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ABSTRACT

In this paper, we prove the existence and uniqueness of a fixed
point for a continuous self- mapping over a closed subset of
Hilbert spaces satisfying nonlinear rational contractive-type con-
dition. This result is extended and generalized for some positive
integer powers of continuous self-mappings in Hilbert spaces.

1. INTRODUCTION

The idea of fixed point theory plays a pivotal role in solving varieties of problems in
mathematics and its application. Several works have been done on the applications, gen-
eralizations and extensions of the Banach contraction principle in diverse areas.

Several authors, such as [7] investigated the extension of Banach fixed point theorem by
removing the completeness of the space with different conditions. [1] considered various
contractive conditions for self-mappings in metric space. [2] also investigated the rational
type of contractions to obtain a unique fixed point in complete metric space. [4] developed
the approach of [7] and proved analogous results involving two mappings on a complete
metric space. [3] developed the approach of [6] and proved analogous results involving two
mappings on a complete metric space.

In this present work, we establish existence and uniqueness of fixed point for a contin-
uous self- mapping over a closed subset of Banach spaces satisfying nonlinear rational

contractive-type condition as an improvement to the works of [9] & [10].
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2. PRELIMINARIES

In this part of the work, we list some useful results that will be useful in the course of our
findings.

Theorem 2.1 ([L1]). Let C be non empty closed subset of Hilbert space H. LetT : C' — C
be self-mappings satisfying the following condition.

T 2
1Tz~ Tyl < o { LAl g o — ylfor allay € 5, o £y, 0 €[0,1/2), 2

0 and 2a+ 8 < 1. Then, T has a common fized point in C.

Theorem 2.2 ([8]). Let C' be non empty closed subset of Hilbert space H.LetT : C — C
be self-mappings satisfying the following condition

lo—TelP+ly—Tyl? g le—Tyl+|y-Tz|?
1Tz =Tyl < o =mmy=rl + A eyl T 712 —ylifor allz,y € C, z #y,

0<a, $<1/2, 0<~v and2a+ 28+~ < 1. Then, T has a unique fixed point in C.

Theorem 2.3 ([5]). Let S be non empty closed subset of Hilbert space H. LetT : S — S
be self-mappings satisfying the following condition

—Ta |2 +lly=Ty|2+lo—Ty|>+ly—Tz| =T+ |ly—Ty||? Jz—Tyl|+|jy—Tz|?
Tz —Ty| < a {”‘”” a a
I vl < a1 \ = ra T =Tyl Ty —Tal 192 \ e Taltly=Tul 793 \ Te=Tyl+ly=Tal

ay ||z —y|| for all z,y € S and 4ay,a2,a3,as > 0 and 4ay + 2a2 + 2a3 + ay < 1. Then, T
has unique fized point in X.

_l’_

Theorem 2.4 ([10]). Let X be a closed subset of a Hilbert space and Ty, Ty be two con-
tinuous self-mappings on X satisfying contraction condition then, Tiand T have unique
common fixed point in X :

x— Tzl |1+ - T — T 1+ —Tix x — T 1+ —Tix
Hﬂx—Iwugm” 1z [1+ [ly wm+@m/ yll [+ [ly — Thl] %H 2yl [1 + [ly — Thl]
L+ ||z -yl L+ o -yl L+ ||z -yl
|z —yll [1+ [[Thz — Toyl|] |z —yl| [T+ [|lo — Ty|] |z —Thz| [1 + [z — Toyl|]
+ay +as ag
L+ |z —yll L+ |ly — Toyl| 1+ |ly — Toyl
Hw—BMW+WE$—BMHaJx—wWﬁwx—Bmmmg |z — Tzl + [y — Toyl| + ||z — ]|
L+ lz -yl L+ [|z -yl L+ |lo = Tyz|| |z — Toyll ly — Tyl |z — y||

rarlZ =Tl 4l =Tzl = Tollons [l — Togl + lly — Taalas 12 — ol
le = Tyl + ly = Tual

For all x,y € X and x # y, where a; (i = 1,2,3,...,13) are non-negative reals with 0 <
Z?:l a; + 3ag + 2 21210 a; + a3 < 1.

