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Functions Defined by Product of Geometric Expressions

F. M. JIMOH1 and K. O. BABALOLA2∗

Abstract

We introduce a new class, Jαn (β), of analytic and univa-

lent functions defined by product of geometric expres-

sions. The univalence of functions in the new class as

well as sufficient inclusion condition is established. The

radius of convexity for the class J1
0 (β) is also obtained.

1. Introduction

Let A denote the class of functions

f(z) = z + a2z
2 + ...

which are analytic in E = {z ∈ C : |z| < 1} and let P be the class of functions

p(z) = 1 + c1z + c2z
2 + ...

which are also analytic in the unit disk E and satisfy Re p(z) > 0, z ∈ E.
Furthermore, for 0 ≤ β < 1, let P (β) denote the subclass of P satisfying
the condition Re p(z) > β and consisting of analytic functions of the form
pβ(z) = β + (1− β)p(z), p ∈ P .
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A function f(z) is said to be starlike of order β if and only if

Re
zf ′(z)

f(z)
> β, z ∈ E

for some real number β such that 0 ≤ β < 1. The class of starlike functions of
order β is denoted by S∗(β).

An analytic function is said to be convex of order β, that is f(z) ∈ C(β) if and
only if it satisfies the condition

Re

(
1 +

zf ′′(z)

f ′(z)

)
> β, z ∈ E.

for 0 ≤ β < 1.

The class Sn(β) introduced in [6] generalizes the class of starlike and convex
functions and it consists of functions satisfying

Re
Dn+1f(z)

Dnf(z)
> β, z ∈ E

for 0 ≤ β < 1 and Dn, (n = 0, 1, 2, ...) is the Salagean derivative defined by

Dnf(z) = D(Dn−1f(z)) = z[Dn−1f(z)]′.

In [5] Singh introduced a subclass of Bazilevic functions denoted by B1(α) and
satisfying the geometric expression

Re
zf ′(z)f(z)α−1

zα
> 0, z ∈ E.

Opoola in [8] defined the class Tαn (β) as the class consisting of functions that
satisfy

Re
Dnf(z)α

αnzα
> β

where β is a real number such that 0 ≤ β < 1, α > 0 is real and Dn is the
Salagean operator and proved that this class consists of univalent functions for
n ≥ 1.

In this paper, we present a new class of analytic functions denoted by Jαn (β)
which is defined by the product combination of the geometric expression for the
classes Sn(β) and Tαn (β). We shall show that this class is a subclass of Tαn (β) and
so consists of univalent functions. Other properties investigated include a suffi-
cient condition for functions to be in the class Jαn (β) and the radius of convexity
for a particular value of n and α.
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Definition: A function f ∈ A is said to be in the class Jαn (β) if

Re
Dnf(z)α

αnzα
Dn+1f(z)

Dnf(z)
> β

for non negative real number α, 0 ≤ β < 1, n ≥ 0 and Dn is the Salagean
operator.

Remark 1. By varying the values of the parameter n, α and β, the class Jαn (β)
generates some existing classes of analytic and univalent functions. For instance
if n = 0 and β = 0, the class Jαn (β) reduces to the class B1(α), if n = 1, we have
the class of functions satisfying

Re
f(z)α−1f ′(z)

zα−1

(
1 +

zf ′′(z)

f ′(z)

)
> β

discussed in [4] which is the product combination of the geometric condition for
the class B1(α) and the class C of convex functions. If α = 0 in the above, then
we have

Re
zf ′(z)

f(z)

(
1 +

zf ′′(z)

f ′(z)

)
> β,

which is a product combination of the geometric condition for starlike and convex
functions. Furthermore, if β = 0, we have the class of functions studied by
Lewandoski et al [9].

2. Preliminary Lemmas

The following lemmas are useful in the proving our main results.

Lemma 1. [3] Let f(z) ∈ A, and α > 0 be real. If Dn+1f(z)α

Dnf(z)α takes a value which

is independent of n, then

Dn+1f(z)α

Dnf(z)α
= α

Dn+1f(z)

Dnf(z)
.

Lemma 2. [2] Let u = u1 + u2i, v = v1 + v2i and ψ(u, v) a complex valued
function satisfying:

(a) ψ(u, v) is continuous in a domain Ω of C2

(b) (1, 0) ∈ Ω and Re ψ(1, 0) > 0
(c) Re ψ(ζ + (1 − ζ)u2i, v1) ≤ ζ when (ζ + (1 − ζ)u2i, v1) ∈ Ω and 2v1 ≤

−(1− ζ)(1 + u2
2) for real 0 ≤ ζ < 1.

