2

y
(3)
n

3!(n+1)3
− y

(4)
n

4!(n+1)4
y
(1)
n

(n+1)


and

(24) x3 =


y
(5)
n

5!(n+1)5
y
(4)
n

4!(n+1)4
− y

(6)
n

6!(n+1)6

y
(4)
n

4!(n+1)4
y
(3)
n

3!(n+1)3
− y

(5)
n

5!(n+1)5

y
(3)
n

3!(n+1)3
y
(2)
n

2!(n+1)2
− y

(4)
n

4!(n+1)4

 ,
then

|x1| = 6yn
(2)2−12y(1)n y(5)n y(3)n −15y(4)

2

n y(2)n +6y(1)n y(5)n y(4)n −4y(1)n y(6)n y(3)n +120y(3)
2

n y(4)n

|x2| = 15y(2)n y(5)n y(4)n −10y(2)n y(6)n y(3)n −16y(5)
2

n y(1)n +5y(1)n y(6)n y(4)n +20y(3)
2

n y(5)n −25y(4)
2

n y(3)n

and

|x3| = 36yn
(5)2y(2)n − 30y(2)n y(4)n y(6)n − 120y(3)n y(5)n y(4)n + 75yn

(4)3+40y(3)
2

n y
(6)

n

At the integration point x = xn+1.

(25) U (xn+1) =
∞∑
i=0

crx
r
n+1.

Since

(26) U (xn+1 ) = yn+1 ,

then yn+1 =
∑∞

r=0 cr. By the Taylor’s Series expansion of yn+1 we have:
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(27) yn+1 =

∞∑
r=0

hry
(r)
n

r!

(28)
∞∑
r=0

crx
r
n+1 =

∞∑
r=0

hry
(r)
n

r!
.

Which gives

(29) crx
r
n+1 =

hry
(r)
n

r!
∀ r = 0, 1, 2. . .

With these definitions for crs, the determinant |A| can be written as follows:
(30)

|A| = h9

x9n+1

[
(n+ 1) 18yn

(2)2y(5)n − 60y(2)n y(4)n y(3)n − 12y(1)n y(5)n y(3)n + 15y(4)
2

y(1)n + 40y(3)
2

n

]

|x1| =
h10

−2x10n+1

[
6yn

(2)2 − 12y(1)n y(5)n y(3)n − 15y(4)
2

n y(2)n + 6y(1)n y(5)n y(4)n − 4y(1)n y(6)n y(3)n + 120y(3)
2

y(4)n

]

|x2| =
h11

−10x11n+1

[
15y(2)n y(5)n y(4)n − 10y(2)n y(6)n y(3)n − 16y(5)

2

n y(1)n + 5y(1)n y(6)n y(4)n + 20y(3)
2

n y(5)n − 25y(4)
2

n y(3)n

]

|x3| =
h12

−10x12n+1

[
36yn

(5)2y(2)n − 30y(2)n y(4)n y(6)n − 120y(3)n y(5)n y(4)n + 75yn
(4)3+40y(3)

2

n y
(6)

n

]
Since q′is are defined by (??), we have
(31)

q1x
1
n+1 =

h1

−2

[
6yn

(2)2 − 12y
(1)
n y

(5)
n y

(3)
n − 15y

(4)2

n y
(2)
n + 6y

(1)
n y

(5)
n y

(4)
n − 4y

(1)
n y

(6)
n y

(3)
n + 120y

(3)2

n y
(4)
n

]
[
(n+ 1) 18yn(2)

2
y
(5)
n − 60y

(2)
n y

(4)
n y

(3)
n − 12y

(1)
n y

(5)
n y

(3)
n + 15y(4)

2
y
(1)
n + 40y

(3)2

n

]
(32)

q2x
2
n+1 =

h2

−10

[
15y

(2)
n y

(5)
n y

(4)
n − 10y

(2)
n y

(6)
n y

(3)
n − 16y

(5)2

n y
(1)
n + 5y

(1)
n y

(6)
n y

(4)
n + 20y

(3)2

n y
(5)
n − 25y

(4)2

n y
(3)
n

]
[
(n+ 1) 18yn(2)

2
y
(5)
n − 60y

(2)
n y

(4)
n y

(3)
n − 12y

(1)
n y

(5)
n y

(3)
n + 15y(4)

2
y
(1)
n + 40y(3)

3
]

(33)

q3x
3
n+1 =

h3

−120

[
36yn

(5)2y
(2)
n − 30y

(2)
n y

(4)
n y

(6)
n − 120y

(3)
n y

(5)
n y

(4)
n + 75yn

(4)3+40y
(3)2

n y
(6)

n

]
[
(n+ 1) 18yn(2)