Theorem 2.5 ([9]). Let Ty and Ty be two self-mappings of closed subset X of a Hilbert
space satisfying the inequality.

lo = Toyll® [+ ly = Tial?]  Jlz =yl [1+ o — TaylP

1Tz — Toy|* < a
1+ o -y 1+ o =y

+lly = Tzl + o = Toyll?] + 8l -y,

for all z,y € X, © # y, where o, B, 7,9 are positive real’s with 4o + B+ 4y + 6§ < 1.
Then, Tyand Ts have a unique common fized point.
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Theorem 2.6 ([9]). Let X be a closed subset of a Hilbert space and T1,T» be two self-
mappings on X satisfying.

2 2 2 2
o = Tgyll* 1+ lly - TP o=yl [1+ e T3
_|_

2
1Tz = Toy||” < o

L+ |z — ylf? L+ [z =yl

2 2 2
5 [lly = 72l + o = TyI1P] + ollz — w1,
forall xz,y € X, x # vy, where o, B8, 7,8 are positive real’s with 4o+ +4v+ 6 < 1 and
p,q are positive integers. Then, Tyrand Ts have a unique common fized point.
3. MAIN RESULTS

Theorem 3.1. Let X be a closed subset of a Hilbert space andT : X — X be a continuous
self- mapping satisfying the following inequality.

— Tzl |1 -T — Tyl 11 -T — Tyl 1 - T
170 Tyl < o 12 =Tl L+ Ly =Tyl |y =Tyl [+ =Tl Jlo =Ty 1+ lly = Tal]
1+ [lz =y 1+ [lz — vy 1+ [z —y
N |z =yl 1 + [Tz — Tyl] |z =yl 1 + llz — T[] |z — Tz||[1 + [z — Tyl]
Cy4 Cs C6
1+ flz =yl L+ fly — Tyl L+ |ly — Tyl
z—Tyl|[1+||Txz—-T T — 1+ |x—-T x—Tx| + — Tyl + |z —
+C7H yl[ 1+ ] y||]+68|| yll 1+l ylHﬂ,9 l |+ lly = Tyl + llz — yl|
1+ [z —y L+ [z —yl L+ ||z — Tz| [|l= — Tyl ly — Tyll [|= — vl

|z = Ty|* + ||ly — T||?

|z =Tyl + lly — T
forallz,y € X and x # y, where ¢; (i = 1,2,3,...,13) are non-negative real numbers with
0< Z§:1 ¢ + 3cg + 221-1210 ci +ci13 < 1. Then T has a unique fized point in X.

+eun [lz — Tzl + |ly — Tyl]+ciz [llx — Tyl + [ly — Tz|[]+e1s [z — ]

+c10

Proof. We construct a sequence {x,} for an arbitrary point z¢ € X as follows
Tont1 = Twon,  Topye = Txop41, forn=1, 2, 3, ...
We show that the sequence {x,} is a Cauchy sequence in X

|xon — Txan| [1 + ||x2n—1 — Txon—1]|]

Ton1 — Ton|| = || Tw2n — Txon—1|| < 1
H n+ Tl” H n n || 1+ ||x2n — 1‘2”71”
te lxon—1 — Txon—1| [1 + ||z2n—1 — Tx2n] lwon — Txon—1||[1 + ||z2n—1 — Txon]
1+ ||zon — zon—1]| 1+ ||zon — zon—1]|
ey |22n — zon—1|l [1 + | T2, — Tron—1]] |72 — Zan—1l| [1 + ||z2n — T'an|]]
1+ [|x2n — xon—1]| 1+ [|zon—1 — Tx2n—1]|
teg 220 — Txon| [1 + ||z2n — Tw2n—1]|] Lo |22n — Txon—1| [1 + || T2n — Txon—1]|]

1+ ||won—1 — Twan—1]] 1+ ||z2n — Ton—1]|

|z2n — zon—1|l [1 + [[z2n — Txon 1]
1+ ||z2n — x2n—1]|

+cg

o lwon — Txon|| + || z2n—1 — TTon—1| + ||z2n — z2n—1]|
L+ |zon — Txon|| [|z2n — Txon—1| [|[z2n—1 — T22n—1]| [|x2n — z2n—1]]

