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New Generalizations of Hardy-type Inequalities on Time Scales

E. E. ARIBIKE* AND K. RAUF

ABSTRACT

This paper consists of new generalizations of Hardy-type
integral inequalities and its reversed form on time scales by
using modified Jensen’s inequality via convexity.  Further-
more, multidimensional Hardy-type inequalities with weight
functions on time scales are also investigated and proved.

1. INTRODUCTION

The concept of inequalities is of great importance in Mathematics and the study
has a pre—history and history of more than a century with a lot of applications
to differential and integral calculus. Hardy-type inequalities on time scales are of
particular interest.
Almost a century ago, an English Mathematician called Godfrey Harold Hardy
announced his famous inequality in 1920. The famous classical inequality states
that if 1 < p < 00, 4, =Y ,_; ar and a, = {ax} is a sequence of non-negative
real number, then
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Hardy (1925) proved the continuous counterpart that if f(z) is a non-negative
p-integrable function defined on (0, 00), and p > 1. Then f is integrable over the
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interval (0, x) for each x and the following inequality:

o] 1 x p P p o)
2 / </ ftdt> d:n§<> / fP(x)dx
2) (5] o L) e
holds, where (%)p is the best possible constant. Inequality (2) is called the con-

tinuous Hardy inequality. A well-known simple fact is that (2) can equivalently,

1 -1
via the substitution f(z) = h(z' #)z 7 , be written in the form:

(3) /OOO (i /Oxh(t)dt>pcf < /Ooo hp(z:)d?x

and the form even holds with equality when p=1. Observe that (3) can easily be
proved by using Jensen inequality and Fubini’s theorem. Hardy (1928) obtained
a generalized form of (2), namely that if p > 1 and k # 1, then

(@) /0 Tk (31: /0 ’ f(t)dt)pdx < (kfl)p /0 " ok () da

where (p > 1,k > 1) and the dual form of this inequality is obtained as:

(5) /OOO zF (; /Oxf(t)dt>pda: < <1fk>p/ooo 2K P () da

where (p > 1,k < 1). The constant <ﬁ>p is the best possible constant in (4)
and (5).

Furthermore, Hardy et al. (1952) pointed out that if k£ and f satisfy the conditions
of the results, then (4) and (5) hold in the reversed direction with 0 < p <1
respectively.

Inequality (2) was extended and generalized in many direction, if

(6) T : LP(R) — LP(R)

where T is an integral operator of the form:

(7) @@= [ K@y

Then, Hardy inequality is expressed in form of an operator as

(8) /0 T (T (pdr < A(K,p) /0 " fepde

where A(K,p) is a constant independent of f, p > 1 and K(z,y) = % and 0
otherwise.

In the last few decades, a lot of research have been carried out on Hardy-type in-
equalities. Some of the notable generalization are those of Agarwal et al. (2015),
Cizmesija et al. (2001), Oguntuase et al. (2005), Rauf et al. (2012), Sarkaya
and Yildirim (2006), Sulaiman (2012).



26 E. E. Aribike and K. Rauf

A time scale is an arbitrary non-empty closed subset of the real numbers. Thus,
Ra Z7 N’ I\IO

i.e. the real numbers, the integers, the natural numbers, and the non—negative
integers are examples of time scales.
while

Q, R\Q, C, (0,1),

i.e, the rational numbers, the irrational numbers, the complex numbers, and the
open interval between 0 and 1, are not time scales. Throughout this research, we
will denote a time scale by the symbol T . We assume throughout that a time
scale T has the topology that it inherits from the real numbers with the standard
topology.

The calculus of time scales was initiated by Stefan Hilger (1988) in order to
create a theory that can unify discrete and continuous analysis. Indeed, we will
introduce the delta derivative f for a function f defined on T and it turns out
that:

(i) f® = f' is the usual derivative if T = R and

(ii) f& = Af is the usual forward difference operator if T = Z.

2. LITERATURE REVIEW

This literature introduce the basic notions connected to time scales and differen-
tiability of functions on them and we offer the above two cases as examples.
The new concept has inspired researchers to study Hardy inequality on time
scales.

