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Modeling The Fluid Flow for Seepage Problem: A Crank-Nicolson
Approach

A. A. Hassan*, I. O. ABIALA AND J. S. AROLOYE

ABSTRACT

The two dimensional Laplace equation (which models the fluid
flow of seepage problem) was solved by a finite difference method
which is the Crank-Nicolson Method (CNM) subject to some
boundary and initial conditions. We compared the numerical
results of CNM to the Alternating Direction Explicit Finite Differ-
ence Scheme (ADES). First, we derived the finite differential form
of the implicit, explicit and Crank-Nicolson methods for the given
model and then presented an algorithm for each method. The
resulting systems of linear algebraic equations for the CNM was
solved using the MATLAB software. The solutions were presented
graphically in three dimensions and interpreted. We also analysed
the numerical stability of the CNM by matrix method and was
found to be unconditionally stable. We observed that the seepage
flow decreases with distance from the source (dam) and also the
smaller the mesh size, the finer the decrease in the fluid seepage.

1. INTRODUCTION

The movement of fluid is a crucial behaviour in engineering and physics and this
makes the study of its properties imperative so as to determine the seepage. Many
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phenomena in science, engineering and mechanics involve the use of partial differ-
ential equation to study its prevailing conditions and behaviour. In fact, many of
the advance partial differentials are not analytically tractable and involve the use
of numerical method so as to obtain the optimum solutions to those problems.
In general, solving these equations by classical analytical methods for arbitrary
shapes is almost impossible. Since the seepage cannot be easily solved analyti-
cally, we therefore employed numerical method called Crank-Nicolson method in
this research work. In numerical analysis, the CrankNicolson method is a finite
difference method used for numerically solving the heat equation and similar par-
tial differential equations. It is a second order method in time. It is implicit in
time and can be written as an implicit RungeKutta method, and it is numerically
stable. The method was developed by John Crank and Phyllis Nicolson in the
mid 20th century.

For diffusion equations (and many other equations), it can be shown the CrankNi-
colson Method (CNM) is unconditionally stable. However, the approximate solu-
tions can still contain (decaying) spurious oscillations if the ratio of time step At
times the thermal diffusivity to the square of space step, Axs, is large (typically
larger than 1/2 per Von Neumann stability analysis). For this reason, whenever
large time steps or high spatial resolution is necessary, the less accurate back-
ward Euler method is often used, which is both stable and immune to oscillations.
From an engineering standpoint, the CNM is a method for solving engineering
problems such as stress analysis, heat transfer, fluid flow and electro magnetics
by computer simulation. Millions of engineers and scientists worldwide use the
CNM to predict the behaviour of structural, mechanical, thermal, electrical and
chemical systems for both design and performance analyses. The equation for
CrankNicolson method is a combination of the forward Euler method at n and
the backward Euler method at n + 1 (note, however, that the method itself is
not simply the average of those two methods, as the equation has an implicit
dependence on the solution).

2. MATHEMATICAL FORMULATION

In this section, we present some preliminaries on finite difference method. For the
purpose of this paper, we discuss the motivation of the Crank-Nicolson’s method
(CNM) over the explicit and implicit finite difference methods. We shall also
present the stability analysis of these approaches.

2.1. Representative Model Problem. Let us consider the one-dimensional
heat equation
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In order to obtain a numerical solution to (1) using finite difference methods, we

first need to define a set of grid points in the domain € as follows; (Hull, 2006)
h—

choose a state step size Az = i (N is an integer) and a time step At.

We draw a set of vertical and horizontal lines across the domain €2, and identify

all the points of intersection (x;,t;) or simply (4,j) where z; = a + iAzx, i =

0,1,---,N and t; = jAt, 7 =0,1,---.

T
Suppose 2 = [a, b] x [0, T], then choose At = i (M is an integer) and t; = jAt,

j=0,1,--- , M. The figure below shows some nodes on the domain §2.
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Figure 1: Grid points

2.2. The Implicit Finite Difference Method (IFDM). The IFDM makes
use of the forward approximation for the time derivatives (Hull, 2006). The
approximation for the time derivatives in equation (1) is

0¢  bijr1— Pij

2 S 0V N 3V
@) ot At
where ¢;; = ¢(iAz, jAL), i=1,2,...,m—1,j=N—1,N—2,...,1,0.
For the finite derivative of the R.H.S of (1), we use the central approximation
(3) 09 _ Pit1j — i1

ox 2Ax
Similarly, in the second derivative, we use the standard approximation
(@) PO dir1y — 20i + di-1

0z (Ax)?
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Substituting (2) and (4) into (1), we have

Gigr1 — Gij | Pit1j — 2005 + di-1j
5) At =k (Az)?

