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On Hyers-Ulam Stability of a Perturbed Nonlinear Second Order Differential
Equations Using Gronwall-Bellman-Bihari Inequality

I. FAKUNLEY™ AND P. O. ARAWOMO?

ABSTRACT

In this paper, a nonlinear generalisation of Gronwall-
Bellman integral inequality is developed and wused to
investigate Hyers-Ulam stability of a Perturbed non-
linear  second order ordinary  differential  equations.

1. INTRODUCTION

In 1940, Ulam|21] proposed the following problem concerning the stability of functional
equation:"Give conditions in order for a linear mapping near an approximately linear map-
ping to exist". This problem was also put in this sense "For what metric group G is it
true that an e automorphism of G is necessarily near to a strict automorphism"? In 1941,
Hyers|3] gave an answer to the problem as follows; "Let E; and FE3 be two real Banach
spaces and f : B4 — E5 be a mapping, if there exists an € > 0 such that

then there exists a unique additive mapping T : E1 — F» such that
(1.2) [|f(x) —T(x)|| <€, forevery z € Ey”

The result of Hyers called Hyers-Ulam stability has been generalised by several authors in
recent years to first order differential equations [1, 4, 5, 6, 10, 11, 19, 20] and second and
nth order ordinary differential equations[8, 7, 17, 13, 14, 15, 18, 16].
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Rus[18], Qarawani[13, 14, 15|, Qusausy[16] and Ravi[17| investigated the Hyers-Ulam sta-
bility of the nonlinear second order differential equations

(1.3) u”(t) + f(t,u(t)) =0

using Gronwall lemma to establish their results.
In this paper, we consider the investigation of the Hyers-Ulam stability of the perturbed
nonlinear second order differential equations

(1.4) u’(t) + f(t,u(t), o' (t) = g(t,u(t))
and

(1.5) u'(t) + f(tu(t), o' (1) = H(u(t), u'(t)),
both satisfying the initial conditions

(1.6) u(to) = u'(to) = 0,

where u(t) € C*(I,R,), T = [0,00), g(t,0) =0, g € C(I x R,R), f € C(I x R R), H €
C(R?,R). Using a nonlinear generalisation of the Grownwall-Bellman integral inequality.

2. PRELIMINARIES

In this section, we state the following useful definitions and theorems which will be used in
our main results.

Definition 2.1. Equation (1.4) is Hyers-Ulam stable if for every ¢ > 0, K > 0 and t € I
sufficiently large, there exists a solution u(t) € C?(I, R, ) satisfying

(2.1) u” + f(t,u(t), o' (1) — g(t,u(t))| < e
such that
lu(t) —uo(t)| < Ke,

where ug(t) € C%(I,R) is the solution of nonlinear differential equation (1.4) with initial
condition (1.6) and K is the Hyers-Ulam constant.

Theorem 2.2. [9, 12| (Generalised First Mean Value Theorem). If f(¢) and g¢(¢) are
continuous in [tg,t] C I and f(¢) does not change sign in the interval, then there is a point
t

€ € [to,t] such that /t g(s)f(s)ds = g(f)/t f(s)ds

Definition 2.3. A function w : [0, 00) — [0, 00) is said to belong to a class S if

i w(u) is nondecreasing and continuous for u > 0
i (Lw(u) <w(¥) for all wand v > 1,
iii there exist a function ¢, continuous on [0, c0) with w(au) < ¢(a)w(u) for a > 0.

Lemma 2.4. |2| Let u(t), f(t) be positive continuous functions defined on a <t < b, (< 00)
and K > 0, M > 0, further let w(u) be a nonnegative nondecreasing continuous function
for w > 0, then the inequality

(2.2) u(t) < K+ M tf(s)w(u(s))ds, to <t<b.
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Implies the inequality

(2.3) u(t) < Q71 (Q(kz) +M tf(s)ds) , o<t <V <b,
to

where

(2.4) Qu) = / WLZ)’ 0 <wup < wu.

In the case w(0) > 0 or Q(0+) is finite, one may take ug = 0 and Q™! is the inverse function
of Q and ¢ must be in the subinterval [to, V'] of [to, b] such that

Q(k)+ M t f(s)ds € Dom(Q71).

to
3. DEVELOPMENT OF NONLINEAR INTEGRAL INEQUALITY

In this section, we are going to develop a nonlinear extension of the Grownwall-Bellman-
Bihari integral inequality which will be used to investigate the Hyers-Ulam stability of
equations (1.3) and (1.4).