In time scales analysis, Bohner and Peterson (2001), (2003) and Hilger (1990)
summarize and organize much of the time scale calculus. Some researchers who
worked on the applications of time scales on oscillations of dynamic equations on
time scales are those of Agarwal et al. (2014), Chen (2013), Saker (2010), Saker
et al. (2016), Tongxing et al. (2011), Tuna and Kutukcu (2008).

Rehdk (2005) pioneered the time scales version of Hardy inequality in an attempt
to unify and extend the classical Hardy integral inequality and the discrete Hardy
inequality by means of the theory of time scales and obtaining the following result:

o [Gwm) =) [ress

where p > 1, F(z) := [; f(t)At and f is a non-negative function. Ozakan and
Yildirim (2008) gave a time scale Hardy inequality involving several functions as:
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Theorem 2.1. Let a > 0 and f1, fo,..., fn,n € Z+ be non—negative integrable
function. Define Fy(x) = ﬁ ff fe(®)At, k=1,2,...,n. Then

[e'e) n % P poo n
o p 1
(10) /a (H Fy (@) Az < <p—1> /a (n Z fk(@) Az
k-1 k=1
Furthermore, Ozakan and Yildrim (2008) obtained the time scale Hardy-Knopp
type inequality as:
Theorem 2.2. If u € Cp4([a,b),R) is a non—negative function such that the

delta integral ftb %Aw exists as a finite number and the function v is

defined by
b ul\x
1 Vo=@ e a><(a<)a:> ~a)

If ¢: (¢,d) — R is continuous and convez, where c¢,d € R then the inequality

b o(x) x b x
12 [ ((I(;_ / f(t)At> 22 < [t

holds for all delta integrable functions f € Crq(la,b),R) such that f(x) € (¢,d).

Ax,t € [a,b)

Ozakan and Yildrim (2009) further obtained a generalization of Hardy—Knopp
type inequality for several functions on time scales and also derived the Hardy-
Knopp type inequality with general kernel.

Josipa et al. (2013) proved two different methods of Jensen’s inequality on time
scales for superquadratic functions and some refinement of classical inequalities
on time scales.

Oguntuase and Persson (2014) derived some new Hardy type inequality using the
concept of superquadratic functions and also extended Hardy-type inequalities of
subquadratic functions with general kernels to the case of arbitrary time scales.
Saker et al. (2014) derived some new dynamics inequalities of Hardy-Type on
times scales using some algebraic inequalities, Holder’s inequality and Keller’s
chain on time scales.

Saker et al. (2017) extended some integral and discrete dynamic inequalities on
time scales and formulated them using chain rule, integration by parts, Holder’s
inequality and Jensen’s inequality on time scales to prove their results.
Throughout this research, we denote f?: = foo, where the forward jump oper-
ator o is defined by o(t) := inf{s € T:s>t}. By z : T — R is rd-continuous,
we mean x is continuous at all right-dense points ¢ € T and at all left-dense
points ¢ € T left hand limits exist (finite). The graininess function p: T — R is
defined by p := o(t) —t Also TF := T — {m} if T has a left-scattered maximum
m, otherwise T* := T. we will assume that supT = oo and define the time scale
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interval [a, bt by [a,b]T := [a,bNT].

Example 1. Let us briefly consider two examples T =R and T = Z.
(1) If T = R, then we have for any t € R

o(t) =inf{s e R: s>t} =inf(t,00) =t
and similarly p(t) = t. Hence every point ¢t € R is dense. The graininess
function p turns out to be
u(t)=0forallteT
(2) If T = Z, then we have for any ¢t € Z
ot)y=inf{se€Z:s>t}=inf{t+1,t+2,t+3,...,} =t +1

and similarly p(t) = ¢t — 1. Hence every point ¢ € Z is isolated. The
graininess function p in this case is

pu(t)=1forallt € T.

For the two cases discussed above, the graininess function is a constant function.
We will see below that the graininess function plays a central role in the analysis
on time scales. For the general case, many formulae will have some term contain-
ing the factor p(t), this term is there in case T = Z since u(t) = 1. However, for
the case T = R this term disappears since p(t) = 0 in this case.

A function f : T — R and define the so-called delta (or Hilger) derivative of f at
a point t € T*.

Example 2.
(1) If f: T — R is define by f(t) = « for all ¢t € T, where « € R is constant,
then f2(t) = 0. This is clear because for any € > 0,
[f(o(t)) = f(s) = 0.fo(t) — s]| = [ — ] = 0 < elo(t) — ]
holds for all s € T.