+
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|20 — Toon— 1 + |T2n—1 — T22n|?
llwon — Txon—1]| + |[|[2n—1 — Tx2n||

teo + 11 [[|won — Taonl| + |220-1 — To2p-1]]]
+e12 [[w2n = Tr20-1]| + w201 — Twanl] + c13 |20 — 2201
This implies
|x2nt1 — zonl| = a (n) [|Txen — Txon—1]|,
where
a(n) = B1 + (e2 + 2¢9 + c10 + c11 + 12) ||z2n — Ton—1]| ’
By + (1 —Cl —Cy —C4—C5 —C9—Clg—C11 — 012) Hmzn — 552n—1”
By =ca+cs+c5+ s+ 2¢9 + c10 + c11 + 12 + ¢13 and

By=1—-c1—cg—cg—cro—c11—C12
Clearly, 6 =a(n) < 1,Vn=1, 2, 3, .., we get
[Zn+1 — znll < 0|20 — il
By induction, we have
[#n41 — anl| < 0" |21 — 2o, n 21,

Taking n — oo, we have ||zp41 — x| — 0.

Hence, {z,} is a Cauchy sequence in X and so it has a limit A in X. Since the sequences
{zon+1} = {Tx2,} and {zop42} = {Tx2,+1} are subsequences of {x,}, and also these
subsequences have the same limit A in X. We now show that A is a common fixed point
of T'. Now consider the following inequality

A =TA| = [IN = z2nt2 + T2nt2 — TA|| = [[(A = 22012) + (T2n42 — TA) || < [|A = Zops2||+HITA — Tzon 41|

< A =TA 1+ [[z2n+1 — Troni1] lz2n+1 — Txons1 |l [1+ [[z2n41 — T[]
s + c2
1+H/\—$2n+1” 1—1—H)\—x2n+1”
[N = Toons1 || [1 + (22011 = TAl] | [IA = 2o | 1+ 1TA = Taonall] | A — 22041 [T+ [[A = TA]
+c3 C
L4 [|A = w2n41| L4 [|A — w2n41| L+ |lz2n+1 — Tzong|
A =TA[[1+ [|A = Twa,41]]] IA = Txopial| [T+ [|TA = Trop 1] IA = 2o 1| [T+ [|A = Tzon41]]]
+c¢ +c7 +cg
1+ |zont1 — Txont1]| L+ A — z2n41]l 1+ |IN— zont1]]
[A = TA| + [lzon+1 — Toonga || + [[A — Ton4a ] 1A = Tzgni1]|* + [[22n1 — TAI”
+c9 +c10

L+ A =TA[[[A = Tzons1l [[T2n+1 — Toantall A — 22| A = Tropiall + [[T2n+1 — TA

+e1n [[|A = TA| + [[z2ns1 — Trangll]+ci2 [|A — Toangal| + [[z2ns1 — T[] +e13 |A — z2nya |-

Letting n — oo, we get ||A —TA|| < (¢1 + ¢+ cg + c10 + c11 + c12) [[A — TA||, since ¢1 +
g+ cg+ cio+ci1 +cio <1, hence A =T
Similarly, from the hypothesis, we get A = T'A by considering the following

A =TA[ = [[(A = z2n41) + ( Z2nt1 — TA)|.

We now show that A is a unique fixed point of 7. Suppose that ¢ (A # t) is also a common
fixed point of T.
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Then, by the hypothesis, we get

IA=TA| 1+ |t =Tt} |t =Tt [L+ [t =TX] , |[IN=Tt|| [1+ ||t —TA|]
A—tl| = ||TA =Tt <
A=t =1 I=<e T+ [[X— ] @ T+ A —1] e T+ [X— ]
A=t [T+ ||TA—Tt|] " A=) [14 |A—=TA|] CGIIA —TA|| [T+ ||x—Tt||]
1+ [A—1] 1+ [t — Tt 1+ ||t — Tt
A =Tt [14 || T — Tt||] C8IIA—tII (14 [|A —Tt] o & — Tl + ||t — Tt[| + [|A — ||
L+ (A=t L+ A=t L+ A =TA[[[A=Tt[[ ||t = Tt|[ | A — ||

IA = T#)* + |It = TA|I*

+c10 +en [[JA = TA[ + [t = Ttf[+caz [|A = Tt + ([t = TAllJ+cas [[A =]
A =Tt + [It = TAl
Thus,
IA=t]| <(cs+ca+cs+cr+cg+cg+cro+2c12+ cas) [|A—t|| <||A—¢]
a contradiction. Hence A = ¢ (common fixed point A is unique in X). O

Theorem 3.2. Let X be a closed subset of a Hilbert space andT : X — X be a continuous
self- mapping satisfying

