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Homotopy Perturbation with Laplace Transforms Method for Solving
Singular Initial Value Problems

M. O. OLAYIWOLA AND A. ADEGOKE

ABSTRACT

In this paper, the Homotopy Perturbation Method with Laplace
Transform (LT-HPM) is employed in solving the Lane-Emden
type of differential equations. Application is on linear and
nonlinear Lane-Emden singular initial value problems. Com-
parison with exact solution shows considerable acceleration
in convergence. The method is effective and easy to im-
plement.  The results are also presented in tabular form.

1. INTRODUCTION

Lane-Emden type singular initial value problems (IVPs) are applicable in var-
ious ranges of mathematical problems which are challenging in nature because
of the singularity. The numerical solution is however challenging because of the
singularity at the origin. Researchers have applied different types of method to
solve singular initial value problems (IVPs) [1-2]. For instance, Ramos [3] and
Olayiwola [4] respectively obtained a series approach to the Lane-Emden equa-
tions and comparisons with He’s Homotopy perturbation method and variational
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Iteration method for solution of Emden-Fowler type of singular initial value prob-
lems (IVPs). Approximate solutions of the Lane-Emden equations were obtained
by Homotopy Perturbation method [5-6]. The method was proposed by Huan He
[7-8] and has been successfully applied to solve many types of linear and nonlin-
ear functional equation. Applying Homotopy Perturbation method with Laplace
Transform [9] is a good method for obtaining solutions of linear and nonlinear
Lane-Emden type differential equation which gives more accurate solutions when
compared with exact solutions. In this study, Homotopy Perturbation Method
(HPM) with Laplace Transform (LT) is applied to solve the general Lane-Emden
type of differential equations used in modeling and application to physical and
astrophysics problems [10]. Many benefits are derived from this type of equa-
tion mostly in the area of science and engineering. Momoniat and Harley [11]
obtained an approximate implicit solution by reducing the Lane-Emden equation
of first order differential equation using the Lie group analysis and determining
a power series solution of the reduced equation. The Homotopy Perturbation
Method is spell out in the first stage, the Lane-Emden equation is given in the
third stage while Homotopy Perturbation Method with Laplace Transform (LT-
HPM) in the second stage. Some examples and result analysis and conclusion
were also presented.

2 HomoToprYy PERTURBATION METHOD (HPM)

[13] & [14] illustrated the basic idea of this method. Also [15] considered the
following general nonlinear differential equation:

(1) Auw)—f(r)=0, reQ

with the following boundary conditions:

(2) B (u,0u/on) =0, rel

where A is a general differential operator, B is a boundary operator, f (r) is a
known analytical function and I' is the boundary of the domain 2.

The operator A can be decomposed into a linear part and a nonlinear one desig-
nated as L and N respectively. Then (1) can be written in the following form:

3) L(u)+N(u)—f(r)=0

By homotopy technique, we construct a homotopy v (r,p) : © x [0,1] — R which
satisfies

(4) H(v,p) = (1 =p)[L(v) = L(uo)] +p[A(v) = f(r)]=0
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where p € [0, 1] is an embedding parameter and ug is an initial approximation of
(1) which satisfies the boundary conditions. Then, from (4) we obtained:

(5) H (v,0) = L (v) = L (ug) = 0

(6) H(v,1)=A@) ~f(r)=0

On changing the value of p from zero to unity, v (r, p) changes from ug () to u (7);
in topology this is refers to as deformation, and L (v) — L (up) and A (v) — f (r)
are called homotopic. Since p € [0, 1] can be taking as a small parameter, we
consider the solution of (4) as a power series of p as follows:

(7) v = vy + pui + pPva + ... + p"up

Setting p=1 gives approximation solution for (1).
(8) u=limv =vg+v1 +ve + ... + vy,
p—1

3 LAPLACE TRANSFORM METHOD
The Laplace Transform of a function K (z) is defined by
o0
(9) K(s)=L[K(x)] = / e 'K (x)dx; x>0
0

The integral on the right hand side of (9) exists where s is real and L is the
Laplace transform operator.

