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Influence of Variable Viscosity and Slip Velocity on Unsteady
Magnetohydrodynamic (Mhd) Flow of Blood Through a Stenosed
Artery

A. JimMoHn

ABSTRACT

In this articles, influence of variable viscosity and slip velocity
on unsteady MHD flow of blood through a stenosed artery are
investigated, The blood viscosity is assumed to varying radially
with hematocrit throughout the region of the artery. The
analytical expressions for the flow characteristics are obtained
using Galerkin’s and Fourth order Runge-Kutta methods. It was
revealed from the results that, increase in Hematocrit parameter
lead to increase in shear stress and resistance to flow but decreases
the flow velocity and volume flow rate. Also, velocity profile and
volume flow rate increases significantly with increase values of
the slip velocity but reduces the resistance to flow. Magnetic field
parameter increases with resistance to flow but slightly decreases
the velocity profile of the blood flow. Other parameters that
could have a positive or negative effects on the flow characteristics
are Reynolds number, Pressure gradient and Hartmann number.
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Nomenclatures

u - Fluid velocity w- Dimensionless fluid velocity

t - Time component ¢ - Dimensionless time component

r - Radial distance 7 - Dimensionless radial distance

z - Axial distance ug - Slip velocity

Ry - Radius of the normal artery 5y - Magnetic Field Strength

R(z) - Radius of the artery in a stenotic region o - Electrical Conductivity
1 - Resistance to flow K - Thermal conductivity

Q - Volumetric flow rate 75 - Shear Stress

?7 - Maximum height of the stenosis L - Length of the stenosis

Hp = Hematocrit parameter Hy = Hartmann number

h(y) = Hematocrit at a distance r o = Viscosity coefficient for plasma
B = A constant whose value for blood equal 2.5 Ry = Reynold number
wu(y) = Coefficient of viscosity of blood at radial distance

Pg = Pressure gradient

up = Dimensionless Slip velocity

Mp = Magnetic parameter

1. INTRODUCTION AND PRELIMINARIES

Cardiovascular diseases mainly atherosclerosis (medical called stenosis) which are
diseases of the heart and blood vessel occurred as a result of artificial occlusion of
the arteries and is one of the leading cause of death globally [16]. When artificial
occlusion occurred as a result of stenotic obstruction, it is not only restrict the
regular flow of blood but also lead to hardening and thickening of the arterial
wall.

Magnetohydrodynamics (MHD) is a branch of science that study the dynamics
behaviour of electrically conducting fluids in the presence of magnetic field with-
out taking into consideration the magnetization effects of the fluid. MHD has
various application such as bioengineering and medical sciences [14]. These areas
of study had captivated the attention of many researchers [1], [2], [3] and [4]. All
these researchers assuming constant viscosity of blood flow.

However, in a real physiological system, the blood viscosity is not constant, it
may vary with hematocrit or depends on temperature and pressure of the blood
flow [17]. Hematocrit effect on the axisymmetric blood flow through stenosed
arteries has been investigated by [15]. [21] studied mathematical model of blood
flow through a tapered artery with mild stenosis and hematocrit. Some of the
other researchers that considered variable viscosity in their studies includes; [5],
[6], [9], [10], [11], [18] and [19].

The aforementioned researchers considered only the steady fluid flow models,
that is the flow in which the conditions at any point of the fluid flow were treated
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as time independent. However, studies in which the conditions at any point of
the fluid flow depend on time had received scanty attention because the equa-
tion governing such fluid flow have time derivative which renders the equation
cumbersome to handle. Some of the researchers that considered unsteady fluid
flow without considering the combined effects of slip velocity, magnetic field and
hematocrit are [7], [8] and [20].

Motivated by the above analysis, this paper present the influence of variable
viscosity and slip velocity on unsteady magnetohydrodynamics (MHD) flow of
blood through a stenosed artery.

2. MATHEMATICAL MODELS

The equation governing the unsteady MHD blood flow as obtained by [13] is given
as

ou  dp O*u  10u u 2
() pat__az+“<ar2+rar)_“f{_(’30“_0

The associated slip conditions to (1) are u = ugs at r = R(2)

ou
2 — =0 atr=20
(2) 5
Since one is considering variable viscosity dependence hematocrit, p is replaced

by p(r) in (1) to obtain

Ou  0Op %u  10u u 9
(3) PE——E‘FM(T) (87’2+7~8r> —M(T)?—UBOU

By dividing equation (3) all through by p, one obtain

W du_ ol w0 (Fu 10wy a(u_oB
ot 0Ozp p \Or?2 ror Kp P

The second term in the RHS of equation (4) can be re-written as

(5) or

According to Einstein formula, the variable viscosity p(r) of blood is taken to be

w(r) <82u+18u> _ u(r)l&‘( 8u>

P or2 ' ror p ror "or

(6) (r) = o(1+Bh(r))
and the hematocrit h(r) is described by [12].
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(7) hr)=H (1 - <];0>n> g2

By putting (5), (6) and (7) into (4), after simplifying, one obtain

)
Ou _ Opl, to (VY] Lo (), u
= om0 (7)) ()

o e ()

where H), is the hematocrit parameter and n is the shape of the profile. Equation
(8) is the equation governing the unsteady MHD flow of blood through a stenosed
artery with hematocrit and slip velocity.

