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Lower estimates on the principal eigenvalue of Witten ¢-Laplacian on
Smooth metric measure spaces

A. ABOLARINWA*

ABSTRACT

Some eigenvalue inequalities in terms of generalized Mckean
bound and the weighted Cheeger’s constant are proved for
Witten ¢-Laplacian on smooth metric measure spaces with
smooth boundary imposing certain restrictions on geometric
quantities such as mean curvatute and sectional curvature of the
domains. On the other hand, a clamped plate problem involving
Witten bi-Laplacian is considered on a weighted manifold in
the regime of positive generalized Ricci curvature, while lower
bound estimates on its principal frequency are established.
Indeed, the principal frequency of the problem is shown to be
bounded from below by a double of McKean bound, provided
the generalized curvature is nonnegative. As an application
clamped plate eigenvalue lower bound is derived on the weighted
geodesic ball having nonnegative generalized Ricci curvature.

1. INTRODUCTION AND PRELIMINARIES

A smooth metric measure space (SMMS) is denoted by (., (-, ), ¢), where .Z is a
complete differentiable manifold of dimension m, (-, -) is the inner product induced
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by the Riemannian metric, and a real function ¢ € C*°(.#) is the potential.
In other words, a SMMS is a generalization of Riemannian manifold. These
spaces and their variants have been applied in various contexts where they play
crucial roles, e.g. in probability theory, quantum field theory, diffusion processes,
PDEs and geometric analysis, having close links with Markov diffusion operators,
generalized curvature and geometry [7, 19, 20, 21, 24].

Associated with (A, (-,-), ®) is a self adjoint second order differential operator
called Witten (or drifting) Laplacian and defined by

Lyu = div¢(6_¢v¢) = A yu— (Vo,Vu),

where divg = e?div, and div, V and A, respectively stand for divergence,
gradient and Laplace operators with respect to the Riemannian inner product on
A . Setting ¢ to a constant, £, becomes A ,. Note also that symmetry and self
adjointness properties of %} yield the integration by parts formula

/ Lyuwe Pdv = —/ (Vu, Vw)e ?dv = / uLywe?dv
M M M
for all u, w € C?(.#), where e~?dv is the weighted measure on (., (-,-), ¢), while
dv is the correspoding Riemannian measure.
A generalized Ricci curvature is also defined on (., (-, ), ¢) by

Ric® := Ric.y + Hess¢ — M, m > n.

m—n

Here Ric 4 is the Ricci curvature of .# and Hess¢ is the Hessian of function
¢. The critical case m = n is attainable only for a constant ¢ in which case
Ric® = Ric,y, while the case m = oo yields Ric? := Ric 4 + Hess¢ appearing in
quasi-Einstein and gradient Ricci soliton equations [3, 21].
Our attention in this paper is basically focused on the eigenvalue problems on
curved domains so as to determine the effect of curvatures (mean curvature, sec-
tional curvature, Ricci curvature) on positive lower bounds obtainable for the
principal eigenvalue. By the principal eigenvalue, we mean the first nonzero
Dirichlet eigenvalue. Let #y := (A4, (-,-), ) be a complete noncompact SMMS
and let X be an open connected subdomain with compact closure in .#;. The
Dirichlet eigenvalue problem on X consists in finding the real numbers A\ (eigen-
values) and nonzero C2-functions u (eigenfunctions) such that

Lyu=—-Au in X
(1) u=20 on OX.

It is a known fact that all eigenvalues can be arranged in an increasing order
according to their multiplicities. By the minimax Rayleigh princple, the principal
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eigenvalue \; (X) is characterized by

Jx [Vul2e=?dv

C 0 | [y |ulPe?dv

(2) A (X) = inf { u€ W(}’Q(X)} .
The domain monotonicity property of X with respect to A1(X) implies that
M (Xq) > Mi(Xp) if Xy € Xy, Thus if {X;};>1 is an expanding sequence of open
connected domains exhausting .#, then the sequence {\(X;)};>1 decreases and
has a well defined nonnegative limit independent of the choice of the sequence
{Xj};>1, meaning that the principal eigenvalue (spectrum bottom) of —.Z, on
My is given by
(3) /\1(./(¢) = infa(//[,(-,),d)) = ,lirn Al(Xj).