4 HoMOTOPY PERTURBATION METHOD WITH LAPLACE TRANSFORM
(LT-HPM)

In this section, we discuss the application of the LT-HPM for the solution of the
Lane-Emden equation:

2
(10) V' + Y+ ()= (@), 0<z <1
X

Multiplying « and taking the Laplace transform on both side of (9) we obtain:

(11) —s72L (y) —y (0) + L{zT (z,y) —zp (2)} =0
where L is Laplace transform operator and L' (y) = de(sy). Then

(12) L'(y) = =y (0) + s L{a7 (2,y) — v (2)}
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and

L(ay") = ~£L (")
(13) L(y") = sL(y) — sy (0) —y/ (0)
L(y')=sL(y)—y(0)

by integrating both side of (11) with respect to s, we have

1) D= [syOds+ [sL{ar () - op (@) ds

Taking the inverse Laplace transform on both sides of (12) and by using the initial
condition y(0) = A, we have:

(15) y(z)=A+ L1 {/ s2L[z7 (z,y) — z¢ ()] ds}
We decompose 7 (y, x) into two parts

(16) T(y,2) = Ky (z)] + N[y («)]

where K [y (z)] and N [y ()] represents the linear term and the nonlinear term
respectively. The Homotopy perturbation method and the He’s polynomials can
be used to solve (10) and to address the nonlinear term. Homotopy perturbation
method with Laplace transform (LT-HPM) denotes a solution by an infinite series
of components given by:

(17) y (@)=Y p"yn(x)
n=0

where the terms y, (x) are repeatedly calculated and the nonlinear ¢ (y) can be
given as:

(18) N(y)=> p"H,(y)
n=0

where N (y) is a non-linear term and H,, (y) is the He’s polynomial. For some
He’s polynomial H,, Mishra and Nagar [16] obtained the following:

(19) y(2) = — 1! {(/s_2y (0)> ds} 4! {/5—2L o7 (2,9) — 20 ()] ds}
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n! opn

10" .
(20) Hy, (Y0, Y1, Y2, - Yn) = [N (szyzﬂ n=0,1,2,..
p=0
Putting the value of (17) and (18) in (16) we obtain:
(21) Ep Yn = A+

p{L™ [ s {(L((Z p"Hn (2)) — 2 (X p"yn (1))} ds}

This is the coupling of the Laplace transformation and Homotopy Perturbation
Method (LT-HPM) using He’s polynomials, see [16] & [17]. Comparing the coef-
ficient of like power of p, then we obtained the following approximations:

P’ yo(x) = A

(22) pl : yl(x) - _Lil 872 ((L (‘7: (HO) -z (yO)))) ds
P> iyp(w) = L7 | [s72 (L (x (H1) =z (y1)))) ds
p*rys(z) = =L [[s72 (L (z (H2) — 2 (y2)))) ds

If the integral on right hand side exists, then y > 0, s is real and L is the Laplace
transform operator. In this section, we used the Laplace Transform (12) to solve
Lane-Emden equations given in (10).

5 THE LANE-EMDEN EQUATION

Lane-Emden is a differential equation, linear or nonlinear with singular initial
value problems (IVPs) of the second order which could be homogenous or non-
homogeneous. The equations of this form are applicable in many field of study.
In this paper, we consider Lane-Emden equation of the form:

2
(23) y'+ -y +a(y)=00<z<1
X

subject to conditions,

(24) y(0)= A,y (0) = B

Also, a nonlinear type of singular initial value problem of the Lane-Emden type
is of the form:

9
(25) y”+5y’+a(x,y)=b($) 0<z<1
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6 NUMERICAL EXAMPLES

Example 1: We consider:
2
'+ =y + (y — 2t +£L’3) = 2122 — 12z + 6.
x

y(0)=0, ¢y (0)=0
The exact solution is y (z) = 22 — 23 + 2. Taking the Laplace of both sides, we
obtained

(26) L(zy") +2L(y) + L (zy) = L (2° — 2" 4 212° — 122° + 62)
Substitute (13) into (25)

27 — L (2L (y) — sy (0) — ¢/ (0)) +2(sL (y) —y (0)) + L (zy) =
L (2° — a* + 2123 — 1222 + 6z)

Integrating (27), we get:
(28) /L’ (y)dy = — / s?L (2° — 2* + 212® — 1227 + 62) ds —|—/3_2L (xy)ds

Applying Laplace Inverse on both sides;

A SR S -1 -2
(29) L(y):@—%—i—%x -z’ +z*+ L s *L(zy)ds

Applying Homotopy Perturbation Method (HPM) on (29)