If p ∈ P such that (p(z), zp′(z)) ∈ Ω and Re ψ(p(z), zp′(z)) > ζ for z ∈ E.
Then, Re p(z) > ζ in E.

Lemma 3. [1] Let p(z) be holomorphic in E with p(0) = 1. Suppose that

Re

(
1 +

zp′(z)

p(z)

)
>

3β − 1

2β
, z ∈ E
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Then, Re p(z) > 2
1− 1

β , 1
2 ≤ β < 1, z ∈ E and the constant 2

1− 1
β is the best

possible.

Lemma 4. [7] Let p ∈ P . Then, for 0 ≤ β < 1 and |z| < 1,

Re

(
zp′(z)
β

1−β + p(z)

)
≥

 −
2(1−β)r

(1+r)(1+(2β−1)r) , for R1 ≤ R2,

− β
1−β + 1

1−β

(
2R1 − 1−(2β−1)r2

1−r2

)
, for R2 ≤ R1.

where R1 =
(
β−β(2β−1)r2

1−r2

) 1
2

and R2 = 1+(2β−1)r
1+r

The functions given by

p(z) =

{
1−z
1+z , for R1 ≤ R2,
1
2

(
1+ze−iθ

1−ze−iθ + 1+zeiθ

1−zeiθ

)
, for R2 ≤ R1.

show that the inequalities are sharp, where cosθ satisfies the equation

(2R1 − a− α)− 2cosθ[(2R1 − a− α)(1 + α)

+ (1− α)2]r + [2α(2R1 − a− α)(1 + 2cos2θ) + 4(1− α)2]r2

− 2cosθ[(2R1 − a− α)(3α− 1) + (1− α)2]r3 + (2α− 1)r4 = 0

with a = 1−(2α−1)r2

1−r2 .

3. Main Results

Theorem 1.

Jαn (β) ⊂ Tαn (β).

Proof. Let

(1) p(z) =
Dnf(z)α

αnzα

By logarithmic differentiation we have,

Dn+1f(z)α

Dnf(z)α
= α+

zp′(z)

p(z)

using Lemma 1, we have

Dn+1f(z)

Dnf(z)
= 1 +

zp′(z)

αp(z)
.

Then, the geometric condition defining Jαn (β) can now be written as

Re p(z)

(
1 +

zp′(z)

αp(z)

)
> β
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That is

Re

(
p(z) +

zp′(z)

α

)
> β

Define

ψ(u, v) = u+
v

α

on a domain Ω = C2. Then, clearly ψ(u, v) satisfies the conditions (a) and (b) of
Lemma 2. Also,

Re ψ(β + (1− β)u2i, v1) = β +
v1

α
< β

whenever v1 ≤ −
(1−β)(1+u22)

2 . Therefore, ψ satisfies all the conditions of the
Lemma 2 and so Re p(z) > β. That is

Re
Dnf(z)α

αnzα
> β.

Hence f ∈ Tαn (β). �

Since the class Tαn (β) is known to consist of univalent functions only for n ≥ 1
[2], then we have:

Corollary 1. For n ≥ 1, the class Jαn (β) consists only of univalent functions in
E.

Theorem 2. Let f(z) ∈ A. If

Re

(
Dn+1f(z)α

Dnf(z)α
+
Dn+2f(z)

Dn+1f(z)
− Dn+1f(z)

Dnf(z)

)
>
β + 2αβ − 1

2β

Then,

Re
Dnf(z)α

αnzα
Dn+1f(z)

Dnf(z)
> 2

1− 1
β ,

1

2
≤ β < 1.