Thus, simplifying (5), we have

(6) Gijr1 = Gij + M@it1,j — 205 + di—1,5)

At
where \ = k(ATP

From (6), we observe that the unknown first term ¢; ;41 is written in terms of
the known values ¢; ;, ¢;—1; and ¢;41 ;. Furthermore, it relates the unknown
values at (j + 1)At to the function values at jAt. Therefore if we are provided
with the value of ¢; ;1 for all 4, at time step j, we can compute the value of ¢; ;
implicitly.

Oi1j

¢5i;j @i;j+1

O 1]

Figure 2: Implicit Finite Difference discretisation (Hull, 2006)

Upon evaluation of equation (6) using the corresponding grid points, we obtain
a linear algebraic equation of the form,

(7) I = A" 41

(7a) ¢" = (¢, 08, ...,¢%_ )T € RN
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and
1+2) =\
(Tb) A= Ao e A c RIN-Dx(N-1)
—A 142)

Ay

0
(7c) b = , e RV

APy

It is easy to now implement a numerical code to solve equation (7).

2.3. The Explicit Finite Difference Method (EFDM). The EFDM as-
sumes the values of the derivative at the point (i,j) on the lattice to be the
same as (i,7 + 1) and it makes use of the backward approximation for the time
derivative (Hull, 2006). Thus, equation (1) can be approximated as

06 _ diji1— dij
ot At

Meanwhile, for the first derivative of the R.H.S of (1), we have from the central
approximation as

as in (2)

(8) 0% _ Pit1,j+1 — Pi-1,j+1
ox 2Ax
For the second derivative, we have from the standard approximation
() ¢ _ Qit1j+1 = 20541 + dim1,541
0x? (Ax)?

where (i, j) denotes the nodes on the lattice, substituting (2) and (9) into (1) we
have

Gij+1 — Gij Git1+1 — 205 j+1 + Pi—1,j+1
10 Rl " AL i I A k )’ . P
(10) At (Az)?

At
We put A = kw in (10) and simplify to get

(11) —APiv1 41+ (1 +20) i j11 — Api—1,j41 = i j

From equation (11), observe that the unknown function ¢; ; is written explicitly
in terms of the unknowns. Furthermore, it relates the unknown value at jAt to
the known values at (j+ 1)At. In obtaining the values of ¢(x,0), we approximate
backward until ¢ = 0 using the explicit scheme (11).
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Figure 3: Explicit Finite Difference discretisation (Hull, 2006)

In vector notation, the explicit scheme can be written as:

where
(12a) ¢" = (o7, dy,..., ¢ )" € RN
and
1-—2\ A
(12b) | * € RON-Dx(V-1
A 1—2\
A
0

(12¢) d" = e RV-!

APy

2.4. The Crank-Nicolson’s Method (CNM). The CNM is the average of
the explicit scheme at (i,7) and the implicit method at (i,j + 1). Thus, from
equation (6) and (11), we have

Gij+1 = Pij _ Kk | Qit1j41 = 20041 + di1j41 . Giv1,j — 20i5 + i1,
At 2 (Ax)? (Ax)?

(13)
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We simplify (13) and obtain

A A A A
(14) =5 ¢i-1j01 + L+ NPijir = G dirrgar = 5015 + (1= Ndij + S i1,

kAt
(Az)?
Equation (14) is the CNM for the one dimensional heat equation (1) . The CNM
enjoys stronger accuracy over the I.LF.D.M and E.F.D.M, and it is unconditionally
stable with the local truncation error O((At)?, (Ax)?, (Ay)?).

where \ =

2.5. Numerical Stability. In numerical analysis, consistency is necessary but
not a sufficient condition for convergence (Mark Davis, 2010) and the references
therein. Round off errors incurred during calculations may lead to a blow up of
the solution or erode the computation as a whole. Therefore, a scheme is stable if
round off errors are not amplified in the calculations. The Fourier approach can
be used to check if a scheme is stable. Assume that a numerical scheme admits
a solution of the form

(15) ‘/Jn _ a(m) (w)eiijx
where w is the wave number and ¢ = v/—1.
Define
a1 (w)
16 Gw)= — 7

where G(w) is an amplification factor which governs the growth of the Fourier
component a(w).
The Von Neuman stability condition is given by

|IG(w)| <1for 0 <wAz<mw

We show that the explicit scheme is stable if and only if A < % Called condi-
tionally stable, and the implicit and Crank-Nicolson schemes are stable for any
values of A, called unconditionally stable, see (Mark Davis, 2010).