To solve equation (8) above, one introduce the dimensionless variables as follows

9) u=— r =TR,, t =tt,

Putting (9) into (8) and simplified to obtain

ou 20p  top 10
ot dp 0z + pR2 L+ Hy (1 =7 7 Or <r8r>

Hoto_ —n
— ull+H,(1-7")] —
Kp [ p( )] P

Equation (10) can be re-written as

(10)

ou 1 10 (_ou
APt — 1+ H,(1-7)-— (72
i ~ Fot gy B T)]ré?r(T@r)
(11) Hyu[l+ H,(1-7")] — Mpu
where )
Ry = Reynold number = Pl
tolty
t
(12) Hpy = Hartmann number = Holo
p
BZ%t
Mp = Magnetic field parameter —T0%0
p
t2 Op

Pg =P dient = ——>—
G ressure gradien dp D



24 A. Jimoh

Equation (11) is the dimensionless equation governing the unsteady MHD flow
of blood with variable viscosity and slip velocity.

By using the dimensionless variables in (9) and the boundary conditions in (2),
the corresponding dimensionless slip conditions to equation (11) can be written
as

R}({f):RZ
=0 at r=20

u=u at r=
(13) =
o7

3. SOLUTION OF THE TRANSFORMED EQUATION

In order to obtain solution to (11) using Galerkin’s Weighted Residual method,
one assume a solution of the form

(14) (7)) =uog> +Co () (1 -7°) + Co () 7% (1 - 7°)

The residue for equation (11) can be written as:

(15) ot Ry

_ ) ) -
RR2(C,,C,,T) = o _ Pog——[1+H,(1-7")] %2 <rau>
+HNE[1+HP (1—?”) + Mpu

Taking the shape of the profile (n = 2) and using the transformation 7 =
substituting (14) into (15) to obtains

Z7

RR2(C,,C2,7) =C, (1) 1 —7°) + C2 (1) 7 (1 — 7°) — Pg

) _RlN 14 H,y (1—5")]4 (uo— Cy (7) + Cs (F) — 4Cs () 77)
+Hy (wg*+Co () =7 +Co ()7 (1—7%)) 1 + Hy (1 — 7))
+Mp (uoy” +Co (2) (1 =7%) + C2 () 7° (1 — 7))

Simplifying (16) to obtains

RR2(C,,Co,5) =C,o (1) 1 -7 +Co () 7* (1 - 7°) — Pe

. RlN 1+ Hy(1— 7)) (4u, — AC, (I) +4Cs (i) — 16C; (1) 7°)
+HN (w7 +Co (1) (1 =7) + C2 (1) 77 (1 - 77)) L+ Hy (1~ 7")]

+Mp (uog” +Co (1) (L=7%) + C2 () 7° (1 - 7))

Simplifying (17) further to obtain
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A4 16y (BT 4G, (T) Hy
RR2(C,,Co,7) = FNCO (t) - RiNCQ (t) + R + R
4C, (t) Hp _ 16Cy (¢) Hyy*  20C; () Hpy?  4C, (t) Hpy?
Ry + Col) - Ry " Ry - Ry

+HNC, () Hyg* + HNC, () Hpy* — 2HNG, (t) Hyy? + HnCs (1) HyyP
—2HNC (1) Hyg* + HyCs (2) Hyy® — Co (1) 72 — C2 (1) 7* + Hn G, (7)
+M,C, (£) — MpCs (1) §* + M,Cs (8) 5 — M,C, (8) 5° — HnCo () 7
+HNCy (1) * — HNCo (8) U7 + Hy HyCo (£) + Ca (1) 7 + Hyuoy”
CduoH,  Au, 4Hyuoy?

Ry Ry

(18)

Ps +

— HyuoHyg* + H yuoHyy

By differentiating (14) with respect to C, (f) and Cj (f), one obtains the weight
functions as 1 — 7% and 7> (1 — yz) respectively.