Theorem 3.1. Let u(t), h(t),g(t) € C(I,R4+) and h'(t) < 0. If

(3.1) u(t) <c+ A t f(s)u(s)ds+ B | f(s)h(s) </sg(7)w(u(7))d7> ds, tel

to to
holds, then wu(t) is bounded by

u(t) < Q71 [Q(c) + AB [ f(s)h(s)g(s) [cexp fs f(rydr

to

+ /t exp ( / ) f(a)da) dT} ds] ,

where A, B,c > 0, 2 is given in equation (2.4) and ¢; € [a, 00) is chosen such that

o)+ [ F5)h(s)e(s) [cexp " H(rydr + /t : exp ( / ) f(a)da> dT] ds € Dom(Q~1),

to to

(3.2)

for all ¢ lying in the interval [a,t;] € I, Q! is the inverse of Q.

Proof. Define a function v(t) as follows

(3.3) v(it)=c+A | f(s)u(s)ds+ B t f(s)h(s) </S g(T)u}(U(T))dT) ds,

and O 0

(3.4) u(t) <wv(t), v(ia) =c.
Differentiating equation(3.3) we obtain

(3.5) V'(t) = f(t) {Av(t) + Bh(t)/t g(T)w(v(T))} dr.
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Let A, B > 1, equation (3.5) becomes

(36) V() < ABFOM()
where
(3.7) M(t) = v(t) + h(t) /t g(Bw(v(r))dr.

Differentiating equation (3.7) we get

(3.9) M (t) = v'(t) + K (1) /t (Pw(u())dr + h(t)gb)w(u(t)).

Recall that h'(t) < 0, then

M'(t) < o'(t) + h(t)g(t)w(u(t)
< FOM(E) + h(D)g(t)w(v(t))
< fOM(E) + P(t)

P(t) = h(t)gt)w(v(t))

M'(t) < f@)M(t)+ P(T), P(T)>1

Let T € [tg,00) be any arbitrary number, solving the ordinary differential equation above
we have

(3.9) M(t) < cexp ( t: f(s)ds) + P(T) ( /tt exp < / t f(T)dT> ds>

By equation (3.6), we have

ABF(H)[cexp /tt f(s)ds + P(T) ( /tt exp ( / t f(T)dT> ds>

P(TYABS(1) [cexp " Fs)ds + /t exp [ / t f(T)dT] ds}

to t

V(t)

IN

IN

IN

ABh(t)g(t)w(v(t)) £ () [cexp t: F(s)ds + /tt exp ( / t f(r)d7-> ds} , T =t

Using inequality (2.4) we obtain

(3.10) Cmg’t(t)) < ABf(t)h(t)g(t) {cexp t: F(s)ds + /tt exp < / t f(r)d7> ds]

Q(v(t)) < Qc) + AB tf(s))h(s)g(s) {cexp tf(T)dT + /t: exp </ f(a)da) dr} ds

to to
v(t) < Q71 [Q(c) + AB tf(s)h(s)g(s) [cexp f(rydr —I—/ exp </ f(cr)da) dT:| ds]
to to to T
The result follows from (3.4) O
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4. APPLICATION TO HYERS-ULAM STABILITY

In our first result, we assume that the function g(t,u(t)) satisfies |g(t,u(t))| < a(t)|u(t)]
where «(t) a continuous function on I.

Theorem 4.1. Equation (1.4) is stable in the sense of Hyers-Ulam, if there exists a solution
u(t) € C%(I,R,) of the inequality (2.1) and the functions f(t,u(t),u’(t)) and g(t,u(t)) in
inequality (2.1) satisfying the following conditions:
Cy f(t,u(t),w ( )) > 1 for all t > tg,
St u(t), u'(8))u(t)
Cy /
St u(t),u (t))
), u'(1))] <
);

= q(t,u(t),u'(t),u"(t)), q a positive, continuous function,

Cs |f(t, u( u'(t h(t)w(|u(t)])|u'(t)|, where w(u) belongs to the class S, and h €
CILR4
4 (@)]g(t, u(t))] < a(®)u(t)] (b) fult, u(t), u'(t) + fu(t,u(t),w'(t)) <0 (n) [W'(t)] <A
where A > 0,
then, there exists a solution ug(t) € C%(I,Ry) of equation (1.4) such that |u(t) —ug(t)| <
t

Ke for any t > 0, provided / h(s) < R<ooand [ |u'(s)|ds < L, where

K=(L+ %/\2 + La(p) M) (Q(1) + Ag((€), u(€), u'(€), u"(€))|R) -

Proof. Multiplying inequality (2.1) by |[u/(t)] we get

(4.1) — el ()] < W' (Ou" () + f(t,ult), v ()u'(t) — gt u(t)u'(t) < e (t)]
for all t > .

