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Efficient k-Derivative Methods for Lane-Emden Equations and
Related Stiff Problems
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Abstract

Lane-Emden equations are one of singular classes of problems

in mathematical physics. Existing methods for this class of

problems are series and analytical methods. This study focuses

on the exploration of the possibility of a class of multi-derivative

methods for approximating its solution. Taylor’s series expansion

was applied on a new multi-derivative backward differenti-

ation formula to obtain a new class of k-step, k-derivative

method containing one super-future point evaluation. The

k-derivative methods were applied to singular Lane-Emden

Equations and related stiff equations. Matlab codes were

written for the solution of problems considered and the results

obtained showed the competitive strength of these methods

with other methods. The methods developed have good sta-

bility properties, a high degree of accuracy and are effective.

1. Introduction

Some problems in the literature of mathematical physics can be formulated as
equation of Lane-Emden type. The Lane-Emden equation is a second order
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Ordinary Differential Equation (ODE) which is singular at x = 0. The general
Lane-Emden type equations are formulated as:

(1)
y′′(x) + α

xy(x) + f(x)g(y) = h(x), α ≥ 0,
y(0) = A, y′(0) = B.

where α, A, and B are real constants and f(x), g(x), and, h(x) are some given
functions.
The peculiarity of Lane-Emden equation at x = 0 causes a stiff scenario at the
start of integration.

2 Literature Review

Lately, the problem of obtaining efficient methods for the solution of stiff systems
has been the focus for researchers and as a result, much successful class of meth-
ods have been proposed. Enright (1974) proposed a second derivative method for
the solution of stiff system of ODEs and the stability properties of the A-stable,
high order method was improved by Cash (1981), Ismail and Ibrahim (1999),
Hojjati, Rahimi-Ardabili and Hosseini (2006) and Mehdizadeh, Rahimi-Ardabili,
and Hojjati (2009). In order to improve on these results, many other methods
have been proposed. Dahlquist (1963) showed that A-stability linear multi-step
method, for the solution of stiff problems or related systems, has to be of maxi-
mum order 2 and must be implicit. According to Hairer and Wanner (1996), the
search for higher order A-stable multi-step methods can be carried out in two
main ways: using higher derivatives of solutions and including some additional
stages, such as off-step points or super-future points or the like of it.
Butcher (1966) introduced the general linear methods as a unique methodology
for the traditional methods to study the properties of consistency, stability and
convergence, and to formulate new methods with a clear advantage over tra-
ditional methods. According to Hojjati (2015), one of the main directions to
construct methods with higher order and extensively stability region, is using
higher derivatives of the solutions and some methods have been introduced that
have good properties, especially for stiff problems as in (Enright (1974), Cash
(1981), and Hojjati, Ardabili & Hosseini (2006)). Although general linear meth-
ods include traditional first derivative methods, they were extended to second
derivative general linear methods to cover second derivatives. Second derivatives
method was presented by Cash (1981) and a modified method was also presented
in Cash (1983). Cash (2000) applied his modified method to the solution of stiff
IVPs and Differential-Algebraic Equations (DAEs). New classes of methods were
introduced by Butcher and Hojjati (2005) and were studied more in (Abdi & Ho-
jjati (2011(a) & 2011(b)), Abdi, Bras & Hojjati (2014), and Ezzeddine, Hojjati &
Abdi (2014)). A special class of this method was presented by Ismail & Ibrahim
(1999) and Mehdizadeh, Oskuyi & Hojjati (2006, 2012). The class presented by
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Hojjati et al. (2006) was explored in the solution of singular Lane-Emden type
of equation in Hojjati & Parand (2011).
In the quest of exploration of super-future points technique of approximation,
Most works in this class of linear multi-step methods have been based on Back-
ward Differentiation Formula (BDF), because of its special properties (Hojjati,
2015). Different authors have produced different modifications and among the
first is the Extended Backward Differentiation Formulae (EBDF) by Cash (1980)
in which one super-future point technique was applied. This method was A-
stable up to order 4 and A(α)-stable up to order 9. Optimization of necessary
computations of EBDF was carried out by Cash (1983) and Hosseini & Hojjati
(1999) using a Modified Extended Backward Differentiation Formulae (MEBDF)
and Matrix Free MEBDF (MF-MEBDF) respectively. Using one free parameter
technique and with a blended application of implicit and explicit extended back-
ward differentiation formulae, the work of Fredbeul (1988) and Hojjati, Rahimi
and Hosseini (2004) were introduced. Ebadi (2011) proposed a class of multi-step
methods for Solving Initial Value Problems (IVPs). The method was based on
super-future points technique. An extended hybrid BDF Methods was developed
by Ebadi & Gokhale (2014) and was applied to nonlinear parabolic PDEs. A
class of parallel methods with a super-future points technique for the numerical
solution of stiff systems was proposed by Hojjati (2015). Kleefeld & Martin-
Vaquro (2016) in their paper, SERK2v3: Mildly Stiff Nonlinear PDEs, presented
the solution of parabolic PDEs. Some continuous second derivative multi-step
methods for numerical integration of IVP in ODEs was presented in the work of
Awoshiyan (2017) and Jator & Coleman (2017) presented a nonlinear second de-
rivative method with a variable step-size based on continued fractions for singular
IVPs and applied same to the solution of some parabolic PDEs.
It is on this note we have the motivation to obtain a class of high derivative
methods with a high order and A-stability property which are consistent and
convergent using one super-future technique over two parameters. This is for the
purpose of improving the accuracy and stability of the class of methods then use
for solution of singular and stiff problems in ODEs.