By taking into account the orthogonality of the residue RR (C, (t), C2 (%) ,7)
with respect to the weight functions, one obtain after simplification the follow-
ing system

8C, (I) 8Ca(f)  32H,C, () 32H,Cs (1) N 8C, (t)  8C» (7)

3Rn 15 15RN 35RN 5Ry | 105
+8HNCQ (t)  8HNC: (%) N 8M,C5 (1) N 8HNC, (1) N 8M,C, (1)
(19) 105 105 105 15 15
+16HpHNCo (t) | 16H,HNCo (f)  32Hpu, 8u, 2Pg L My
35 315 35Ry 3Ry 3 15
QHNUO 8HpHN’LL0 —0
15 105
and
8C, (1) L 8C (t)  32H,C,(t)  32H,C2(t) 8C, (7) N 8Cs (1)
3RN 21 105RN 315Ry 105Ry 315
8Cs (1) | 8HNC: (%) | 8M,C (%) | 8HNG, (t)  8M,C, (7)
(20) 315 315 315 105 105
16HNC, () 16H,HNCo (8)  32Hu,  8u, 2Pg
315 1155 ~ 105Ry  15Ry 15

2Mpu,  2HNnu, = 8HpHNu,
35 35 315
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By substituting the appropriate values of Pg, Hp, Hy, M,, Ry and u,, into
(19) and (20) and solved using fourth order Runge-Kutta with initial conditions
C, (f) =0, and Oy (f) = 0, one obtains the values for C, (f) and Co (f) which
when substituted into (14), one obtained velocity profile for the unsteady MHD
blood flow through stenosed artery.

By simulating for different values of the parameters, one obtained different ve-
locity profiles, volumetric flow rates, flow resistance and shear stress which are
shows in the graphs below.

Br

=val
~\J

Figure 1: Geometry of the stenosis

The stenosis has been described by [12] and [22].

R(2) € CoSTZ
21 =1-—11
(21) Ry ﬂ%[+ L]’
|z|<L for Ry in (21).
Volume Flow Rate
The volume flow rate denoted by Q is given by
R(z)
(22) Q=2 [ @
0

Putting (14) into (22) and evaluate to obtain

(23) Q=K
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where K equals
K =12 [3%(R (2))" + o(t) (6(R (2))* = (R (2))*) + a(t) (3(R(2))" — 2(R (2))°)]

Shear Stress
The shear stress denoted by 7gis given as

(24) W 4o (8“)
Ts = - 3| ==
Y y=r(z) 9% ) g=r(2)

Simplified (24) to obtain

7y = 20(r)R(Z) (Vo = co(t) + e2(t) = 2R ((2))ea (1) )

(25)
H16R(2)8s (Vo - co(t) + e2(t) — 2R (2))ea(t))

Resistance to Flow
The resistance to flow can be denoted as ¥ and is given by

(26) U =02

where M equals
12 |8Vo(R (=)' + o(t) (6(R (2))* = 3(R(2))") + ealt) (3(R (2))" 2R (2))°)
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Figure 2: Variation of Velocity Profile of Unsteady MHD Blood Flow along the
radial distance for different values of Hematocrit Parameter
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Figure 3: Variation of Velocity Profile of Unsteady MHD Blood Flow along the
radial distance for different values of the slip velocity
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Figure 4: Variation of Velocity Profile of Unsteady MHD Blood Flow along the
radial distance for different values of the Magnetic field Parameter

fluid velocity(u)

02 0% 0% 08 i
radial distance(y)

P A0 —-PAN - P20

Figure 5: Variation of Velocity Profile of Unsteady MHD Blood Flow along the
radial distance for different values of the Pressure gradient
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Figure 6: Variation of Velocity Profile of Unsteady MHD Blood Flow along the
radial distance for different values of the Reynold number
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Figure 7: Variation of Velocity Profile of Unsteady MHD Blood Flow along the
radial distance for different values of the Hartmann number
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Figure 8: Variation of Velocity Profile of Unsteady MHD Blood Flow along
radial distance at various time
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Figure 9: Variation of Volumetric Flow Rate of Unsteady MHD Blood Flow
with increasing values of the Hematocrit Parameter in the entire arterial region
along the axial direction
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Figure 10: Variation of Wall Shear Stress of Unsteady MHD Blood Flow with
increasing values of the Hematocrit Parameter in the entire arterial region along
the axial direction
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Figure 11: Variation of Resistance to Unsteady MHD Blood Flow with
increasing values of the Hematocrit Parameter in the entire arterial region along
the axial direction
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Figure 12: Variation of Volumetric Flow Rate of Unsteady MHD Blood Flow
with increasing values of the Slip Velocity in the entire arterial region along the
axial direction
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Figure 13: Variation of Shear Stress of Unsteady MHD Blood Flow with
increasing values of the Slip Velocity in the entire arterial region along the axial
direction
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Figure 14: Variation of Resistance to Unsteady MHD Blood Flow with
increasing values of the Slip Velocity in the entire arterial region along the axial
direction
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Figure 15: Variation of Volumetric Flow Rate of Unsteady MHD Blood Flow
with increasing values of the Magnetic Parameter in the entire arterial region
along the axial direction
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Figure 16: Variation of Shear Stress of Unsteady MHD Blood Flow with
increasing values of the Magnetic Parameter in the entire arterial region along
the axial direction
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Figure 17: Variation of Resistance to Unsteady MHD Blood Flow with
increasing values of the Magnetic Parameter in the entire arterial region along
the axial direction
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4. RESULTS AND DISCUSSION