Integrating each term from tg to ¢, we have
t

—e [ |u(s)lds < %u'(t)2 + t f(s,u(s),u'(s))u(s)ds

to
t
—/ g(s,u(s))u'(s)ds < e [ |u'(s)|ds,
to to
for any t > .
Integrating by part and using Cy(b), we have

e < ol (0 F(tu(t), o (1)) ult)
t I'(s,u(s), v (s))u(s)ds — t g(s,u(s))u/(s)ds < €L,
for all t > .
Then,
Ft ut), ' (t)u(t) < eL + %U( ) f(s,uls), u'(s))u(s)ds
(4.2)
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Using C1, we get
1 t t
u(t) < eL+=u' )+ | f(s,uls),u'(s))u(s)ds +/ g(s,u(s))u'(s)ds for t >t
to to

2
2 Loz o [F 1 (suls), 0 (s))u(s)
< eL+ ) +2 (t)* + . F (s ul(s),w(s))

L+ gl (1) + / a(s, uls), ' (5))f (s, uls), o (s))ds + / 9(s,u(s))u (s)ds by C

t
£(s,u(s), o (s))ds + / o(s, u(s))u (s)ds

IN

Using the condition ,C3, Ca(n) and theorem 2.2, there exits points &, p € [fo, ¢] such that
O] < Lt P4l (6 ) [ 1ol D+ llou(o)] | (9
< el D+ Lao)lule)| + o6, €)@ | Heulo)s b Ca

S Lt P La(M + e u OO O [ Bl

< (Lt 30+ La(p)M) +laf6 u(@) (€ @)D [ haw(uls))ds.

provided |u(p)] < M.

Hence,

(43) MO <1+ ot u(©), ' (€).©) / nisge (10 0
Where B = eL + 1A% + La(p)M, setting 2 = R.H.S of inequality (4.1)
Therefore,

(4.4) 2(t) < 1+ \Q((&U(ﬁ),u'(ﬁ),u”(f))\/\/tth(s)w(z(s)d&
where 0

(4.5) O ).

B
Using the Lemma 2.4, we arrive at

(4.6) 2() < Q7 <Q(1) +1((€), u(§), (), u"(£))] h(S)d8> , to <t <Y <b.

to

By inequality (4.5), equation (4.6) becomes
|

b
T LN CORMORIGRUGREE)

t

h(s)ds> , o<t <V <b.

to

It is cleared from inequality (4.7) that
(4.8) [u(®) < B ((1) + Ma((§), u(€), v/ (€), u"(€))|R) ,
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¢
provided limto_mo/ h(s)ds < R < o0.
¢

0
Substituting for the value of B in inequality (4.8), we obtain

(4.9) |t <e(L+ %AQ + La(p)M)Q™" (1) + Aa((€), u(€), v/ (§), u"(€))|R) -
Therefore,
[u(t) = uo(t)] < u(t)] < K,
where,
(4.10) K=(L+ %AQ + La(p)M)Q™ (Q(1) + Ag((€), u(€), v/ (€), u" (§)I R) -

g

Example 4.2. To investigate Hyers-Ulam stability of the second order nonlinear differential
equation of the form

u (1) + (2t) () exp(—u' (t))u/ (t) = t = u?(t) for all ¢ > 0
We set
Ftu(t), ' () = (20) " u® () exp(—u'(t))u'(¢)
gt u(t)) =t (t)

a(t)|u(t)| = t~2u?(t), since |g(t, u(t))| < a(t)|u(t)] and w(u) = u?(t), h(t)=(2t)7% ¢(a) =
o, where u(ty) = u'(tp) = 0. By applying the Theorem 4.1, the nonlinear second order
differential equation is Hyers-Ulam stable.