J—00
Finding the condition under which A\i(.#Z) > ¢ > 0 has been intensively re-
searched and many important special geometric properties have been found to
be embedded in A\ (.#) > 0 [1, 9, 10, 15, 18, 22, 23] and see [3, 5, 6] for evolving
manifolds. It is not an easy task in general to obtain lower bounds on the prin-
cipal eigenvalue. Two important estimates in this direction, nicknamed Cheeger
isoperimetric inequality [10] and McKean lower bound [18] on compact or non-
compact Riemannian manifolds are examined below

Theorem 1.1. (Cheeger isoperimetric inequality [10]) Let M be a compact Rie-
mannian manifold. Then

1
M (Aar) = 1COOP,
where

. . Area(OF)
C(M) = 1%f TollE)

is the usual Cheeger’s constant.

: E CC M with sufficiently smooth boundary OF

Interested readers can see [4, 22] and the references therein for applications of
Cheeger’s constant.

Theorem 1.2. (Mckean lower bound [18]) Let M be an m-dimensional complete

noncompact, simply connected Riemannian manifold whose sectional curvature
oy < —6%,0>0. Then

M (Ay) > i(m _1)202,

McKean lower bound has been extended to the setting of submanifolds of bounded
mean curvature by Cheung and Leung [12] as follows.

Theorem 1.3. (Eztended Mckean lower bound [12]) Let M be an m-dimensional
complete noncompact, submanifold of hyperbolic space H with sectional curvatute
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Jm = —1. If further, the mean curvature m. of M in H satisfies a :=
sup,y [|me|| < m —1, then

A(Ap) > i(m —1-a)

In the first part of this paper (Section 2), we study the weighted form of Mckean
type lower estimates on the principal eigenvalue of the Witten ¢-Laplacian 1 <
q < oco. The Witten ¢-Laplacian is defined by

Ly qu = divg(||Vul| T2 Vue™?) = div([|Vu||9"2Vau) — ||Vul|772(Ve, Vu),

For ¢ = 2, £y qu = Lyu (the Witten Laplacian) while for constant ¢, £y ,u =
div(||Vu||92Vu) (the usual g-Laplacian).

Define X as before, the Witten ¢-Laplacian Dirichlet eigenvalue problem consists
in solving for eigenvalues p, and eigenfunctions w satisfying

(4) $¢7qw = _:u’q‘w’qizw in X
w=20 on OX.

It is important to note that problem (4) is understood in the distributional sense,
meaning that, for w € T/VO1 (X) and every test function ¢ € C§°(X) must satisfy

Vul|72(Vw, Vip)e Pdv = p w|T2wipe?dv,
q
X X

where by VVO1 (X) we mean the completion of C§°(X), the space of smooth com-
pactly supported function on X with respect to the Sobolev norm

1/q
oo = ( /X e \wme—mv) |

In a similar vein, the principal Dirichlet eigenvalue p4(X) of —, .2, on X is
characterized by

fX |Vw||%7e=?dv
Jx lw]7e=¢dv

(5) (%) = inf {

tu € Wol’q(X)} :
with the constraint [ |w|?2we~?dv = 0. Furthermore, the domain monotonicity
property also holds and then we have

(6) p1,q(AMy) = Hm p 4(X5).
j—00

In Section 2, we will generalize Cheeger isoperimetric inequality and Mckean
lower bounds (Theorems 1.1, 1.2 and 1.3) to the setting of Witten ¢g-Laplacian on
SMMS. Our results (Theorems 2.1 and 2.7) are generalization of some existing
results, see for instance [8, 12, 13, 14, 16, 17].

In the second part (Section 3), we establish a similar result in the regime of
positive generalized curvature for the principal eigenvalue of a weighted clamped
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plate problem (see (26)) involving the Witten bi-Laplacian, f(g = %32, on
(A,(-,-),¢). Note that this problem (clamped plate problem) describes the
characteristic vibration in a manner different from that of a fixed membrane,
evident in the way the plate is tighten to the boundary. Here, the principal fre-
quency (eigenvalue) is equivalent to the fundamental tone of the domain. Indeed,
we obtain that the principal frequency of the problem is bounded from below by
a double of McKean bound, provided the generalized curvature is nonnegative.
This result can be compared with [11, 26, 27].