2.6. Stability Analysis. For the explicit scheme, see (M. Davies, 2010), we get
upon substituting (15) into (16) that

a(nJrl) (w)eiijm _ )\a(n) (w)ei(j+1)wa+(1_2>\)a(n) (O.))eiijx“FACL(n) (w)ei(jfl)wa

G (w) y -
_ > T\ ijwAx _ —ijwAzx
= Gw) = W) e + (1 —=2)\) + e
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The Von Neuman stability condition then is

IG(W)| <1 & |AT9AT L (1 —2)) 4 he™W9R2] < 1
& [(1 —2X) + 2\ cos(wAz)| <1
& |1 — 4\sin?(252)] < 1 [cos 2z = 1 — 2sin® 2]
& 0 < 4Xsin?(25%)| < 2
& 0 < A < L

2sin2(22Z)
for all 0 < wAz < 7.

This is equivalent to 0 < A < %

3. NUMERICAL SOLUTION OF A SEEPAGE PROBLEM

In this section, we develop the seepage Laplace equation using Crank-Nicolson
Method (CNM). In what follows, we discuss the stability analysis and implemen-
tation of our scheme. Finally we present numerical result to show the efficiency
of the method.

3.1. Seepage Problem. We consider a two dimensional element of soil of di-
mensions dx and dy in the z and y direction respectively. It is assumed that
the soil is homogeneous and isotropic with respect to permeability. Furthermore,
the pore fluid is assumed to be incompressible. Thus, the governing differential
equation for the fluid flow is described by

Vu(z,y) =0
(17) u(0,y) =u(z,0) =u(a,y) =0
u(z,b) =W

where Vg =1—¢e7Y 0<y <0
The Crank-Nicolson’s method is obtained by averaging the implicit and explicit
finite difference methods. Thus, the Crank-Nicolson’s scheme for (17) is as follows

v2u(z,y) =0
P P,
(18) 1 out "oyt
T}LQ[uiJrl,j — 205+ Wim1j F Uit 41 — 205 1+ Ui j41)
1
g (tiger = 2 + i+ Uien = 20 + tiv-1] = 0
(19)

= g |~ Ui+ 201 g1~ Ui U1 U1 -1 Ui g-1] = 0

(20) = —duij —Uit1,5 201,41~ Wi j1 FU—1, 5+ U1, 41U -1 U411 = 0

In order to define the C.N.M (i.e finite difference), we need a grid on the domain
Q.



140 A. A. Hassan, I. O. Abiala and J. S. Aroloye

1
Let N + 1 be given and define h = N1 Then we define the grid as the

collection of points
Ty, = {(nh,mh): n,m=20,1,2,...,N + 1}
We denote the interior points by
Tr ={(nh,mh): nom=1,2,...,N}

and the boundary points as T, = T \ T7. In particular we consider the following
grid:
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Figure 4: Grid N =4, B.S.B.C grid points 7, are in [J and 7 are in o.

Applying (20) on the grid points in Figure (4), it is straight forward to obtain
a system of equation of the form Ax = B which can be solved by any known
method. However, for the purpose of this article, we solve the seepage problem
modelled by the Laplace equation (17) in the spirit of Nyachwaya et al., (2014).
We shall equally compare our result with the results in Nwachwaya et al., (2014)
forj=1andi=1,2,---,15.
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Now, from (20), we fix j = 1, and vary i = 1,2,--- , 15 as follows:

1=1:
1 =2:
1=3:
Z': .
1=25:
1=6:
1=17:
(21) 1=28:
1=9:
1=10:
1=11:
1 =12
1=13:
1=14:
1=15:

—4ur1 —ug1 =W
—4dug1 —uz1+ui; =0
—4ug 1 —ug1 +uz1 =0
—4ugy —us1 +uzy =0

—4dus — ug,1 + Uq1
—4dug — ur,1 +us1
—dury — ug;1 + ug,1
—4dug1 —ug,1 +u71

=0
=0
=0
=0

—4ug 1 —u10,1 +ug1 =0
—4u101 — w111 +ug1 =0

—4u111 — u12,1 + U101
—4u121 — u13,1 + U111
—4u131 — U141 + U121
—4u141 — U151 + U131