t
Corollary 4.3. Let |g(t,u(t))| < Alu(t)|, ¢(t,0) =0, constant A > 0 and / |u'(s)|ds < L

to
where L > 0. Let the function f(¢,u(t),u(t)) satisfies all the conditions on f of Theorem
4.1 Then, equation (1.4) is Hyers-Ulam stable if inequality (2.1) is satisfied and there exists
a solution ug(t) € C%(I, Ry ) which satisfies nonlinear differential equation (1.4) above such
that

lu(t) —uo(t)| < Ke for any ¢ >0,

oo
Provided / h(s)ds < R < oo and Hyers-Ulam constant
to

1 _
(4.11) K = (L+ 5A"+ LAM)Q ™ (Q(1) + [g((€), u(§), v/ (&), u"(§)IR) -
Proof. The proof of this corollary follows the same argument of Theorem 4.1 O

Corollary 4.4. Let all conditions of Theorem 4.1 be satisfied, and define
Cy |f(t,u(t), u'(£)] < h()w(|u@)]) + |/ (t)], take u'(£) < u(t)

ds
Cs Qr) = ———, 10 = 0,7 > 1,
ro W(8) +8
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then, equation (1.4) is Hyers-Ulam stable, if there exists a solution u(t) € C?(I, Ry ) which
satisfied the inequality (2.1) and there exists a solution ug(t) € C?(I,R,) which satisfied
oo

differential equation (1.4) such that |u(t) —uo(t) < Ke for any ¢ > 0, provided / h(s)ds <
t
R < 0o and Hyers-Ulam constant ’

(4.12) K=(L+ %/\2 + La(p) M)Q™ (Q(1) + lq((€), u(€), v/ (€), u"(©)|R) .

Proof. Multiplying inequality (2.1) by |u/(¢)| and follow the proof of Theorem 4.1 to using
the condition C%, Cy4(n) and applying Theorem 2.2, there exits points &, p € [to, t] such that

u(®)] < 6L+%A2+ICJ(&U(@,U'(S,U”(@))I t |f(87U(8)7U’(S))|dS+Ig(p,U(p))l/t | (s)|ds,

S el X+ La(p)ulp)| + la(€,ul), u'(€),u"(©)) [ (s)eou(s)]) + I (5)ds, by s
S €Lt L+ La(p)M + lal, u(6), /(6), u"(©)) [ h(s)eotu(s)) + ol ()] ds,
< eI+ 5N+ Lalp)M) +1a(6 u(€),w (€ " ©)] [ h(sho(lu(s)]) + i ()]ds

to
provided |u(p)| < M.

Hence,

ar M <o) [ e (M50 4 1o,
where B = €L + $A? 4+ La(p) M, setting z = R.H.S of inequality (4.1)
Therefore,

(11 20 < 1+ 0O 1O €] [ hs)u(a(s) + (o),
where 0

(4.15) |“'g)| < ‘“g” < +(t), by C, , B> 0.

Let

(416) 0(0) = 1+ 4O 1€ O ) [ AsJulals) + o),
it follows that O

(4.17) () < o(t).

Using inequality (4.17) in equation (4.16) we get
t

(4.18) v(t) < 1+ g((€), u(©), w' (&), u" ()] [ h(s)w(v(s)) + v(s)ds.

to
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Differentiating inequality (4.18), we obtain

(4.19) V() < 1+ q((8), u(€), u'(€), u"(§)Ih()w(v(t)) + v(t).
It is cleared that

v'(t)
w(v(t)) +o(t)
Using condition Cs, we have

d V' (t)

(4.21) a0 = o e ®

From equation (4.21) we get

(4.20) < 1+ |g((€), u(€), ' (§), u" () |A(t).

< 1+ |g((§), u(€), w'(§), u" () |A(t).

422 o) <07 (90 + (O uO O @) [ heas) . o<t

By inequalities (4.17) and (4.15) we arrive at
t

azp) P00 (00 + 0@, u© O @) [ heas), w o< <

to

It is cleared from inequality (4.23) that
(4.24) u(®)] < BQ™H (Q1) + [a((€), u(€), w'(€),u"(€))|R) ,

t
provided limto_mo/ h(s)ds < R < 0.
to
Substituting for the value of B in inequality (4.24), we obtain

(4.25) lu(t)] < eL + %AQ + La(p) MQ™ (Q(1) + [g((€), u(€), 4/ (€),u" (€))|R) -
Therefore,
u(t) —uo(t)] < u(t)] < €K,
where,
(126) K= (L4 0+ La(p)M) (1) + la((©), u(©), ' (€),u"(©)] R).

O

In the next theorem, we consider the Hyers-Ulam stability of nonlinear second order differ-
ential equation (1.5).