3 Development and Analysis of Methods

This section contains the developmental process of the proposed methods.

3.1 Development.

Multi-derivative Multi-step Methods. The general linear multi-derivative
multi-step method is given as:

(2)

k∑
j=0

αjyn+j +

k∑
i=0

l∑
j=0

hjαijf
(j−1)
n+i = 0, n = 0, 1, 2, ...
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for solving IVP: y′ = f(x, y), y(0) = y0, where yn is an approximation to y(xn),

xn = nh, h > 0 and f
(j)
m = f (j)(xm, ym)

New k-derivative k-step Methods. We propose a new class of Multi-derivative
Backward Differentiation Formula of the form:

(3)

k∑
i=0

αiyn+i =

k∑
j=1

hj(βjkf
(j−1)
n+k − β

∗
jkf

(j−1)
n+k+1);

for solving IVP: y′ = f(x, y), y(0) = y0, where yn is an approximation to y(xn),

xn = nh, h > 0 and f
(j)
m = f (j)(xm, ym) such that:

f (0)(x, y) = f(x, y),

f (j)(x, y) =
∂f (j−1)(x, y)

∂x
+ f(x, y)

∂f (j−1)(x, y)

∂y
,

where αk = 1, k ≥ 1, αi, βjk and β∗jk, i = 0(1)k, j = 1(1)k are parameters
to be determined. It could be observed that there are 3k unknown parameters
∀ k. Using Taylor’s series expansion, a system of 3k algebraic system of equa-
tions was obtained ∀ k. The resulting equations were then solved to obtain these
parameters. The coefficients of the k-step, k-derivative methods of class (3) are
given in Table 1, for k = 1, 2, 3, 4. In this form we use the one super-future point
technique. Assuming the values of yn+j at the points xn+j , 0 ≤ j ≤ k − 1 are
known, we carry out the following computations:

Algorithm. Stage 1 (First Predictor): Compute yn+1 as the solution of:

(4) yn+1 = yn + hfn

Stage 2 (Next predictor): Compute yn+s+1 as the solution of:

(5) yn+s+1 = yn+s +
h

2
(fn+s+1 − fn+s), s = 1(1)n+ 1

Stage 3: Evaluate

f
(j)
n+k = f

(j)
n+k(xn+k, yn+k)

f
(j)
n+k+1 = f

(j)
n+k+1(xn+k+1, yn+k+1), j = 0, 1, · · · , k − 1.

Stage 4: Compute yn+k as the solution of:

(6)

k∑
i=0

αiyn+i =

k∑
j=1

hj(βjkf
(j−1)
n+k − β

∗
jkf

(j−1)
n+k+1);

where the coefficients of the k-step, k-derivative class of method (3) are given in
Table 1, for k = 1, 2, 3, 4.
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Table 1: Coefficients in (3)

Analysis of Methods. This section contains the analysis of the proposed meth-
ods.

3.2 Analysis.

3.2.1 Order and Error Constant. In this section, we analyze the methods
using Taylor’s series method for derivation of order and error constant of the
methods. We associate the linear difference operator L defined by:

(7) L[y(x);h] =
k∑
i=0

αiy(x+ ih)−
k∑
j=1

hj(βjky
(j)(x+ ih)− β∗jky(j)(x+ (i+ 1)h))

where y(x) is an arbitrary function, continuously differentiable on [a, b].