2. GENERALIZED MCKEAN BOUNDS AND CHEEGER INEQUALITY

Let k : .# — .# be an isometric immersion, the ¢-mean (or weighted mean)
curvature my, is defined by

mg = 1. + @QZ)La
where m, is the mean curvature of the submanifold .#, V is the connection on
M and * is the orthogonal projection onto the normal bundle T.#~1. Suppose
v is a unit normal vector field on .# and A = Vv is the shape operator on ..
Then B
my =m. — (Vo,v).
For the weighted minimal submanifold, the ¢-mean curvature my = 0 everywhere

and hence, minimal submanifolds carry many of the properties of the ambient
spaces.

2.1. Generalized McKean lower bounds.

Theorem 2.1. Let My = (M ,(-,-), ¢) be a complete noncompact subspace of the
weighted hyperbolic manifold (H™, ¢) with sectional curvature # 4 = —1. Suppose
the ¢-mean curvature mgy and the potential function ¢ of My in (H",¢) verify
sup_y, [|lmy — Vo|| <m —1. Then

(7) mﬂﬂwZ;ﬂm—D—wNMW—VMF
My

Furthermore, if A is a ¢-minimal submanifold of H", then

(8) mawwzlkm—n—imwww

q o
Remark. (1) If ¢ is a constant then (7) becomes [13, Theorem 1.3]. If in
addition ¢ = 2 (7) becomes [12, Theorem 2].
(2) If ¢ is a constant and . is a minimal submanifold of H", then p;2 >
1(m —1)%. McKean’s result [18] for this case asserts that the bound is
sharp when .# = H" as indeed 12 = (m —1)2/4.
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(3) Theorem 2.1 generalizes [16, Theorem 1.1] by Huang and Ma.

Now referring to the definition of p; 4 (5) we note that estimate (7) is a direct
consequence of the following g-Hardy-Poincaré type inequality to be proved in
this section.

Proposition 2.2. Suppose My = (M ,(-,-),$) is a complete noncompact sub-
space of the weighted hyperbolic manifold (H", ¢) of sectional curvature &, =
—1. If sup 4, [[my — Vo[l <m —1, then the following Hardy-Poincaré inequality
holds

9) / [Vw|%%dv > ¢~ %m — 1 — sup |my — V¢H]q/ lw|%e~?du
//l¢ //[¢ -///qb

for all w € C§°(My) and g > 1.
In order to prove the last Proposition we will make use of the following Lemmas.

Lemma 2.3. [12, 16] Suppose that .4y is an m-dimensional submanifold of
(H", ¢). Then

(10) Zy(cosh p) = m cosh p + sinh p(my, Vp) P sinh p(Ve, Vp) PR
M My

where p is the distance function from a base point in H™\ 4.

Lemma 2.4. [12, 16| Suppose that .4y is an m-dimensional submanifold of
(H™, ¢). Then

(1) Zyp=(m— Vol cothp+ (my, Vo) —(Vo,Vp)| .
e A

where p is as defined before.
Proof. By direct computation
A(cosh p) = sinh pAp + cosh p||Vp]|2.
It then follows that
ZLy(cosh p) = A(cosh p) — (V¢, V cosh p)
= sinh pAp + cosh p||Vp||? — sinh p(V¢, Vp)
= sinh p.Zp + cosh p||Vpl|%.

Applying Lemma 2.3 we arrive at

sinh p.%yp = m cosh p + sinh p(my, Vp) P sinh p(V, Vp) P cosh p||Vp|?.
Mo Mo

Divide through the last equation by sinh p, we obtain (11).
O
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Proof of Proposition 2.2. Let p = p(x) be the distance function from a base
point in H"\.#Z,, we are to use the fact tha ||[Vp||> = 1 to obtain |Vp|* <
|Vpl||? = 1. By considering Lemma 2.4 we have

Lyp = (m —||Vpl||*) coth p + (my, V) |z, — (V6. V)|,

(12) > (m —1)cothp — ||my — @Qz’HH@PH‘//@
> (m — 1) coth p — sup ||my — V.
My

Picking any w € C§°( 4 ), a direct computation shows that

(13) divy(|w|TVpe™?) = qlw|?*w(Vw, V) + [w|1.ZLyp.