Theorem 4.5. Let u?(t) € C(R) by any solution of inequality
(4.27) () + f(t,u(t),u'(t) — H(u(t),u'(t)] < e

and € > 0 be given. Then, equation (1.5) is Hyers-Ulam stable if the conditions Cy, Cy and

Cjy in the Theorem 4.1 hold together with the following properties:
t
H, |u/(s)|ds < L
to
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HgummmwwnSfmmwwﬁwmw<[gwwwmmm>ﬁmeHMm@m
the class S and h, f,g € C(I,Ry). ’

t 1
Hj3 . f(s)h(s)g(s)ds < m

t
Hy limto_mo/ h(s) < R < o0,
to

if there exist K > 0 and any solution ug(t) € C*(I,R;) such that |u(t) — ug(t)] < Ke for
any t > 0, where K is Hyers-Ulam constant given as

K= L(%V + [p(u(p), ' ()N (L) + g€, u(€), v/ (), 4" (€))[* exp R)
Proof. Multiplying (4.27) by |[u/(t)] we get
(4.28) —elu' ()] < W' (B)u"(t) + f (8 ut), o' ()’ (t) — H(ult), o' (t))u'(t) < e|u'(2)]

for all ¢t > tg. Integrating

—e [ |/ (s)|ds < %u’(t)2 + t f(s,u(s),u'(s))u/(s)ds

to
(429) t t

— [ H(u(s),u' (s))u'(s)ds < e [ |u'(s)|ds

to to
Using conditions Cy, H; and integrating by part, we obtain
el < %1/(75)2 A u(), o ())ult)
- /tt f'(s,u(s),u(s))u(s)ds — /tt(s,u(s))u/(s)ds <eL
0 0
It clear that

(b u(e), ' ())u(t) < €L~ Sl (1)? + (s (), () ()

+ [ H(u(s),u'(s))u'(s)ds

t t

IN
™
t~
|
g\
-
e
+
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By Theorem 2.2 there exist points &, p € (tg,t) such that

<eL- %u’(t)2 +q((€), u(€), v/ (§),u"(€)) [ [f(s,u(s),u'(s)ds
(4.30) o

+H(u(p), () / o/ (s)ds

Taking the absolute value of both sides and setting |u/(t)] < A where A > 0, we get

u(t)] < el + %AZ + (& u(8), u'(& u"(9))] t £ (s, u(s), u'(s))lds

t
HIH (u(p) 2l (0))] / ol (s)ds
0
Since L > 0, then we obtain

u(t)] < eL(1+ %AQ + [H (u(p), v (p))])

+Ha(& u(8),v'(§),u" ()] t f(s,u(s), ' (s))|ds, by Hy

Applying Hs, we have

< €L+ D4 Lip(ulp). 1l (p)) + la(6. u(©). (). o (©)) ( [ fouts)as
S RCLT ( / sg(r)w(\umwdf) ds) by Hy

u(t)] < G+ (& u(§),w' (&), u" ()] | f(s)|u(s)|ds
(4.31) fo

Ha(e (@)@ '@ [ 06s) ([ aratlu(ryar ) as
MO <1 4ot ute /@) [ 1" as

(4.32)

Ha(€u(9) (€).' (€))] | f()h(s) ( /tjg<7>w<'“g ”)dT) s

to
By Theorem 4.1 we have

(4.33) tot F()h()g(s) (exp t: f(rydr + /t : exp ( /t: f(é)d&) dr) ds>
where

(430 G = eD(1+ 53 + Ip(u(p), o' ()

199
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By Hs and Hy we arrive at
|u(t) —ulto)| < [u(t)] < Ke,

where

(4.35) K= L(%V +[p(ulp), o' (p)) QT (QUL) + lg(&,ul€), u'(€), u"(€))” exp R) .
O

Example 4.6. Investigate Hyers-Ulam stability of the second order nonlinear differential
equation of the form

u (t) 4+ () "Cu(t)? exp(—u/ (t))u' (t) = cos®(u(t)) sin?(u'(t)) for all t >0
We set
F(tult), o' () = (8)"Cu?(t) exp(—u'(t))u/ (1)
plult), o' () = cos®(u(t)) sin®(u'(t))
and w(u) = u2(t), h(t) = ()75 f(t) = t72, g(t) = t2, where u(tg) = v'(to) = 0. By
conditions Hy, Hy, Hs and Hj being satisfied, the differential equation above is Hyers-
Ulam stable.
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