Expanding y(x + ih) and its derivatives y(j)(x + ih) as Taylor’s series about x,
and collecting terms gives:

(8) L[y(x);h] = c0y(x) + c1hy
(1)y(x) + · · ·+ cqh

qy(q)(x) + · · ·

where cq are constants.
The class of method (3) is of order p if:

(9) L[y(x);h] = cp+1h
p+1y(p+1)(x) + o(hp+2); cp+1 6= 0
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where

(10)

c0 = α0 + α1 + α2 + · · ·+ αk, αk = 1
c1 = α1 + 2α2 + · · ·+ kαk − (β1k − β∗1k)

...

cq = 1
q!(α1 + 2qα2 + · · ·+ kqαk)−

∑k
j=1

(k)q−j

(q−j)!βjk +
∑k

j=1
(k+1)q−j

(q−j)! β
∗
jk


Also, if we define the polynomial;

(11) ρj(ξ) =
k∑
i=0

αiξ
i

we shall always assume that the polynomial has no common factors, then:

(12)
cp+1

ρ′0(0)

is the Error constant.
The table below shows the Order and Error Constant of class of methods (3) for
k = 1, 2, 3, 4.

Table 2: Order and Error Constant of (3)

k Order Error Constant

1 2 + 5
12

2 5 − 5
666

3 8 − 318329027
2417408243640

4 11 − 78657614148955409376656
41262904227964706020276675

3.2.2 Consistency and Zero-stability. Definition (Lambert, 1973): The
linear multi-step method (3) is said to be consistent if it has order p ≥ 1.
Definition (Lambert, 1973): The linear multi-step method (3) is said to be
zero-stable if no root of the first characteristic polynomial ρ(ξ) has modulus
greater than one, and if every root with modulus one is simple.
Thus, we now introduce the first and second characteristic polynomials of the
method as defined as:

(13)
ρ(ξ) =

∑k
j=0 αjξ

j

σ(ξ) = (β1k − β∗1k)ξj

It follows from (13), that:

(14) ρ(1) = 0; ρ′(1) = σ(1)

Thus, for a consistent method, the first characteristics polynomial always has a
root at ±1.
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3.2.3 Convergence. Theorem (Lambert, 1973): The necessary and suffi-
cient conditions for linear multi-step method to be convergent are that it be con-
sistent and zero-stable. Thus, since the method (3) is consistent and zero-stable;
we say it is convergent.

3.2.4 Stability. We investigate the stability properties of the method by apply-
ing it on the test IVP:

(15) y′ = λy, y′n = λyn, y
′′
n = λ2yn, · · · , y(n)

n = λnyn.

Putting (15) in (3), we get the characteristic equation:

(16)
k∑
j=0

αjξ
j −

k∑
j=1

zj(βjkξ
k − β∗jkξk+1) = 0, z = hλ

Stability Domain of the Methods

Figure 1: Stability Domain for k=1
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Figure 2: Stability Domain for k=2

Figure 3: Stability Domain for k=3
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Figure 4: Stability Domain for k=4

4 Computational Results

In this section, the new methods are implemented on the solution of Lane-Emden
equations and related stiff problems.

4.1 Numerical Example

Example 1. Consider the nonlinear system of stiff differential equations of the
form (Mehdizadeh et al., 2012):

(17)

y′1 = λy1 + y2
2, y1(0) = −1

λ+2 ,

y′2 = −y2, y2(0) = 1, λ = 10000

y1(x) = −exp(−2x)
λ+2 , y2(x) = exp(−x).

See Table 3 for the results.

Example 2. Consider the following stiff equation of the form (Mehdizadeh et
al., 2012):(

y1

y2

)
=

(
−α −β
β −α

)(
y1

y2

)
+

(
(α+ β − 1) exp(−x)
−(α− β − 1) exp(−x)

)
(18) (y1(0), y2(0))T = (1, 1)T

The required solution is:

y1(x) = y2(x) = exp(−x)

See Table 4 for numerical results.
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Example 3. Consider the Lane-Emden equation of the form (Hojjati & Parand,
2011):

(19)
y′′(x) + 2

xy
′(x)− 2(2x2 + 3)y = 0, x ≥ 0
y(0) = 1, y′(0) = 0
y(x) = exp(x2).

See Table 5 for numerical results.