Applying the inequality |Vp||> < 1 and estimate (12) into (13) gives

(14)  divg(|w|TVpe™?) = —qlw]" ||V + [m —1 - Sup Iy, — Vo ]jw]?.

There is a need to estimate the first term on RHS of (14) before we proceed.
So we recall that Young’s inequality for ® > 0, ¥ > 0 and the constant a > 0
implies ®¥ < ¢ 1(®/a)? + s71(aV)*, where ¢ and s = q/(q — 1) are conjugate
exponents. Choosing ® = ¢||Vw|| and ¥ = |w|?~! yields the estimate

q-1 —1
(15) —qlw Y|V > ~ L [Vw |t - L==a? @ Du)e,
« q

Since w € C§°(My), supp(|w|?Vpe=?) CC .44 and then divergence theorem
gives

(16) / divy(|w|?Vpe=?)e™?dv = 0.
My

Integrating (14) with respect to e~?dv, combining with Young’s inequality (15)
and the divergence theorem (16), and then rearranging we arrive at

(17)
q ~ -1) ¢
/ |Vwl||%e™?dv > % [m —1—sup|myg — Vo| — Maqgl] / lw|9e™?dv.
My q? My q My

Prompted by the above we consider the task of maximizing for > 0 the scalar
function ¥(a) given by a — (o) = a4 (A - %aq%ﬁ , where A :=[m —1—
sup_y, [|my — Vé|] > 0. To do so, we find the first and second derivatives of
?(a) respectively as ¥ (a) = a4~ (A — a9/(@=D) and 9" (o) = qa?2 ((q —1)A—
(=)

o, = AD/9 implying that 9"(ey) = —¢*/(q — 1)A()72 < 0 for ¢ > 1.

atﬂﬁ). Clearly, the critical point of ¥(a),a > 0 occurs at the point
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Consequently, oy is the maximum point achieved by max ¥(a) = () = 1/qA%.
Therefore

1 1
- — A4
(18) e max () qqA :

Substituting (18) back into (17) gives
1
/ IVw|9e™?dv > Aq/ lw|9e=?dv,
My 4 Ju,

where A :=[m —1—sup 4, [my — Vé||] > 0. This completes the proof ¢-Hardy-
Poincaré inequality (9).
O

Proof of Theorem 2.1. Applying the definition of the principal eigenvalue of
— %Ly q on My (see (5) and (6)), the required estimate (7) now follows from the
g-Hardy-Poincaré inequality (9) by writing

) L IVw||%e=dv 1 1
1 = inf : : Wy9(X) b > — A9,
( 9) Ml,q('///¢>) Ol;lw { f%/ |w]qe*¢’dv u € W ( ) = q

This immediately implies (7). If furthermore, .#y is a ¢-minimal submanifold in
H", then the ¢-mean curvature vanishes everywhere and (7) results into (8).
O

2.2. Weighted Cheeger’s constant and McKean type estimates.

Definition 2.5. (Weighted Cheeger’s Constant [2]) Let .#, be a smooth metric
measure space. The ¢-Cheeger’s (or weighted Cheeger’s) constant Cy(X) of a
domain X C .# is defined by

. . Areay(0X)
20 Co(X) :=inf ————=
(20) o(X) =i Voly(X)
where X’ ranges over all sufficiently regular X’ cC X with smooth boundary dX'.
Here Vols and Areay stand for the weighted volume and Area with respect to

the volume and surface measures e~?dv and e~?dA on My, respectively.

Lemma 2.6. (Weighted Cheeger inequality) For a bounded domain X having
smooth boundary OX # @ in My, the following inequality holds

(21) i1.4(X) > qlqc;<x>.
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Proof: Suppose 0 < ¢ € C°(X). Define =(s) := {y € X : £(y) > s} and
Are%("( ) :={y € X: &(y) = s}. By the co-area formula

/HVfHe ¢dv—/ Areay(=(s))ds

ing 2hreas(E(s)) ol (Z(s))ds — 6
ZXfV0l¢(())/ Voly(E(s))ds = Cs(X /g dv.

