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ON AN INTEGRAL INEQUALITIES OF OPIAL-TYPE

Rauf K., Anthonio Y. O., Mohammed M. T. and Owolabi A. A.

Abstract

In this paper, we generate some new integral inequali-

ties which are extensions of Sinnamon’s, Anthonio and

Rauf Opial-type inequalities by means of convexity.

1. Introduction

Since its discovery more than five decades ago, Opial’s inequality has found
and would continuous to find many interesting applications.
Opial’s inequality and its several generalizations, extensions and discretizations,
play a fundamental role in establishing the existence and uniqueness of initial
and boundary value problems for ordinary and partial value problems.
A recent trend in inequality is to establish, mainly by Jensen’s inequality and
its generalization due to Steffenson, some general inequalities that include some
special cases of independent interest and that were originally proved by quite
different methods. For recent work, see ([1, 2 & 9]).
The following inequality, which is of wide applications, is due to Opial ([3, 7, 8,
11 & 12]): Let x (t) ∈ C ′ [0, b] be such that x(0) = x(b) = 0 and x(t) > 0 for
all t ∈ (0, b). Then, the following inequality holds

(1)

∫ b

0
|x(t)x′(t)|dt ≤ b

4

∫ b

0
(x′(t))2dt
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and the constant b
4 is the best possible.

The following results were also established in ([4, 6, & 10]):
([4]) Let g be continuous and non-decreasing on [a, b], 0 ≤ a ≤ b < ∞, with
g(x) > 0 for x > 0. Let q ≥ p ≥ 1 and f(x) be non-negative and Lebesgue-
Stieltjes integrable with respect to g(x) on [a, b]. Suppose δ is a real number such
that −p

q < δ < 0 then[∫ b

a
g(x)

δq
p

(∫ x

a
f(t)dg(t)

)q
dg(x)

] 1
q

≤ C(a, b, p, q, δ)

[∫ b

a
g(x)(p−1)(1+δ)f(x)pdg(x)

] 1
p

(1.1a)
where

C(a, b, p, q, δ) = (−δ)
q(1−p)
p

(
p

p+ δq

) p
q

g(b)p+δq
(
g(b)−δ − g(a)−δ

) q
p
(p−1)

> 0

(1.1b)

([6]) Let g be a continuous function which is non-decreasing on [a, b], 0 ≤ a ≤
b < ∞, with g(x) > 0 for x > 0. Suppose that p ≥ q ≥ 1, 0 < q + s ≤ p, δ > 0
and f(x) is non-negative, non-decreasing and Lebesgue-Stieltjes integrable with
respect to g(x) on [a, b]. Then[∫ b

a

[∫ b

x
f(t)dg(t)

]q
f(x)sv1(x)dg(x) +B(p, q, s, δ, g(a))

] 1
q+s

≤ C(p, q, s, δ)
1
q+s

[∫ b

a
f(t)pu1(t)dg(t)

] 1
p

where

υ1(x) = g(x)
δ(q+s)
p
−1
[
g(x)−δ − g(b)−δ

] (q+s)−pq
p

u1(t) = g(t)
pq(1+δ)
q+s

−1

C(p, q, s, δ) = [δ−1]
pq−(q+s)+p

p

[
p

q + s

]
and

B(p, q, s, δ, g(a)) = C(p, q, s, δ)g(a)
δ(q+s)
p

[∫ b

a
g(t)

pq(1+δ)
q+s

−(1+δ)
f(t)pdg(t)

] q+s
p

([10]) Suppose that 0 < l < ∞, 0 < m < k < ∞, k > 1 and P (t), q(t) :
(α, τ) −→ [0,∞] are measurable functions. Further, suppose that for all non-
negative measurable functions y(t) on (α, τ) the following Hardy’s inequality
holds:
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(2)(∫ τ

α

(
qk(t)p−m(t)

) 1
k−m

(∫ t

α
y(s)ds

) kl
k−m

dt

) k−m
kl

≤ L
(∫ τ

α
P (t)|y(t)|kdt

) 1
k

where L is a positive constant. Then, for x(t) ∈ ACo(α, τ) the following inequality
holds

(3)

∫ τ

α
q(t)|x(t)|l|x′(t)|mdt ≤ Ll

[∫ τ

α
P (t)|x′(t)|kdt

] l+m
k

In this article, we consider some special cases of our recent work and Sinna-
mon’s results which extends some known results in literature.