T T 21
(30) anyn ~ 130 + 2—0x4 —2? 4y pL! (/ s2L (Z P"Yn () ds))
n=0 n=0
equating the co-efficient to the power of p, then,
21 25 af

1 P S BTy S T
(31) Poiyo =" =2+ 550 — g5t o

Pyl = L‘i fs_zL E:E, yog Ew% Zs
p2iys =L~ s “L(x,y1) (x)ds
32) (r.02) ()
(@,y3) (2)

p3iys=L"" fs_zL z,y2) () ds

paiys =L [s72L (z,y3) (x)ds

(33) y =Lt {/5_2L (z,90) (2) ds}
4 5 6 7 8

(34) Y1 =55+ 35— 10+ e — a0

20 ' 30 40 ' 1680 3024
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(35) =1 [ 2L @) as]
6 7 8 9 10
X X A X X
36 == _ -
( ) Y2 840 1680 + 2880 15120 + 332640
Therefore
(37) y@)=yo+y+y2+y3+yat...+yn
.2 21 .4 5 6 xb
(38) 9(79”) T -2 6+20 . —s TR go+30 407L
T
1680 3024 + 3 — 1650 T 2830 — 3120 T 332600
(39) y () =2® — 23 + 2t

Equation (39) is the exact solution to example 1.

Example 2: We consider:

2
y”+5y'+y:2€x(332+333+3)

The exact solution is given as y (z) = 22¢*. Taking the Laplace of both side
yields

L(xy") +2L(y") + L(xy) =
L (6 +122% + 1123 + 62* + 2 + 226 + L™ + 1oaf)

Applying (13) in (40)

(40)

(L)~ ()~ ¥ ) +2(L )~y (0) + L ay) =

(41) 17 8

L< 6:B—|—12:B + 1123 + 62* + 92° + Bab+ >
7 + 7

Integrating we get:

J L' (y)dy =
(42) —[s 2L (62 + 1222 + 1123 + 62" + J2° + 320 + {127 4+ Lha®) ds+
[ s72L (zy) ds

Applying Laplace Inverse on both sides,
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L(y)=-L""
(43) {fLs_IQ{L(}Gx le(sz);_dH}ﬁ + 62t + 2 + g52° + fpa” + gpad) ds}
+L~ S Ty S

Applying Homotopy Perturbation Method (HPM) on (43) we have

132 9 238 19 .7
(44) Z op yn = %%3600 + 120960‘” + 1680 1630% ;L
Sab+ Lab + Hat + a3+ 2® + pL ([ s72L (wy) ds)

Equating the co-efficient to the like power of p, then we have

5) p TR 3 oo 19 o8 o 1,
=y =243 :c = —
—%= 20 5 1680 120960 453600
priyr =L {[s72L (2, 0) (x)ds
(46) p2 Y2 = L_l fS (xvyl) (ZL‘) ds
ps:ys =L {[s2L (z,y2) () ds
paiys =L {[s72L (z,y3) () ds
(47) D1 { (z,y0) (x) ds}
This implies
_ 1.4 1.5 11.6 1 .7 1.8
(48) Mg 307 T pBI0T B0 T T
1512007 1330560033 ~ 184875200%
(19) w1 [ a5
1 10
(50) 275 840li1 + 16801m19 + 6014809” + 1?.%200x 1;’ s ?
19958400 T+ To37836800%L T 2803940533 %
(51) ys = L1 {/3_2L (z,y2) (x) ds}
_ 8 10 11 1 12
Y3 = 60480x - 151305) 66528005” 332640095 ~ 23063040%
(52) 19 13 i 11 15
3632428800 © 21794572800095 ~ 672945727920

(53) =1 [ @ as)
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_ 1 10 1 11 11 12 1 13
Y14 = Gosasop L T 1991%840093 + 1037836{5%):6 + 6052048007
1 14 15 16 11

17
1843238400 % + 871782912000 % 59281238016000 + 205921392743520 ©

(54)

(55) y@)=vo+m+y2+ys+yat...+uyn

1 1 1 1 1 1
56 _ .2 (1 2t a5 e LT
(56) y(z) == <’+$+2x T T T 10" Tae” T soa0”
Equation (56) is the numerical solution to example 2.