Picking any h € W14(X), ¢ > 1 and applying Holder’s inequality gives
(23)

g=1 1
/]th\\e¢dv:q/ ]h\q1]]Vh\e¢dv§q</ hjte¢dv) ° (/ [Vhlte¢dv) "
X X X X
Combining (22) and (23) by setting £ = h? we arrive at

(fy |yvm|qe—¢dv)%
(fye Ih|7e—¢dv)a

Cs(X) <

Since h was arbitrarily chosen in WO’ (X) we obtain the desired inequality by
invoking the definition of j1 4(X). O
The weighted Cheeger inequality obtained in the last lemma will be used to prove
a generalized Cheung-Leung estimate [12].

Theorem 2.7. Let .#y be an m-dimensional complete noncompact simply con-
nected SMMS with sectional curvature # 4 < —0%, 0 > 0. Then

1 q
(24) (o) > (= 1) sup Ivel]”.

where [Y]1 := max{Y,0} for Y € R.

Proof. Consider a proper subspace X C .#y and the distance function p satis-
fying |[Vp|| = 1 and Ap > (m — 1)@ by the Laplacian comparison theorem [22].
Note that p = p(z) is differentiable since .# is simply connected with negative
curvature. We deduce that

Zyp = (m —1)0 —sup [Vo| > [(m —1)0 — sup [|[Vl[]+ > 0.
My M

We also compute

Area¢(8X):/ e¢dA2/ (p,l/>e¢dA:/$¢pe¢dv
oX 0X X

> [(m — 1) — sup [ Vs / e~¢dv = [(m — 1)6 — sup [ Vé|]+ Vol (X).
My X My
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Taking infimum we thus obtain the following lower bound on ¢-Cheeger’s constant
.. Areay(0X)

(25) T Voly(X)

> [(m —1)8 —sup [ Vo] 1
My

Applying weighted Cheeger inequality (21) and lower bound (25) we have

1 1 (/.  Areays(0X)\? _ 1
> —C00(X) = — TN s im—1)0 — 7,
fi1,4(X) = qu¢(X) " <1g§f Voly(X) ) > qq[(m 1)6 §;1[EIIV¢IH+

Since the bound on the RHS does not depend on X, the required conclusion
(i.e., (24)) follows at once by taking an increasing sequence of domains X;, j > 1
exhausting .#4 and then passing to the limit with the fact that (6) holds.

O

3. EIGENVALUE PROBLEM FOR THE WITTEN-BILAPLACIAN

A fourth order eigenvalue problem involving the Witten bi-Laplacian is considered
on a compact SMMS, .# = (A, (-,-),¢), namely, the weighted clamped plate
problem
L2w= v in.#,

(26) w¢—8—w—0 on 0.4

- ov T ’
where v stands for the outer unit normal vector field to the boundary 0.#. The
principal frequency of the problem can be variationally characterized as

w 267(1) v
R e —

The main result of this section is stated as follows

Theorem 3.1. Let 4 = (M, {-,-),P) be an m-dimensional compact SMMS with
smooth boundary 0.# and Ric®(.#) > mk, k > 0. Let \y = M\ () be the first
etgenvalue of

f(gw =\w in A,

w = ‘g—?j =0 onod,

MN(A) > <h2 +TTLKJ> ihQ,

where .
inf_y|divg(Xe™
= b = { L)
X X1 oo
X (M) denotes the set of all nonzero smooth vector fields satisfying || X||co =
sup_y || X|| < oo and inf_4[divy(Xe™?)] > 0.

: XeX(///)},
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Moreover, if M is of nonnegative generalized curvature (i.e., Ric® > 0), then

1
M(A) > 16
Quickly recall the weighted Reilly formula which is a very important tool in
proving the above theorem. Define the second fundamental form of 0.4 for any
vector fields X, Y € I'(T'0.#) by

II(Xa Y) - g(vaa Y)a
while the mean curvature and ¢-mean curvature are respectively defined by
(28) m.(z) = trIl and my(z) := m.(z) — (Vo,v(x)).