(2) If f: T — R is defined by f(t) =t for all t € T, then f2(t) = 1. This
follows since for any € > 0,

[f(a(t) = f(s) = L[o(t) = sl| = |o(t) = s = (0(t) = s)| = 0 < €|o(t) — s
holds for all s € T.
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Theorem 2.3. Assume f : T — R is a function and let t € T*. Then we
have the following:
(1) If f is differentiable at t, then f is continuous at t.
(2) If f is continuous at t and t is right-scattered, then f is differentiable at

t with
PR OIRS (G
If t is right-dense, then f is differentiable at t if and only if the limit
T = 1)

s—t t—s
exists as a finite number. In this case

£3(0) g 10 = 19)

st t—s
If f is differentiable at t, then

flo(t)) = f(t) + pu(t) f(2).

In order to describe classes of functions that are integrable, we introduce the
following theorem.

Theorem 2.4. Assume f: T — R.

(1) If f is continuous, then f is rd-continuous;

(2) If f is rd-continuous, then f is requlated;

(3) The jump operator o is rd-continuous.;

(4) If f is regqulated or rd-continuous, then so is f7.;

(5) Assume f is continuous. If g : T — R is regulated or rd-continuous, then
fog has that property too.

The aim of this work is to extend these results to some generalization of Hardy-
type inequalities on time scales. In particular, extensions of Jensen’s inequality,
Minkowski’s inequality are utilized.
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3. MAIN RESULTS

3.1. Some adaptations of Jensen’s inequality. (for convex function)

Let ¢, 1 be continuous and convex and let h(s,t) be non—negative, s > 0,¢t > 0
and A\ be non-decreasing. Let —oo < &(t) < n(t) < oo, and suppose ¢ has a
continuous inverse (¢)~!( which is necessarily concave).

Then,

fg (s,t) d)\( ) - fg(t Y~ Ih(s t)d)\( )
izl N e

(13)

with the inequality reversed if ¢ is concave. The inequality (13) is known as
Jensen’s inequality for convex function. Setting ¢(u) = u!, £(t) = t and n(t) = b,
then as a consequence of (13), we have for [ > 1

1 b 1
14 [j; (s,t)dA(s ] . [j;h(?t)sz@g]
[ dA(s [ dA(s)

which we write as:

(15) [ /t bh(s,tﬁdx(s)y < [ /t b d/\(s)] o [ /t bh(s,t)d)\(s)]

and for 0 < [ < 1, the inequality

(16) /t (s, 1) (s) < [ /t b dA(s)] B [ /t bh(s,t)%dx(s)]l

is the reverse of (15). However, (13) can also be written as:

J29 (s, 1 dA( Y o [ e wints, >>dA<s>
n(t) 4 - (t)
fg t) fgt dA(s
Let C be a continuous function, then 1, p € C([a, B],R). Suppose ¢ is convex,
1) is non-negative and x is non-decreasing. Then,

o ([00) "5 (et (o) ([

In this section, we let (X, (, 1) be a o-finite time scale measure space, K (z,y) be
a non-negative and measurable on X x X and T a positive linear operator de-
fined for non-negative functions on the measure space. Sedov (1972) and Sysoeva
(1965) dealt with some weighted inequalities for a multiple Hardy operator T}, of

1) !
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the form:

T T Tn
Tn:// / J(O)AtAT, ... Ay,

The next theorem discusses the results of Rauf et al. (2012) on time scales.

Theorem 3.1. Let T be a time scale. Let p1,...,pn > 0 such that > ) _, pik =1

and suppose wy, are weight functions on X. For a positive function f on (0,00),
we define the operator T by [ K(x,y)f(y)Ay. Let fi be p-integrable positive
function on (0,00) fork=1,....n+1,0< 7 <00 and 0 < { < ¢ < oo. Then,
there exist weight functions vy, finite p-almost everywhere on X such that:

1) ([ o) aw) ' <c (( / ﬁlﬁcw@@)ms))é

where O is positive rd— continuous function on time scale such that [ K (x,y)A(s) <
00.