2
y
(5)
n − 60y

(2)
n y

(4)
n y

(3)
n − 12y

(1)
n y

(5)
n y

(3)
n + 15y

(4)2

n y
(1)
n + 40y

(3)2

n

]
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From (21), the rational integrator is expanded to give

(34) yn+1 =
p0 + p1xn+1 + p2x

2
n+1 + r + rq1xn+1 + rq2x

2
n+1 + rq3x

3
n+1

1 + q1xn+1 + q2x2n+1 + q3x3n+1

(35) yn = r + p0

(36) r = yn − p0

p1=
hy

(1)
n

1!xn+1
+ p0q1

(37) p1xn+1=hy
(1)
n + p0q1xn+1

p2=
h2y

(2)
n

2!x2n+1

+
hy

(1)
n

1!xn+1
+ p0q2

(38) p2x
2
n+1 =

h2y
(2)
n

2!
+ hy(1)n q1xn+1 + p0q2x

2
n+1

p0q3=
h3y

(3)
n

3!x3n+1

+
h2y

(2)
n

2!x2n+1

q1 +
h1y

(1)
n

1!xn+1
q2

(39) p0 =
−1

q3

[
h3y

(3)
n

3!
+
h2y

(2)
n q1xn+1

2!
+ hy(1)n q2x

2
n+1

]

(40) r = yn −
1

q3

[
h3y

(3)
n

3!
+
h2y

(2)
n q1xn+1

2!
+ hy(1)n q2x

2
n+1

]
Then

(41) p0 + r = r + p0 = yn

p1xn+1 + rq1xn+1 = hy(1)n −
q1xn+1

q3x3n+1

[
h3y

(3)
n

3!
+
h2y

(2)
n q1xn+1

2!
+ hy(1)n q2x

2
n+1

]

+q1xn+1yn +
q1xn+1

q3x3n+1

[
h3y

(3)
n

3!
+
h2y

(2)
n q1xn+1

2!
+ hy(1)n q2x

2
n+1

]

(42) p1xn+1 + rq1xn+1 = hy(1)n + q1xn+1yn
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p2x
2
n+1+rq2x

2
n+1 =

h2y
(2)
n

2!
+ hy(1)n q1xn+1−

q2x
2
n+1

q3x3n+1

[
h3y

(3)
n

3!
+
h2y

(2)
n q1xn+1

2!
+ hy(1)n q2x

2
n+1

]

+q2x
2
n+1yn+

q2x
2
n+1

q3x3n+1

[
h3y

(3)
n

3!
+
h2y

(2)
n q1xn+1

2!
+ hy(1)n q2x

2
n+1

]

(43) p2x
2
n+1 + rq2x

2
n+1 =

h2y
(2)
n

2!
+ hy(1)n q1xn+1 + q2x

2
n+1yn

(44) rq3x
3
n+1 = q3x

3
n+1yn +

q3x
3
n+1

q3x3n+1

[
h3y

(3)
n

3!
+
h2y

(2)
n q1xn+1

2!
+ hy(1)n q2x

2
n+1

]
Substituting (39)-(42) into (34), we obtain our general integrator

yn+1 =

yn + hy
(1)
n + q1xn+1yn + h2y

(2)
n

2! + hy
(1)
n q1xn+1 + q2x

2
n+1yn+

h3y
(3)
n

3! + h2y
(2)
n q1xn+1

2! + hy
(1)
n q2x

2
n+1 + q3x

3
n+1yn

1 + q1xn+1 + q2x2n+1 + q3x3n+1

Now, we let
A= q1xn+1, B = q2x

2
n+1, and C = q3x

3
n+1

Therefore, our general integrator formula for m = 3 becomes

(45) yn+1 =

∑3
i=0

hiy
(i)
n
i! +A

∑2
i=0

hiy
(i)
n
i! +B

∑1
i=0

hiy
(i)
n
i! + Cyn

1 +A+B + C

3. Convergence, Consistency

[1] asserted that convergence is a minimal property of any given numerical inte-
grator and that convergence must satisfies for all initial value problems. Again,
Lambert (1995) reported that one-step method is convergent if initial value prob-
lems satisfy the Lipschitz conditions:

(46) lim
h→0

max
0≤n≤N

||y(xn)− yn|| = 0

Theorem 3.1. The rational integrator for the solution of ordinary differential
equations is given as follows:

(47) yn+1 =

∑3
i=0

hiy
(i)
n
i! +A

∑2
i=0

hiy
(i)
n
i! +B

∑1
i=0

hiy
(i)
n
i! + Cyn

1 +A+B + C

where the functions A, B and C are defined by equation and state in equation
(31), (32), and (33) respectively is convergent and consistent.
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Proof: Subtracting yn from both sides of (47), we have

yn+1 − yn =

∑3
i=0

hiy
(i)
n
i! +A

∑2
i=0

hiy
(i)
n
i! +B

∑1
i=0

hiy
(i)
n
i! + Cyn

1 +A+B + C
− yn

yn+1 − yn =

∑3
i=1

hiy
(i)
n
i! +A

∑2
i=1

hiy
(i)
n
i! +Bhiy

(i)
n

1 +A+B + C

yn+1 − yn
h

=
y
(i)
n +

∑3
i=2

hi−1y
(i)
n

i! +A
∑2

i=1
hi−1y

(i)
n

i! +Bhy
(i)
n

1 +A+B + C

Limit
h→0

(
yn+1 − yn

h

)
: Limit

x→0
A = Limit

x→0
B = 0

Limit
h→0

(
yn+1 − yn

h

)
= y(1)n

Limith→0

(
yn+1−yn

h

)
= y

(1)
n = f(xn, yn) �.

It implies that the rational integrator for the solution of ordinary differential
equations is consistent with the initial value. Hence, the integrator is conver-
gent. But the IVP was chosen arbitrarily, therefore our integrator is convergent
(Lambert, 1996).

4. Numerical Experiments

We shall be concerned with the application of our new integrator in solving a
number of problems in this section. This integrator have been designed for and
also determine the convergence and consistency structure of the method.

Problem 1: [13].

y
′

= −y; y (0) = 0.5; 0 ≤ x ≤ 1, h = 0.1

The exact solution is y (xn) = 1
exn .
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Table 1. Error in Numerical Integration

XN TSOL YN (4th-
stage)

New Method

.1D+00 0.90D+00 -.81D-07 1.864e-08

.2D+00 0.81D+00 -.14D-06 3.374e-08

.3D+00 0.74D+00 -.20D-06 4.579e-08

.4D+00 0.67D+00 -.24D-06 5.525e-08

.5D+00 0.60D+00 -.27D-06 6.249e-08

.6D+00 0.54D+00 -.29D-06 6.785e-08

.7D+00 0.49D+00 -.31D-06 7.163e-08

.8D+00 0.44D+00 -.32D-06 7.407e-08

.9D+00 0.40D+00 -.33D-06 7.540e-08
1D+00 0.36D+00 -.33D-06 7.581e-08

The table above shows the performance of our new numerical integrator. Our
new integrator compete favorably well with the explicit fourth-stage, fourth-order
Runge-Kutta methods of [13] with a very rate of convergence.

Problem 2: (Real Life Problem).
A new cereal product is introduced through an advertising campaign to a popu-
lation of 1 million potential customers. The rate at which the population hears
about the product is assumed to be proportional to the number of people who
are not yet aware of the product. By the end of 1 year, half of the population has
heard of the product. How many will have heard of it by the end of 2 years? The
differential equation for this problem is given by dy

dt = k (1− y) ; y = 1−e−0.693t
where y represents the number (in millions) of people at time t who have heard of
the product. This means that (1−y) is the number of people who have not heard
and dy/dt is the rate at which the population hears about the product. Exact
solution of this problem can easily be obtained as y = 1− e−kt, for k = 0.693.
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Table 2: Error in Numerical Integration

XN
(Time)

TSOL [11] New
method

1.0e+00 4.9992e-01 -7.3595e-05 2.2665e-06
2.0e+00 7.4992e-01 -5.2051e-05 7.4408e-06
3.0e+00 8.7494e-01 -3.6816e-05 2.0639e-06
4.0e+00 9.3746e-01 -2.6044e-05 2.0664e-06
5.0e+00 9.6872e-01 -1.8447e-05 1.5976e-06
6.0e+00 9.8436e-01 -1.3038e-05 1.0928e-06
7.0e+00 9.9217e-01 -9.2181e-06 6.9643e-07
8.0e+00 9.9608e-01 -6.5177e-06 4.2395e-07
9.0e+00 9.9804e-01 -4.6085e-06 2.5002e-07
10.e+00 9.9902e-01 -3.2586-e06 1.4407e-07

The result which is shown in the numerical solution in Table 2 agree excellently
with the result at 2 years. �.

Conclusions: This article established the convergence, consistency and the sta-
bility of the scheme in the interpolants of order m = 3, through the rational
integrator. The stability analysis of the method was carried out with the help of
mathematical software. The Results showed that our integrator is stable analyt-
ically and computationally.
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