Now denote by h, the normal derivative of h on 0.# and dA as the weighted
(m — 1)-dimensional Riemannian volume measure on 0.7 .

Weighted Reilly formula. Let .# = (#,(-,-), $) be an m-dimensional com-
pact SMMS with smooth boundary. Then

h?.

/j/((.,squh)2 — [|Hessh|? + Ricy(Vh, Vh)])e *dv

(20) = / (Mghy + L5 oh) hudA + / (IL(Voh, Voh) — (Voh, Vohy)) dA,
oM oM

where 2 5- := Ap - —(Vap, V) and Vjy are weighted Laplacian and covariant
derivative with respect to the induced metric on 0.#. See [25, 26] for the proof.

Proof of Theorem 3.1. Proceeding as in previous section (see proof of Theorem
2.1).

(30) divg(Jw|*Xe™?) = —2fwl[| V||| X|| + %I%lff[diV¢(X6_¢)]IW\2-
By Young’s inequality for o > 0
(31) —2[w|[Vw[[|X]| = —a~ |V - o®|wf?|| X%
The divergence theorem also implies
(32) / divy (w2 X e ?)edv = / w[2(X, v)dA = 0
M on

since w = w, = 0 on O.#. Integrating (30) with respect to e ®dv and then
combining with (31) and (32) yields

(33) / Valledv > <inf[div¢(Xe_¢)] —a2||X||go> / wle—Cdu,
M M M
By the maximaization procedure as used before

. . —p\12
. o 2 9 _ inf 4 [divg(Xe ?)] _ Lo
(34) max {a <1(£1/{f[d1v¢(X6 )] -« ’X’oo>} 4 X2 4h

a>0
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Using (33) and (34) we have

f/// |Vw|?e=?dv

h2.
f% |w|2e=%dv

(35) >

1
4
Now applying the weighted Reilly formula (29) together with the boundary con-
dition w = w,, = 0 on 0.#, we have

/ (Lyw)?e dv > / [[Hessw|* + mk||Vw||?] e ?do,
M M

where we have used the condition IT > 0 and mg > 0. Then

[ (Lyw)?e?dv S [ 4 Hessw|?e~?dv

36 >
%) [/ IVw|?Pe=¢dv = [, [[Vw]|?e*dv

+ mk.

Notice that
(37) [Hessw|? > |V|Vw||?.

To show (37), we choose normal coordinate for any p € .#. The following identity
holds

vivul ) =3 (Sastete).

le Za:l wgf

By the Cauchy-Schwarz inequality we have

DD (wawap)? < D (D wa)(Y_wag) = (Q_wi)( ) whp).
pf=1a=1 =1 a=1 a=1 a=1 af=1

Combining the last two identities we have

m
IVIVw|]?(p) < D wly = [Hesswl?,
af=1

which proves (37) for any w € W22(.Z).
Similarly to (35), one can show that

fﬁ |V|Vw||?e?dv

h2
f//f |Vwl|2e=¢dv

(38) 2

1
4
by replacing |w|? with |[Vw|? in (30) and repeating the computation process
for divg(|Vw|?Xe~?), noting that |Vw|?X has compact support on .# since

w € C§°(A). One easily sees that divergence theorem holds in the sense that
La divy(|[Vw|?Xe ?)e dv = 0.
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Now combine (36), (37) and (38) and obtain

[ /(Lyw)? e ?dv - [ 4 Hessw|*e=dv
fj[ |Vwl|[2e=¢dv — f//[ |Vwl|[2e=¢dv
[ 4 |IVIVw|[Pe=?dv

- f//{ |Vw|2e—?dv

Finally, using (27), (35) and (39), we have

M (M) = [y (Zsw)?e Cdv _ [ ,(ZLyw)®e ?dv [, ||Vw|’e ¢dv
1 — JylwPetdv [, IVw|Pe?dv [, [w|?e~¢dv

1 1
2 (4h2 + mH) ZhQ

Moreover, we set k = 0 for the case Ric® > 0 and arrive at A\; > 1/16h4.