Table 1: Comparison of exact solution with numerical solution of ex-
ample 2 at n=3 and 0 <z <1

X Exact Solution Numerical Absolute Error
Solution

0 0 0 0

0.1 ]0.01105170918 0.01105170918 0

0.2 | 0.04885611032 0.04885611033 1E-11

0.3 | 0.1214872927 0.1214872924 3E-10

0.4 |0.2386919517 0.2386919477 4E-9

0.5 |0.4121803178 0.4121802811 3.67E-8

0.6 |0.6559627680 0.6559625404 2.276E-7

0.7 ]0.9867388264 0.9867377543 1.0721E-6

0.8 | 1.4243461940 1.4243420860 4.108E-6

0.9 |1.9922785200 1.9922650630 1.3457E-5

10 2.7182818280 2.7182491500 3.8913E-5

Example 3: We consider:
2
T
y(0)=1,4(0)=0-1

~%*, Taking the Laplace of both sides yields

y'+=(y+y)—y=0

with the exact solution y (z) = ¢

(57) L(zy")+2L(y)+L((2—2)y) =0
Recall that:

(58) L(
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Substitute (58) into (57) we obtained:

(59) —d% (s2L(y) — sy (0) =y (0)) +2(sL(y) —y(0)) + L(2—x)y) =0

Integrating (59) leads to:

(60) /L(y) dy = —/s2d8+/s2L((2 —x)y)ds
Applying Laplace Inverse on both sides:
(61) y=1+L" {/SQL((Q—x)y) ds}

Applying Homotopy Perturbation Method (HPM) on (61)

(62) > plyn=1+pL7! {/ s2L <(2 - ) any”> dS}
n=0

n=0

Equating the co-efficient to the power of p, then

(63) Po Yo = 1
p1iyi = ([s2L((2 —2)yo)ds)
(64) p2 v = ([5L((2—2) ) ds)
Py = ([ 7L (2 — ) o) ds)
pa iy = ([s72L((2 - 2)ys) ds)
(63) v = ( [se-ow ds>
fI,'2
(66) Y1 —r+ g
(67) w=([s2e-oma)
.CC2 1'3 1.4
(0%) =g gty
(69) n=([sr@-omwa)
(70) =l L B s 1

18 36" 5400 5040

(71) = ([ oma)
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1 1 7 11 1
(72) V4= 130" T 270" T s100" T 1323007 362880°
(73) y@)=vo+y1+y2+ys+yst...+un
1 1 1
74 =1— e BT S
( ) y(x) 3U+2x 63: —1—2437

Equation (74) is the numerical solution to example 3.

Table 2: Comparison of exact solution with numerical solution of ex-
ample 3 at n=8 and 0 <z <1

X Exact Solution Numerical Absolute Error
Solution

0 1 1 0

0.1 ]0.9048374180 0.9048374215 3.5E-9

0.2 ]0.8187307531 0.8187308544 1.013E-7

0.3 |0.7408182207 0.7408189426 7.219E-7

0.4 |0.6703200460 0.6703229462 2.9002E-6

0.5 |0.6065306597 0.6065392329 8.5732E-6

0.6 |0.5488116361 0.5488326583 2.10222E-5

0.7 |0.4965853038 0.4966308682 4.55644E-5

0.8 ]0.4493289641 0.4494195609 9.05968E-5

0.9 |0.4065696597 0.4067387460 1.690863E-4

10 0.3678794412 0.3681800359 3.005947E-4

7 DISCUSSION OF RESULTS

In this article, we applied homotopy perturbation method with Laplace transform
to three different numerical problems of singular initial value problems.

In example 1, the method converged rapidly to the exact solution after two it-
erations. In example 2, we present the absolute error in Table 1 where it was
evident that the error is within the range: 3.8913 x 107° < e, < 0. This is
in good agreement with the exact solution. Similarly in Table 2 the absolute
error of example 3 shows that the method is also elegant with error range of
3.005947 x 1074 < e, < 0.

8 CONCLUSION

This paper successfully applied the Homotopy Perturbation Method with Laplace
Transform (LT-HPM) in obtaining the exact solutions for singular Initial Value
Problems (IVPs), the Lane-Emden type of differential equations. The method
shows rapid convergence to series solution when compared with the exact solu-
tions of considered examples. The method is a good tool for singular Initial Value
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Problems (IVPs) of Lane-Emden type, in example 1 it converges directly to ex-
act solutions in just two iterations, while others yield excellent approximations.
The method can be extended to the solutions of systems of Lane-Emden type of
equations.
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