This study is aim at investigating the unsteady magnetohydrodynamic (MHD)
blood flow through a stenosed artery with variable viscosity dependence on red
blood concentration (Hematocrit) and slip velocity at the constricted artery. The
impact of those parameters and other parameters on fluid velocity, volume flow
rate, shear stress and resistance to flow are presented graphically.

From the graphs, it was observed that, increase in Hematocrit parameter lead
to increase in shear stress and resistance to flow but decreases the flow velocity
and volume flow rate. These are shown in figures 10, 11, 2 and 9 respectively. A
significant decrease in fluid velocity and volume flow rate as a result of increase
in hematocrit parameter as shown in figures 2 and 9 respectively occurs because
increase in hematocrit parameter lead to increase in percentage volume of red
blood cells and this bring about increase in density and viscosity of the blood
flow relatively. Increase in density and viscosity slow down the flow velocity of
blood significantly.

Also, from figure 3, increases in magnetic field parameter slightly decreases the
velocity profile of the blood flow. This is because the Lorentz force which opposes
the motion of the blood flow and as a result slow down the flow velocity. It is
seen from figure 4 that velocity profile increases significantly with increase values
of the slip velocity. This is because the slip velocity at the stenotic wall reduces
the effect of induced magnetic field and viscosity and as such influencing the
flow velocity positively. Other parameters that can as well influence the flow
significantly are shown in figures 5, 6, 7 and 8. We observed from the figuresthat
velocity profile decrease with increase values of the shear thickening as shown in
figure 5 while increase with increases values of shear thinning, Reynold number
and pressure gradient as shown in figures 6, 7 and 8 respectively.

Figures 2, 12, 13 and 14 illustrate the effects of slip velocity on fluid velocity,
volume flow rate, shear stress and resistance to blood flow. It is found that fluid
velocity and volume flow rate increase significantly with slip velocity while shear
stress and resistance to flow decreases as slip velocity increases.

Figures 4, 15, 16 and 17 shows the variation of the fluid velocity, volume flow rate,
shear stress and flow resistance for different values of the magnetic parameter.
It is revealed from the graphs that, increase in magnetic parameter slightly lead
to decrease in fluid velocity and volume flow rate as shown in figures 4 and 15
respectively. Also, shear stress and resistance to flow increases as magnetic pa-
rameter increase and these are displayed in figures 16 and 17 respectively. These
happened because higher values of magnetic parameter offer more resistance to
the flow while volume flow rate decreases with increases values of the magnetic
parameter as illustrated in figures 17 and 15.

Other parameters that could have a positive or negative effects on the flow char-
acteristics are Reynolds number, Pressure gradient and Hartmann number.
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Conclusion: The present theoretical study investigated the unsteady magneto-
hydrodynamic (MHD) blood flow through a stenosed artery with variable vis-
cosity dependence on red blood concentration (Hematocrit) and slip velocity at
the constricted artery. In order to illustrate the applicability of the theoretical
analysis, computational work has been carried out by simulating different val-
ues of physiological parameters available in the model. The influences of those
parameters such as hematocrit parameter, slip velocity, magnetic parameter and
other parameters on fluid velocity, volume flow rate, shear stress and resistance
to flow are numerically evaluated using maple computer software and the results
are presented graphically. The findings are highlighted below:

(1) Hematocrit parameter significantly reduces the flow velocity and flow rate
but increases the wall shear stress and flow resistance.

(2) Slip velocity significantly increase the fluid velocity and volumetric flow
rate but reduces the resistance to flow and shear stress.

(3) Magnetic field parameter gradually reduces the fluid velocity and volu-
metric flow rate but offer more resistance to the flow.

(4) Reynolds number and pressure gradient positively influence the fluid ve-
locity while Hartmann number negatively influence the fluid velocity.

(5) Time positively influence the fluid velocity.

Finally, high red blood cell concentration (Hematocrit) which can lead to high
viscosity is a risk factor in the cardiovascular disorder and as such incorporating
slip velocity at the constricted artery can help to reduce blood viscosity. Also,
during surgery and magnetic resonance imaging (MRI), applied magnetic field
could be used to reduce the flow of blood.
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