+ mkK
(39)

1
+mm21h2+mn

O
We remark that

inf[div(Xe ™) = infldiv(X) — (V. X)] 2 finf div(X) —sup [ V0| | X ] > 0

Taking X = Vp, where p = p(x) = d(x,x0) is the distance from a fixed point
xo € A, which can be assumed to be differentiale almost everywhere. Then
| X|loo = IVp|loo = 1 and then

inf[dive(Xe™®)] = inf[divy(Vpe™®)] > [inf Ap — sup [[V@[+ > 0.

By the Hessian comparison theorem [8, 14] for a function n(p) := k cot(kp) when-
ever sup, A, = +k* and p < 3, where v : [0,p(21)] = . is a minimizing
geodesic joining z and xg € .#, and J# 4 is the sectional curvature of .#Z. We

have
Hess p(z)(X, X) > n(p(z))|X|* and Hess p(z)(v',7") =0,

where X is any vector in T,.# perpendicular to 7/(p(z)). This leads to the lower
bound on Laplacian of the distance function as follows

Ap > (m — 1)k cot(kp).
Then clearly inf , Ap > (m — 1)k. Therefore

. inf///[div(z,(Xe*d’)}
h(0) = s X
> [inf Ap —sup [V = [(m — )k —sup [ V][] > 0.
. H M

Following the above argument we can easily prove the following Corollary
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Corollary 3.2. Let A(p,r) denotes the geodesic ball centred at p € M with
radius r < inj(p). If in addition to the hypothesis of Theorem 3.1, the sectional
curvature Ky of M at x € B(p,r) satisfies sup 4 Ky = +k> r < o5+ Then

M(B(p.1) = g6lm = Dk —sup Vet

L
16
whenever Ric?(%(p,r)) > 0.

CONCLUSION:

This paper presented generalized weighted Cheeger isoperimetric inequality and
Mckean lower bounds for the principal eigenvalue of the Witten g-Laplacian
1 < ¢ < oo on Smooth metric measure spaces based on certain restrictions on cur-
vatures. Furthermore, the principal frequency of the Witten bi-Laplacian of the
clamped plate problem on a weighted manifold was proved to be bounded from
below by a double of McKean bound within non-negativity of the generalized
Ricci curvature.

Acknowledgement: The author is grateful to the anonymous referees and the
editor in chief of this journal for their useful comments.

Competing interests: The manuscript was read and approved by the author.
The author declares that there is no conflict of interest.

Funding: The Author received no financial support for the research, authorship,
and /or publication of this article.

REFERENCES

[1] ABOLARINWA A. (2014). The first eigenvalue of p-Laplacian and geometric estimates. Nonl.
Anal. Diff. Eq. 2, 105-115.

[2] ABOLARINWA A. (2020). Weighted Cheeger constant and first eigenvalue lower bound esti-
mates on Smooth metric measure spaces. Submitted.

[3] ABOLARINWA A., ADEBIMPE O. & BAKARE E. A. (2019). Monotonocity formulas for the
first eigenvalue of the weighted p-Laplacian under the Ricci-harmonic flow. J. Inequal. Appl.
2019(10), 1-14.

[4] ABOLARINWA A. & AzaMmI S. (2020). Comparison estimates on the first eigenvalue of a
quasilinear elliptic system. J. Appl. Anal. 26(2), 273-285.

[5] ABOLARINWA A., EDEKI S. O. & EHIGIE J.O. (2020). On the spectrum of the weighted
p-Laplacian under the Ricci-harmonic flow. J. Inequal. Appl. 58, 1-16.

[6] ABOLARINWA A., YANG C. & ZHANG D. (2020). On the spectrum of the p-biharmonic
operator under the Ricci flow. Res. Math. 54, 1-16.

[7] BAKRY D., GENTIL I. & LEDOUX M. (2012). Analysis and Geometry of Markov Diffusion
Operators. A Series of Comprehensive Studies in Mathematics, 348, Springer.

[8] BeEssa G. P. & MONTENEGRO J. F. (2003). Eigenvalue estimates for submanifolds with
locally bounded mean curvature. Ann. Global Anal. Geom. 24, 279-290.

[9] BEssa G. P. & MONTENEGRO J. F. (2007). An extension of Barta’s Theorem and geometric
estimates. Ann. Glob. Anal. Geom. 31, 345-362.