2. Main Result

In this section, we shall give our main result which uses the well known Jensen’s
inequality for convex function. First we need the following Lemma:
Lemma 2.1: (Jensen’s inequality)
Let ϕ be continuous and convex and let ψ(s) be non negative, s ≥ 0 and λ be non
decreasing. Let−∞ ≤ ξ(t) ≤ η(t) < ∞, and suppose ϕ has a continuous inverse
ϕ−1(which is necessarily concave). Then,

ϕ−1

∫ η(t)ξ(t) ψ(s)dλ(s)∫ η(t)
ξ(t) dλ(s)

∫ η(t)

ξ(t)
dλ(s) ≤

∫ η(t)

ξ(t)
ϕ−1(ψ(s))dλ(s) (2.1a)

Then, the sign of inequality (2.1a) is reversed if ϕ is concave.
The inequality (2.1a) above is known as Jensen’s inequality for functions.

Remark. : By setting ϕ(u) = ul, ξ(t) = 0 η(t) = t, then (2.1a) yield for µ ≥
1 that ∫ t

0
dλ(s)

[
f

(∫ t
0 ψ(s)dλ(s)∫ t

0 dλ(s)

)] 1
µ

≤
∫ t

0
f(ψ(s))

1
µdλ(s) (2.1b)

Let x(t) and λ(t) be absolutely continuous functions [a,b] with λ(t) > 0, t ∈
[a, b]. Let Q(t) and R(t) be non-negative and measurable function on [a, b] such
that either k > 0, l > 0,m > 0, l > µm or l < 0, m > 0 and l < µm where
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l < |m− k|, then, the following inequality holds:∫ b

a

[
Q(t)

kl
k−mλ′(t)lR

−klm
k−m λ(t)

kl
k−mdt

] k−m
kl ×

((∫ t

0
x′(t)R(t)dλ(t)

)l
dt

) 1
ω

ω dt
≤
∫ b

a

[
y′(t)

−m
k y(t)

l
k dt
] 1
k(l−m) ×

[(
Q(t)λ′(t)λ(t)

l(k−m)
k |x′(t)|mdt

) 1
ω

]ω
dt(1)

Proof :
In (2.1b), putting ξ(t) = 0, η(t) = t and ψ(s) = x′(s)R(s), we have

f

(∫ t
0 x
′(t)R(t)dλ(t)∫ t
0 dλ(t)

) 1
µ

≤
∫ t
0 f(x′(t)R(t))

1
µdλ(t)∫ t

0 dλ(t)
(2)

That is,

f

(∫ t
0 x
′(t)R(t)dλ(t)∫ t
0 dλ(t)

)
≤

(∫ t
0 f(x′(t)R(t))

1
µdλ(t)∫ t

0 dλ(t)

)µ
(3)

Using the fact that f(u) = ul, implying(∣∣∣∣∫ t

0
x′(t)R(t)dλ(t)

∣∣∣∣)l ≤ λl−µ(t)

(∫ t

0
x′(t)lR(t)l)

1
µdλ(t)

)µ
(4)

Setting µ = l
k then, inequality (2.4) becomes(∫ t

0
x′(t)R(t)dλ(t)

)l
≤ λ

kl−l
k (t)

(∫ t

0
(x′(t)lR(t)l)

k
l dλ(t)

) l
k

≤ λ
l(k−1)
k (t)

(∫ t

0
x′(t)kR(t)kdλ(t)

) l
k

Putting y(t) =
∫ t
0 x
′(t)kR(t)kdλ(t) to obtain(∫ t

0
x′(t)R(t)dλ(t)

)l
≤ λ(t)

l(k−1)
k y(t)

l
k(5)

Now that

y(t) =

∫ t

0
x′(t)kR(t)kdλ(t)

y′(t) = x′(t)kR(t)kλ′(t)

y′(t)
m
k = x′(t)mR(t)mλ′(t)

m
k

R(t)−mλ′(t)
−m
k = x′(t)my′(t)

−m
k(6)
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Then, multiplying both sides of (2.6) with Q(t)λ′(t) to have

Q(t)λ′(t)
k−m
k R(t)−m = Q(t)λ′(t)|x′(t)|my′(t)−

m
k(7)

Combining both (2.5) and (2.7) to obtain

Q(t)R(t)−mλ′(t)
k−m
k

(∫ t

0
x′(t)R(t)dλ(t)

)l
≤ Q(t)λ′(t)λ

l(k−1)
k (t)y′(t)−

m
k y(t)

l
kx′(t)m(8)

By integration both sides of inequality (2.8) over [a, b] with respect to t and by
using Hölder’s inequality with indices kl

k−m and 1
ω on left hand side with (l −m)

and 1
ω on the right hand side to obtain:

∫ b

a

[
Q(t)

kl
k−mλ′(t)lR

−klm
k−m λ(t)

kl
k−mdt

] k−m
kl ×

((∫ t

0
x′(t)R(t)dλ(t)

)l
dt

) 1
ω

ω dt
≤
∫ b

a

[
y′(t)

−m
k y(t)

l
k dt
] 1

(l−m) ×
[(
Q(t)λ′(t)λ(t)

l(k−m)
k x′(t)mdt

) 1
ω

]ω
(9)

This completes the proof of the Theorem.