—Trx|| 1 - Ts — T3yl [1 -Tr — T3yl [1 -Tr
17— o) < o 2= T I = T by = Ty =Tl s = T 1y = T
L+ [lz —yll 1+ [l —yll + |z =yl
by o =yl 1+ |77z — Ty e o =yl 1 + |l — T"|] ’ o — T[] [1 + ||z — T*y]|]
1+ [lz =yl L+ |ly — Ty|| L+ [ly — Ty||
ter o —Toy|| [1+ |77z — T*y||] g o =yl 1 + [z — T*y||] o lz = T"z|| + |ly — Tyl + [lz — y||
1+ |lz =yl 1+ [l —yll L+ |lo = T7z|| ||z = Tyl |y — Tyl |z — |
T royll* + lly =T +en [[le =T 2| + lly = T°ylll+eiz [l = Tyl + [ly — T[] +c13 |z —
|z =Tyl + ly — T7|]
forallz,y € X and x # y, where ¢; (1 = 1,2,3,...,13) are non-negative real numbers with

0< Z?:l c; + 3cg + 2 Zililo ¢ +c13 <1 and r,s are two positive integers. Then T has a
unique fized point in X.

Proof. From Theorem 3.1 T" and T® have a unique common fixed point A € X, so that
T"A=Xand T°X = \. From T" (T'\) = T (T"\) = T\, it follows that T'A is a fixed point
of T". But A is a unique fixed point of T". Therefore TX = A.

Similarly, we can get TA\ = X from T° (T'A\) = T (T°)\) = T\. Hence is a unique fixed
point of T.

Now, we show uniqueness. Let ¢ be another fixed point of T, so that Tt = t. then from
the hypothesis, we have

—T7A| 1 -Tr — T [1 —T"\
H)\_tH:”TTA_TStHSClIIA ML+ —T7¢fl]  JlE =Tt L+t ]

1+ A=t 2 1+ A=t
o A =Tt [14 ||t — T[] ‘o A=t [1 4 |77\ — T°t]]] o A=t [14 [|X = T"A[]
1+ ||IA—¢] 1+ ||IA—¢] 1+ ||t —Tst||
A—T A1+ |\ = T5t A —T5t|[1+ || T"A — T5t A —t][[1+ )= T5t
+Cﬁl! |1+ ]] H]+ 1 |1+ ] m, | |1+ ]] I

C
1+ [t — T5t| 7 L+ [A—¢ 8 L+ [A—¢
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AT+ =Tt + A=t A= Tl = TP
L A =TI =Tt [t =Tt [ — ¢l A= Tstf] + [t — 77|

+eo e [[]A = TA| + [t = T7¢]

e [[A = T7[ + [[t = T"A[]] + cas |A = 2]
Therefore, we have
H)\—tH < (63+C4+C5 +c7+cg+c9 +010+2612+013) H)\—t” < ||)\—tH

ImpliesA = ¢, since c3 + ¢4 + ¢5 + ¢7 + cg + cg + c19 + 2¢12 + ¢13 < 1.
Hence, X is a unique common fixed point of T in X. O

We present the following example to illustrate our main result.

Example 3.3. Let T : [0,1] — [0,1] be a mapping defined by Tz = %3, for all x € [0,1]
with usual norm |z — y|| = [z — y|, for all z € [0, 1].

Proof. From Theorem 3.1, we have

-l e lo-#l] | - #loe %
>~ €1 C2
L+ [lz -yl L+ [lz =yl

3 3
T Y
-7yl = % -

J

6 6

3 3 3 3 3
L o o O e
+c3 + ¢4 + c5
1+ |z -y 1+ z -y 1+Hy_%
3 3 3 3
o 1 N o 1l o | A 1 ek |
+cg +c7 + cg
1+Hy_y§ 1+ [lz -yl L+ [lz -y
3 3 3 2 3 2
N T o A AR
+cg = 3 3 +c1o0 3 | e ||| - 3 V- 6
|| e T R
y? 3
+c12 l‘—g + y—g +cizllz —yl|
On continuing with the procedure in the proof of Theorem 3.1, we get that 0 is the fixed
point of the mapping 7. O

Conclusion. In this paper, we prove the existence and uniqueness of a fixed point for
a continuous self- mapping 7', some positive integers r, s of a pair of continuous self-
mappings 17, T% of Hilbert spaces. These results generalized and extend the results of
some literatures.
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