110

(10]

(1]
(12]

(13]

[14]
[15]
[16]
17]
18]
[19]
[20]
21]
[22]
23]
[24]
[25]
[26]

27]

Abimbola Abolarinwa

CHEEGER J. (1970). A lower bound for the smallest eigenvalue of the Laplacian. In Problems
in analysis. (Papers dedicated to Salomon Bochner, 1969), 7195-7199. Princeton Univ.
Press, Princeton, N. J.

CHEN D., CHEN Q-M., WaNG Q. & Xi1A C. (2012). On eigenvalue of a system of elliptic
equations and of the biharmonic operator. J. Math. Anal. Appl. 387, 1146-1159.

CHEUNG L.-F. & LEUNG P.-F. (2001). Eigenvalue estimates for submanifolds with bounded
mean curvature in the hyperbolic space. Math. Z., 236. 32, 525-530.

Du F. & Mao J. (2017). Estimates for the first eigenvalue of the drifting Laplace and
the p-Laplace operators on submanifolds with bounded mean curvature in the hyperbolic
space. J. Math. Anal. Appl. 456, 787-795.

EVANGELISTA I. & SEO K. (2017). p-Fundamental tone estimates of submanifolds with
bounded mean curvature. Ann. Glob. Anal. Geom. 52, 269-287.

Furakr A., L1 H. & L1 X. D. (2013). On the first eigenvalue of the Witten-Laplacian and
the diameter of compact shrinking solitons. Ann. Global Anal. Geom. 44, 105-114.
Huanc G. & MA B. (2017). Eigenvalue estimate for submanifolds with bounded f-mean
curvature. Proc. Indian. Acad. Sci. (Math. Sci.) Paris., Ser. 1. 127 (2), 375-381.

Ma L. & Du S-H. (2010). Extension of Reilly formula with applications to eigenvalue
estimates for drifting Laplacians. C. R. Acad. Sc. Paris., Ser. I, 1348 (2010). 1023-1206.
McKEAN H. P. (1970). An upper bound to the spectrum of A on a manifold of negative
curvature. J. Diff. Geom. 4, 359-366.

MUNTEANU O. & WANG J. (2011). Smooth metric measure spaces with nonnegative cur-
vature. Comm. Anal. Geom. 19, 451-486.

MUNTEANU O. & WANG J. (2011). Analysis of weighted Laplacian and applications to
Ricci solitons. Comm. Anal. Geom. 20, 55-94.

PERELMAN G. (2002). The entropy formula for the Ricci Flow and its geometric application,
ArXiv, Math. DG/0211159v1.

SCHOEN R. & YAu S. T. (1994). Lectures on Differential Geometry. International Press,
MA, 1994.

Yau S. T. (1975). Isoperimetric constant and the first eigenvalue of a compact Riemannian
manifold. Ann. Sci. Ecole. Norm. Sup. 8, 487-507.

WaNG F-Y. (2014). Analysis for diffusion processes on Riemannian manifolds. World Sci-
entific Press Publishing Co. Pte. Ltd (2014).

WANG Y-Z. & L1 H-Q. (2016). Lower bound estimates for the first eigenvalue of the
weighted p-Laplacian on smooth metric measure spaces. Diff. Geom. Appl. 45, 23-42.
ZANG L. & ZHAO Y. (2016). The lower bounds of the first eigenvalue for the biharmonic
operator on manifoldss. J. Ineq. Appl. 2016, 2016:5.

ZENG L. (2020). Estimates for the eigenvalues of the bi-drifting Laplacian on complete
metric measure spaces. J. Math. Phys. 61, 101504.



	1. Introduction and Preliminaries
	2. Generalized McKean bounds and Cheeger inequality
	2.1. Generalized McKean lower bounds
	Proof of Proposition 2.2
	Proof of Theorem 2.1
	2.2. Weighted Cheeger's constant and McKean type estimates

	3. Eigenvalue problem for the Witten-biLaplacian
	Weighted Reilly formula
	Proof of Theorem 3.1

	Conclusion:
	Acknowledgement:
	Competing interests:
	Funding:

	References