Remark. Putting R(t) = P (t)
1

l(k−1) , Q(t) = q(t)
1
l P (t)

1
l(k−1) , λ′(t) = P (t)

− 1
l(k−1)

in integral inequality (2.9), we obtain another useful inequality:

[∫ b

a
q(t)

k
k−mP (t)

k
(k−1)(k−m)

− 1
k−m−

km
(k−1)(k−m)

(∫ t

0
P (t)

− 1
l(k−1)dt

) kl
k−m

dt

] k−m
kl

×

(∫ b

a

∫ t

0
x′(t)dt

) l
ω

ω

≤

(∫ b

a
|x′(t)|kR(t)kdλ(t)

)−m
k (
|x′(t)|kR(t)kdλ(t)

) l
k
dt

 1
(l−m)

×

(∫ b

a
q(t)

1
l |x′(t)|m

∫ t

0
P (t)−

k−m
k−1 dt

) 1
ω

ω(10)

[∫ b

a
q(t)

k
k−mP (t)

k−(k−m)−km
(k−1)(k−m)

(∫ t

0
P (t)

− 1
l(k−1)dt

) kl
k−m

dt

] k−m
kl

×

(∫ b

a
x(t)dt

) l
ω

ω

≤

(∫ b

a
|x′(t)|kR(t)kdλ(t) dt

) l−m
k

 1
(l−m)

×

(∫ b

a
q(t)

1
l |x′(t)|m

∫ t

0
P (t)−

k−m
k−1 dt

) 1
ω

ω(11)
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[∫ b

a
q(t)

k
k−mP (t)

−m
(k−m)

(∫ t

0
P (t)

− 1
l(k−1)dt

) kl
k−m

dt

] k−m
kl

×

(∫ b

a
x(t)dt

) l
ω

ω dt
≤
[(∫ b

a
|x′(t)|kR(t)kdλ(t)

)
dt

] 1
k

×

(∫ b

a
q(t)

1
l |x′(t)|m

∫ t

0
P (t)−

k−m
k−1 dt

) 1
ω

ω(12)

[∫ b

a

(
q(t)kP (t)−m

) 1
k−m

(∫ t

0
P (t)

− 1
l(k−1)

) kl
k−m

dt

] k−m
kl

×

[(∫ t

0
x′(t)dt

) l
ω

]ω

≤
[(∫ b

a
|x′(t)|kR(t)kdλ(t)dt

)] 1
k

×

(∫ b

a
q(t)

1
l |x′(t)|m

∫ t

0
P (t)−

k−m
k−1 dt

) 1
ω

ω(13)

[∫ b

a

(
q(t)kP (t)−m

) 1
k−m

(∫ t

α
P (t)

− 1
l(k−1)

) kl
k−m

dt

] k−m
kl

×

[(∫ t

0
x′(t)dt

) l
ω

]ω

≤
[(∫ b

a
x′(t)kP (t)

1
l dt

)] 1
k

×

(∫ b

a
q(t)

1
l x′(t)m

∫ t

0
P (t)−

k−m
k−1 dt

) 1
ω

ω(14)

Remark. Putting r(t) = P (t)
− 1
l(k−1) = x′(t), P (t) = P (t)

1
l , ω = 0 and

L =

[(∫ b
a q(t)

1
l x′(t)m

∫ t
0 P (t)−

k−m
k−1 dt

) 1
ω

]ω
in inequality (2.14) to obtain

[∫ b

a

(
q(t)kP (t)−m

) 1
k−m

(∫ t

α
r(s)ds

) kl
k−m

dt

] k−m
kl

≤ L×
[∫ b

a
P (t)r(t)kdt

] 1
k

(15)

Let takes all assumptions of Theorem 2.1. Then, the following inequality also
holds: ∫ b

a
Q(t)λ′(t)x′(t)m

(∫ t

0
x′(t)lR′(t)dλ(t)

)l
≤
∫ b

a
Q(t)(λ′(t))

k−m
k λ(t)

l(k−m)
k R−m(t)y′(t)

m
k y(t)

l
k(16)

Proof:
Rearrange equation (2.6) and simplify to obtain the following

x′(t)m = R(t)−mλ′(t)−
m
k y′(t)

m
k .(17)
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Then, multiplying both sides of (2.17) with λ′(t) to have

λ′(t)x′(t)m = λ′(t)
k−m
k R(t)−my′(t)

m
k(18)

Combining both (2.4) and (2.18) to obtain:

λ′(t)x′(t)m ×
(∫ t

0
x′(t)R(t)dλ(t)

)l
≤ λ′(t)

k−m
k λ(t)

l(k−1)
k R(t)−m × y′(t)

m
k y(t)

l
k(19)

Multiplying both sides of (2.19) with Q(t) then integration over [a, b] with respect
to t to obtain: ∫ b

a
Q(t)λ′(t)x′(t)m

(∫ t

0
x′(t)R(t)dλ(t)