Example 4. Considering the two-point boundary value problem of Lane-Emden
type (Ascher & Petzold, 1997; pg 188):

(20)
y′′(x) + 4

xy
′(x) + (xy(x)− 1)y(x) = 0, 0 < x <∞

y′(0) = y(∞) = 0.

This is a well-behaved problem with a smooth, nontrivial solution. To solve it
numerically, the interval [0,∞] by a finite, large interval [0, L] and require:

(21) y(L) = 0.

See Table 3 for computational results.

4.2 Discussion of Results

Table 3: Numerical Comparison for Example 1 for h = 0.0001
n x yi Exact Error of Mehdizadeh et al. (2012) Error of New Method

3 y1 -2.4782565254 E -07 2.478147 E -11 2.571397 E -15
y2 4.9787068368 E -02 2.471093 E -06 2.109007 E -13

5 y1 -4.5390851592 E -09 3.450271 E -14 4.709278 E -17
y2 0.0067379470 E -03 2.304573 E -08 2.854314 E -14

10 y1 -2.0607414741 E -13 3.456372 E -18 2.153933 E -21
y2 4.5399929762 E -05 3.150734 E -10 1.695692 E -16

CPU time NA NA 6.03125s

It could be observed from Table 3 that the new method shows superiority over
the method of Mehdizadeh et al. (2012) interms of accuracy. The computation
time of new method was also presented. The new method executes the problem
in 6.03125s.
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Figure 5: Graphical Comparison of New Method with Exact for Example 1

Figure 6: Comparison Graph of Absolute Error for y1(x) in Example 1

Figure 8: Comparison Graph of Absolute Error for y2(x) in Example 1
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Table 4: Numerical Comparison for Example 2 for α = 1, β = 30, h = 0.09
x yi Exact Error of E2BD Cash (1981) 1 Error of E2BD Cash (1981) 2 Mehdizadeh et al. (2012) New Method (3)

4.5 y1 1.110899654 E -02 <1.000000 E -11 <1.000000 E -11 3.000000 E -12 8.482352 E -12
y2 1.110899654 E -02 <1.000000 E -11 <1.000000 E -11 3.000000 E -12 3.551161 E -12

9.0 y1 1.234098041 E -04 <1.000000 E -13 <1.000000 E -13 3.000000 E -15 9.212352 E -14
y2 1.234098041 E -04 <1.000000 E -13 <1.000000 E -13 3.000000 E -15 3.856778 E -14

13.5 y1 1.370959086 E -06 <1.000000 E -16 1.000000 E -12 7.000000 E -17 1.000517 E -15
y2 1.370959086 E -06 <1.000000 E -16 1.000000 E -12 6.000000 E -17 4.188690 E -16

18.0 y1 1.522997974 E -08 <1.000000 E -18 1.000000 E -12 1.000000 E -20 3.384886 E -13
y2 1.522997974 E -08 <1.000000 E -18 1.000000 E -12 2.000000 E -20 1.136459 E -12

CPU time NA NA NA 0.265625s

Figure 7: Graphical Comparison of New Method with Exact for Example 2

Remark
The formula of E2BD-Class 1 and Class 2 reported by Cash (1981) with order 7
is unstable for this problem. The formula reported in Mehdizadeh etal. (2012) is
of order 7 and when compared with the new formula of order, 5 for large x, the
new formula gives relatively close results, where error is absolute.

Table 5: Numerical Comparison for Example 3 for h = 0.001
n x Exact Error of Hojjati & Parand (2011) Error of New Method

0.25 1.0644944589 1.770000 E -13 0.000000 E 00
0.50 1.2840254167 2.140000 E -13 2.220446 E -16
0.75 1.7550546570 2.930000 E -13 2.220446 E -16
1.00 2.7182818285 4.540000 E -13 4.553855 E -09

CPU time NA NA 0.203125s
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Figure 9: Graphical Comparison of New Method with Exact for Example 3

Figure 10: Comparison Graph of Absolute Error for y(x) in Example 3

The new method shows superiority over the method of Hojjati & Parand (2011)
in the singular problem of Lane-Emden type equation considered.