Proof: In (18), the following holds:

o(s) = 55, W(s) = K(,) 1 016(5) 71 K(a,y) 51 o),
(20) L - -

IN(s) = K (2,9) < 0cp(s) "< K(zy) 7 ¢(s) 7 weA(s)

where ¢ is rd—continuous. Therefore, we have
(21)

p1—1 p1—1 1 [t _Pctt _pet ©
J, K@) 016 n K(ey) n o K(ey) < 0co(s) " K(xy) % 6ls) % weA(s)

pc—1 pc—1 pc—1

LK (5,9)70:6 7 K(z,5)” % ¢(s) % weA(s)

pe—1 pe—1 _pe1

Jed < K(z,y) 7 ¢(s) " weA(s)

b‘,_.

fﬂ_gp <K(ZE y)plﬂlﬁsp;llK("E y) pl ¢ p1311>C K(:E y)

pc—1 pec—1 pec—1

K (2,y)9:0(s) % K(z,5)” % g(s) 7 weAs)
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latter integral inequality implies
(22)

p1—1 p1—=1 _p1—1 1 pet _Petl el °
< K(z, y)f’1191¢ e K(z,y) oo ¢ v K(x,y)"0cp *¢ K(x,y) < ¢ ¢ wCA(s)> we

IN

1 p<—1 _pC—l _pC—l C_C
( K(z,y)*<dcd "< K(z,y) "< ¢ wcﬁ(s)) x

p1—1 1—-1 p1—1

1 ¢
= 1 pe—1 Pl pe—l
( / ¢<K<x Y0165 K (e, y) ¢ ><K<m Y0 " Ko y) o e w<A<s>>

By convexity, (22) becomes

p1—1 p1—1 p1—1

1 p1—1 _p1—t a pet _pe=t et <
( K(z,y)rdh¢ »n K(z,y) 7 ¢ o K(z,y)7dcp < K(z,y) "< ¢ *¢ ng(s))

a1 p¢—1 el
< ( / K@) 0 5 K(o,g) % 6" weA(s )

p1—1 1—-1  pi—1 1 pet _peml et ¢
(/KUC y ”1291¢ o K(v,y) e K(z,y)*<dchp < K(z,y) < ¢ ¢ wcA(S))

with further simplification of (19) we obtain

e ([oaae) aw < ([ chA(S))g_c (f ﬂmcwcA(s))C

(25)

<</’r ﬁlﬁCwCA(S)> g A(S)> % = (/7r AwCA(S)) . (</7r 191194ng(3)> C A(s)> |

which implies

w0 ([ o) aw) < (( / ﬁlﬁgw@@)ms))é

If in (24), the ¥19cw¢ is replaced with ¥; + J¢we, thus the theorem follows:
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Theorem 3.2. Let T be a time scale and o > 1. Let K, m,9,¢ € Cr4(]0, o0]T),
where K,m,9,¢ are positive rd— continuous function on time scale such that
f; K(z,y)A(s) < oo. Let 9¢ be p—integrable positive function defined on time
scale for k = 1,--- ,n. Then, there exist weight functions vy, finite p-almost
everywhere on X such that:

((ff([m + dcug]” A(s))if < (J2 Awea(s))
[(mam)* + (Lowaeae)’]

Proof: We apply Hélder’s inequality, Bohner et al. (2001) with 5 = a/(a—1).

(27)

If ( J f (01 + Iewe]” A(s)) “ = 0 then the inequality holds. We therefore assume

that (fab [91 + Dcwe]® A(s)>‘i #0, then
(28)
(ff [0 + Dew]” A(S))C
< (ff chﬁ(s))gfc (ff [91 + Dewe]* ™ [91 + Iewe] A(s))C A(s)
= (7 A () (2001 + D™ 1+ 91+ D™ D) Als)) Als)
= (1 Auea) ™ (00 + e 59) T [(058069) + (Lcura) i]c

< (42 Awea) ™ (s + v a)” [ (o) T

Q=
Ql~

+ (10w Als))

@k

, we have

Dividing both sides by (f(f([ﬂl + Jewe]” A(s))

(1o s00)F) = (2 amacn)”™

[(f;’ IA) " + (ffwcwo%(s))“r

which completes the proof.

(29)

CONCLUSION

Rauf et al. (2012) used various methods and approaches to actualized the results
therein. However, we introduced the concept of Jensen’s inequality with convex
functions on time scales as an essential tool to refine the work.
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