=0
=0
=0
=0

—4u1s1 — u1e,1 + u1a1 =0

141

3.2. Implementation of the Method. Here, we consider (17) with a Dirichilet
boundary condition motivated in Nyachwaya et al., (2014) and assemble the

algebraic equation

[ —4 -1
1 —4
0 1
0 0
0 0
0 0

0
-1
—4

1

0
0
-1
—4

1

0
0
0
-1

—4
1

OO OO

-1
—4

U1
U21
us 1
Uq1

U15,1

[ —1.7293279434 |

0
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We then use MATLAB software to obtain:

u1,1 = 0.408239301803523
uz,1 = 0.096372226312684
uz,1 = 0.022750396552788
ug,1 = 0.005370640101531
us,1 = 0.001267836146663
ug,1 = 0.000299295514877
uz,1 = 0.000070654087155
ug,1 = 0.000016679166258

ug,1 = 0.000003937422123
u10,1 = 0.000000929477767
u11,1 = 0.000000219511054
u12,1 = 0.000000051433552
u13,1 = 0.000000013776844
u14,1 = 0.000000003673825
u15,1 = 0.000000000918456

Table 1: The Method (20)

=1

=2

=3

0:408239301803523

0:448629689929089

0:463488483341419

0:096372226312684

0:105907103547917

0:109414788856854

0:022750396552788

0:0250012757374190

0:025829327914005

0:005370640107531

0:005902000598240

0:006097477200834

0:001267836146663

0:001393273344447

0:001439419110670

0:000299295514877

0:0003289071220455

0:000339800758155

0:000070654087155

0:000077644462629

0:000080216078252

0:000016679166258

0:000018329369940

0:000018936445948

OO N O B W N —

0:000003937422123

0:000004326982871

0:000004470294261

T
=
o

0:000000929477767

0:000001021438457

0:000001055268904

0:000000219511054

0:000000241229043

0:000000249218649

0:000000051433552

0:0000000056522286

0:0000000058394327

0:000000013776844

0:000000015139898

0:000000015641338

0:000000003673825

0:0000000040373086

0:000000004171023

0:000000000918456

0:000000001009327

0:000000001042756

From table (1), we observe that the seepage flow decreases as i increases from
1,2,...,15. Also, for each value of i, i = 1,2,...,15, the seepage flow

7 =

increased as j increases from j = 1,2,3, and the seepage flow decreases as the
value of ¢ increases steadily. However, this behaviour is due to the large volume
of water at the surface and the source. The flow of the fluid also experiences
friction due to viscosity and medium particles.

Next, we write a MATLAB program to plot the behaviour of our method in (19)
to study the seepage problem. Figure (5a) shows the surface plot of the solution,
figure (5b) depicts the contour plot of the solution, figure (5c) is a contour plot
with coloured lines, and figure (5d) is the mesh plot of the solution.
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(a): Surface plot of the solution
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(b): Contour plot of the solution
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(c): Contour plot with coloured line
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Vie,y)

(d): Mesh plot of the solution

Figure 5: Graphical representation

From the the above diagrams, we observe that the plot is not smooth. This
is due to the fact that the governing differential equations is only satisfied at a
selected number of nodes within the domain of evaluation. The solutions u(z, y) of
equation (17) decrease with increase length of the fluid seepage from the source.
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The fundamental solution of the equation (17) which we developed into (21)
through (20) efficiently solved the seepage problem, see table (1) and figure (5d)
above. Our results agrees and compare favourably well with solutions to the
seepage problem, and it is superior to the results in Nyachwaya et al., (2014).

3.3. Stability Result. We apply matrix method to analyse the stability of our
method. Again, let us consider our scheme (20). If we fix j and vary i, i =
1,2,...,(N —2),(N — 1) we have
(22)

—4uyj — ugj + 2ug j41 — U1 j+1 + U j + Up 41 + UL -1+ U2 -1

—4ugj —ugj +2u3 41 — U241 + UL+ UL 41 U1+ U1

—dun-_1,j —uN-2,; +2UN-2j+1 — UN-1,j+1 T UNj F UNj+1 + UN-1j-1 F UN-2;—1

In a more compact form, we re-write (22) into the form
(23) pun-—1 =0

It is known that the Crank-Nicolson method is unconditionally stable, and accord-
ing to Riley et al., (2011), the stability of (23) can be investigated by computing
the eigenvalue of the coefficient matrix ¢. Thus, if the maximum eigenvalue of ¢ is
less than or equal to 1, then the method is said to be stable. See also Nyachwaya
et al., (2014), and the references therein. In what follows, we write a MATLAB
program to compute |¢A — I| = 0 from (23) and obtained A;, i = 1,2,...,15 such

that Amax < 1 which generates the stability of our method.