Error is absolute error obtained from the absolute difference between method and exact
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Table 6: Numerical Comparison for Example 4 for L = 20, h = 0.01
n x Exact Trapezoidal Method New Method (3), k = 1 New Method (3), k = 2 ErrorT ErrorNM1 ErrorNM2
0 0.00 1.0000000000 0.9895790336 1.0000000000 1.0000000000 1.042087 E -01 0.000000 0.00000
10 0.10 0.9991903280 0.9994740630 0.9985787057 0.9991895180 2.839649 E -04 6.121179 E -04 8.108565 E -07
20 0.20 0.9963965082 0.9966831113 0.9957552830 0.9963929085 2.876396 E -04 6.435388 E -04 3.612714 E -06
30 0.30 0.9916252651 0.9918960383 0.9910039115 0.9916169193 2.730600 E -04 6.266012 E -04 8.416284 E -06
40 0.40 0.9849050878 0.9851541327 0.9843146903 0.9848900963 2.528618 E -04 5.994461 E -04 1.522126 E -05
50 0.50 0.9762759469 0.9764999453 0.9757190939 0.9762524893 2.294418 E -04 5.653874 E -04 2.402763 E -05
60 0.60 0.9657888987 0.9659855667 0.9652650355 0.9657552550 2.036346 E -04 5.424200 E -04 3.483546 E -05
70 0.70 0.9535055817 0.9536732477 0.9530126260 0.9534601524 1.747421 E -04 5.169930 E -04 4.764450 E -05
80 0.80 0.9394976138 0.9396350629 0.9390326173 0.9394389376 1.463006 E -04 4.949417 E -04 6.245487 E -05
90 0.90 0.9238458964 0.9239522992 0.9234053868 0.9237726666 1.151738 E -04 4.768215 E -04 7.926625 E -05
100 1.00 0.9066398373 0.9067147093 0.9062200312 0.9065509152 8.258186 E -05 4.630351 E -04 9.807875 E -05
500 5.00 0.0829091375 0.0827111730 0.0826118473 0.0827027952 2.387728 E -03 3.585735 E -03 2.488776 E -03
1000 10.0 4.6316606012 E -05 4.5840471433 E -05 4.5728064580 E -05 4.5856321283 E -05 1.028000 E -02 1.270692 E -02 9.937790 E -03
1500 15.0 1.7434064512 E -10 1.7025585987 E -10 1.6956708532 E -10 1.7046401900 E -10 2.342991 E -02 2.738065 E -02 2.223593 E -02
2000 20.0 4.4216886644 E -18 4.2253253158 E -18 3.9773892727 E -18 4.2483542553 E -18 4.440913 E -02 1.004818 E -01 3.920095 E -02

CPU time 0.2188s 0.2188s 0.2344s

From Table 6, the new methods compared favourably with an existing method.
The error considered is relative and calculated using |Exact - Numerical method|/Exact.
The CPU time was also computed.

Figure 11: Graphical Comparison of New Method with Exact for Example 4
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Figure 12: Comparison Graph of Relative Error for y1(x) in Example 4

Computational Details

It could be noted that at each stages 1,2 and 4 of the algorithm, a system of
nonlinear equations must be solved in order to obtain the desired approximation.
To solve these nonlinear systems, a Newton-Krylov solver i.e nsoli.m was used and
then a direct method is used to solve any resulting system of linear equations. It is
important to point that the numerical methods were programmed via MATLAB
9.2 version on a personal computer with the following specifications:

System name- Acer Aspire E15
Processor- Intel(R) Pentium(R) CPU N3530 @ 2.16GHz
Installed memory (RAM)- 4.00GB
System Type- 64-bits Operating System, x64-based processor
Operating system- 3.9 Windows Experience Index
Moreso, computational experiments were done with software optimization and

only the points of emphases were shown.

Conclusion

It could be concluded, from Figures 1-4, that the new method which is a k−
derivative method with one super point is A-stable for order p, p = 3 and A(α)-
stable for order p, p = 5, 8, 11.
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The table below shows the nature and interval of stability for k = 1, 2, 3, 4.

Table 7: Nature and Interval of Stability for new Methods
Method Nature of Stability Interval of Stability
k = 1 A-stable [1,0]
k = 2 A(α)-stable (-3,3)

k = 3 A(α)-stable (−1, 1
4 ]

k = 4 A(α)-stable [-21,16]

On the other hand, Tables 3-6 demonstrate that the new method, for which
the MATLAB code nsoli.m was used, has great execution in sparing CPU time
when compared to the methods of Cash (1981), Hojjati & Parand (2011) and
Mehdizadeh et al. (2012). Also, from Figures 5 - 12, the relative and absolute er-
rors of the new methods introduced demonstrate the new methods created more
precise outcomes when compared with these existing methods with the least time
of computations.
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