)l
dt

≤
∫ b

a
Q(t)λ′(t)

k−m
k λ(t)

l(k−1)
k R(t)−my′(t)

m
k y(t)

l
k dt(20)

Next, by applying the Hölder’s inequality with indices k
m and k

k−m to the right

hand side of (2.20), we have: ∫ b

a
Q(t)λ′(t)x′(t)m

(∫ t

0
x′(t)R(t)dλ(t)

)l
dt

≤
[∫ b

a
Q(t)

k
k−mλ′(t)λ(t)

l(k−1)
k−m R(t)

−km
k−mdt

] k−m
k

×
[∫ b

a
y′(t)y(t)

l
mdt

]m
k

(21)

Hence,∫ b

a
Q(t)λ′(t)x′(t)m

(∫ t

0
x′(t)R(t)dλ(t)

)l
dt ≤

[∫ b

a
Q(t)

k
k−mλ′(t)λ(t)

l(k−1)
k−m R(t)

−km
k−mdt

] k−m
k

×

[∫ b

a

(∫ t

0
|x′(t)k|R(t)kdλ(t)

) l
m
(∫ t

0
|x′(t)k|R(t)kdλ(t)

)
dt

]m
k

(22)

⇒
∫ b

a
Q(t)λ′(t)x′(t)m

(∣∣∣∣∫ t

0
x′(t)R(t)dλ(t)

∣∣∣∣)l dt
≤
[∫ b

a
Q(t)

k
k−mλ′(t)λ(t)

l(k−1)
k−m R(t)

−km
k−mdt

] k−m
k

×

∫ b

a

(∫ t

0
x′(t)kR(t)kdλ(t)

) l+m
m

dt

m
k

(23)

and the proof is complete.
Theorem 2.3 : Under the assumptions of Theorem 2.2, then the following in-
equality holds:∫ b

a
q(t)x′(t)mx(t)ldt ≤ Ll

[∫ b

a
P (t)x′(t)kdt

] l+m
k

(24)
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Proof:

In Theorem 2.1, by setting λ′(t) = P (t)−
1

k−1 , Q(t) = q(t)P (t)
1

k−1 , R(t) = P (t)
1

k−1 and λ(t) =∫ t
0 P (t)−

1
k−1dt, then inequality (2.24) yields∫ b

a
q(t)P (t)

1
k−1P (t)−

1
k−1x(t)m

(∫ t

0
x′(t)dt

)l
dt

≤

∫ b

a
q(t)

k
k−mP (t)

k
(k−1)(k−m)P (t)−

1
k−1P (t)

− km
(k−1)(k−m)

(∫ b

a
P (t)−

1
k−1dt

) l(k−1)
k−m


k−m
k

×

(∫ t

0
|x′(t)|kP (t)

k
k−1P (t)−

k
k−1dt

) l+m
m

m
k

(25)

That is ∫ b

a
q(t)|x(t)|m

(∫ t

0
|x′(t)|dt

)l
dt

≤

∫ b

a
q(t)

k
k−mP (t)

k
(k−1)(k−m)P (t)−

1
k−1P (t)

− km
(k−1)(k−m)

(∫ b

a
P (t)−

1
k−1dt

) l(k−1)
k−m


k−m
k

×

(∫ b

a
|x′(t)|kP (t)

k
k−1P (t)−

k
k−1dt

) l+m
m

m
k

(26)

Further simplification yeilds,

∫ b

a
q(t)|x′(t)|m|x(t)|ldt ≤

∫ b

a

(
q(t)kP (t)−m

) 1
k−m

(∫ t

0
P (t)−

1
k−1dt

) l(k−1)
k−m

dt

 k−m
k

×
[∫ b

a
P (t)|x′(t)|kdt

] l+m
k

(27)

By setting

Ll =

∫ b

a

(
q(t)kP (t)−m

) 1
k−m

(∫ t

0
P (t)−

1
k−1dt

) l(k−1)
k−m

dt

 k−m
k
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then, inequality (2.27) becomes∫ b

a
q(t)|x′(t)|m|x(t)|ldt ≤ Ll

[∫ b

a
P (t)|x′(t)|kdt

] l+m
k

(28)

Taking the (l +m)th root of both sides of inequality (2.28) to obtain[∫ b

a
q(t)x′(t)mx(t)ldt

] 1
l+m

≤ L
1

l+m

[∫ b

a
P (t)x′(t)kdt

] 1
k

(29)

Remark 2.4 :
When w(t) = q(t), m = 0, C = L

1
l , q = l, k = p, u(t) = x′(t), u′(t) = x(t) and

v(t) = P (t) inequality (2.29) reduces to the form of (1.1a) in [4] and refine [6].
∗− Corresponding Author.
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