Table 2: The C.N.M (20)

Node =1 =2 =3
=1 | 0:408239301803523 | 0:448629689929089 | 0:463488483341419
=2 | 0:096372226312684 | 0:105907103547917 | 0:109414783856854
=3 | 0:022750396552788 | 0:0250012757374190 | 0:025829327914005
i=4 | 0:005370640107531 | 0:005902000598240 | 0:006097477200834
i=5 | 0:001267836146663 | 0:001393273344447 | 0:001439419110670
=6 | 0:000299295514877 | 0:0003289071220455 | 0:000339800758155
i=7 | 0:000070654087155 | 0:000077644462629 | 0:000080216078252
=8 | 0:000016679166258 | 0:000018329369940 | 0:000018936445948
=9 | 0:000003937422123 | 0:000004326982871 | 0:000004470294261
=10 | 0:000000929477767 | 0:000001021438457 | 0:000001055268904
=11 | 0:000000219511054 | 0:000000241229043 | 0:000000249218649
=12 | 0:000000051433552 | 0:000000056522286 | 0:000000058394327
=13 | 0:000000013776844 | 0:000000015139898 | 0:000000015641338
=14 | 0:000000003673825 | 0:0000000040373086 | 0:000000004171023
=15 | 0:000000000918456 | 0:000000001009327 | 0:000000001042756

o
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Table 3: Method in Nyachwaya et. al., (2014)
For Case 1: ADES Results

= 1 =2 =3
0:5601236 | 0:6670508 | 0:7305356
0:3699449 | 0:4678016 | 0:5372144
0:242888 0:3245777 | 0:3896345
0:1586531 | 0:2231869 | 0:2792263
0:1031687 | 0:1523049 | 0:1980823
0:0682435 | 0:1039865 | 0:1396645
0:04313089 | 0:06951022 | 0:0970872
0:02774829 | 0:04649375 | 0:0671340
0:01779631 | 0:03087895 | 0:0460417
0:0111363 | 0:02018054 | 0:0311984
0:007211911| 0:01311101 | 0:0209239
0:004524799 0:00813458 | 0:0136494
0:002764718] 0:05125716 | 0:0087360
0:001575447| 0:002992201] 0:0051651
0:007133674| 0:001364700] 0:0039536

— ] | e - -
NN EE RIS SISV E

3.4. Comparison of Result. From tables (2) and (3), we observed that our
method performs efficiently more than the method in Nyachwaya et al., (2014).
Because the seepage problem decreases more for every increase in table (2).

3.5. Discussion of Results. Table 2 depicts the solution of the seepage problem
obtained by Crank-Nicolson Method (CNM). Table 3 is the seepage solution
obtained by alternating direction explicit finite difference scheme (ADES) case
1 in Nyachwaya et al., (2014). We observed that the seepage flow decreases as
1 increases from ¢ = 1,2,...,15 and the seepage flow increases as j increases
from j = 1,2,3 in both methods. However, we noticed from the table of results
that the CNM performs efficiently better than the ADES of Nyachwaya et al.,
(2014) as the flow decreases more as the mesh point becomes smaller. It becomes
obvious that the seepage flow decrease in the ADES is slower than that of CNM.

4. CONCLUSION

In this paper, we developed a consistent Crank-Nicolson Method (CNM) for the
numerical solution of seepage problem. The scheme developed was found to be
stable for ¢ < 1. Since the model used in this work was evaluated at a discrete
point within a domain, the surface of the plots was found to be naturally not
smooth.

From the results, we deduced that for a given value of z, the solution u(zx,y)
increases to almost one as y — oo. Also, for a given value of y, the solution
u(x,y) decreases indefinitely as x — oo. And we observed that the seepage
gradually goes to null as the mesh sizes become smaller, which shows that the
fluid flow of seepage problem may eventually stop.
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