Proof. Let

(2)
Dnf(z)α

αnzα
Dn+1f(z)

Dnf(z)
= p(z),

then, p(z) is analytic with p(0) = 1. Differentiating (2) logarithmically we have

zp′(z)

p(z)
=
Dn+1f(z)α

Dnf(z)α
+
Dn+2f(z)

Dn+1f(z)
− Dn+1f(z)

Dnf(z)
− α

so that

1 +
zp′(z)

p(z)
=
Dn+1f(z)α

Dnf(z)α
+
Dn+2f(z)

Dn+1f(z)
− Dn+1f(z)

Dnf(z)
+ 1− α.
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Thus, by the hypothesis of the theorem

Re

(
1 +

zp′(z)

p(z)

)
= Re

(
Dn+1f(z)α

Dnf(z)α
+
Dn+2f(z)

Dn+1f(z)
− Dn+1f(z)

Dnf(z)
+ 1− α

)
>

3β − 1

2β

This last expression is equivalent to the expression

Re

(
Dn+1f(z)α

Dnf(z)α
+
Dn+2f(z)

Dn+1f(z)
− Dn+1f(z)

Dnf(z)

)
>
β + 2αβ − 1

2β
.

Thus, by Lemma 3, we have

Re
Dnf(z)α

αnzα
Dn+1f(z)

Dnf(z)
> 2

1− 1
β ,

1

2
≤ β < 1

as required. �

Corollary 2. Let f(z) ∈ A. If

Re

(
Dn+1f(z)α

Dnf(z)α
+
Dn+2f(z)

Dn+1f(z)
− Dn+1f(z)

Dnf(z)

)
>
β + 2αβ − 1

2β
,

then,

f(z) ∈ Jαn (β).

Corollary 3. Let f(z) ∈ A and

Re

(
(α− 1)

zf ′(z)

f(z)
+
zf ′′(z)

f ′(z)

)
> −β − 2αβ + 1

2β
,

then

Re
f(z)α−1f ′(z)

zα−1
> 2

1− 1
β .

If α = 0 and β = 1
2 in the above, we have a result obtained earlier in [1].

Corollary 4. Let f(z) ∈ A. If

Re

(
zf ′′(z)

f ′(z)
− zf ′(z)

f(z)

)
> −3

2
,

then

Re
zf ′(z)

f(z)
>

1

2
.

This next corollary is obtained by putting α = 1 and β = 1
2 in Corollary 2.
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Corollary 5. Let f(z) ∈ A. If

Re

(
zf ′′(z)

f ′(z)
+ 1

)
>

1

2
,

then,

Re f ′(z) >
1

2
.

Theorem 3. Let f(z) ∈ Jαn (β). Then,

Re

(
Dn+1f(z)α

Dnf(z)α
+
Dn+2f(z)

Dn+1f(z)
− Dn+1f(z)

Dnf(z)

)
> 0

for |z| < r0(α, β) where r0(α, β) is given by

r0(α, β) =


A

α(1−2β) , if 0 ≤ β ≤ β0(α),(
B

(1+α2)(1−β)+2α(1−3β)

) 1
2
, if β0(α) ≤ β < 1, β 6= (1+α)2

1+6α+α2 ,(
α

1+α

) 1
2
, if β = (1+α)2

1+6α+α2 .

(3.14)
where

A = [(1 + α2)(1− β)2 − 2αβ(1− β)]
1
2 + β(1 + α)− 1

and

B = 4[αβ(1− β)]
1
2 − [(1− α2)(1− β) + 4αβ]

Proof. Let f ∈ Jαn (β). Then, there exists p(z) ∈ P such that

Dnf(z)αDn+1f(z)

Dnf(z)
= αnzα[β + (1− β)p(z)]

Differentiating logarithmically we obtain

Dn+1f(z)α

Dnf(z)α
+
Dn+2f(z)

Dn+1f(z)
− Dn+1f(z)

Dnf(z)
= α+

(1− β)p′(z)

β + (1− β)p(z)

Let R1 and R2 be as in Lemma 4, by applying that Lemma we have that

Re

(
Dn+1f(z)α

Dnf(z)α
+
Dn+2f(z)

Dn+1f(z)
− Dn+1f(z)

Dnf(z)

)
≥ α− 2(1− β)r

(1 + r)(1 + (2β − 1))

The right hand side of the above equation corresponds to that obtained in The-
orem 1.1 of [3], and so the rest of the proof follows similarly. �
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Corollary 6. If f ∈ J1
0 (β), then the radius of convexity r0(1, β) of f(z) is given

by

r0(1, β) =



(
2(1−β)
(1−2β)

) 1
2 − 1, if 0 ≤ β ≤ 1

10 ,(
−β+[β(1−β)]

1
2

(1−2β)

) 1
2

, if 1
10 ≤ β < 1, β 6= 1

2 ,

2−
1
2 , if β = 1

2 .

This corresponds to a result obtained in [7].
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