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Effect of Brownian Motion and Thermophoresis on Heat and Mass
Transfer of a Three- Dimensional Casson Fluid Flow Over a
Stretching Sheet with Velocity Slip

A. S. ObpesorA, 1. O. ABIALA* AND O. J. FENUGA

ABSTRACT

This paper provides a numerical investigation on the effect of
Brownian motion on the heat and mass transfer of a steady
laminar MHD three-dimensional, Casson fluid flow over a surface
which is stretched linearly in two lateral direction with convective
surface boundary conditions. The governing Partial Differential
Equations of the flow are transformed into a highly nonlinear
coupled Ordinary Differential Equations (ODEs) consisting of
continuity, momentum, energy and concentration equations via
a suitable similarity variables. The resulting system of ODEs
are solved using Finite Element Methods (FEM). The influence
of the embedded parameters such as Prandtl, Porosity, thermal
radiation, Brownian motion, Thermophoresis, Lewis number,
Biot number are presented on the velocity, temperature and
concentration. The effects of local skin friction coefficients, local
Nusselt and Sherwood numbers are also obtained and presented.
The result obtained favourably agreed with the existing ones.
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1. INTRODUCTION

The present century has a better understanding of the principles of fluid dy-
namics and adopted it to many practical problems. Most of the problems in
fluid dynamics are inherently nonlinear. So, these problems or phenomena are
modelled by ordinary or partial differential equations. Solutions of these partial
differential equations are important in predicting the future states of the problem
phenomena under the study. It is well known fact that the fluids that appear in
industrial and engineering processes are mostly non — Newtonian fluids [1].

The flow application of non — Newtonian fluids are evident in polymer processing,
wire and fibre coating, heat exchangers, extrusion process, chemical processing
equipment, to mention a few [2]. Combining heat transfer with the concept of
stretching flow is vital in these areas of application. Non — Newtonian fluid
exhibits nonlinear relationship between the shear stress and rate of shear strain
[3]. It has attracted the attention of new researchers due to their huge range of
practical applications in engineering, science and industries ([4] & [5]).

The materials that falls into the category of non-Newtonian fluid include sugar
solution, colloidal and suspension solution and honey lubricants. The properties
of such materials cannot be explored by simple Navier Stokes equations, there-
fore various kinds of non-Newtonian fluid models depending on different physical
characteristics are developed, such as the Casson fluid, Jeffrey fluid, Maxwell
fluid, Williamsom, Micropolar, and Nanofluid ([1], & [6]-[10]). In the category of
non — Newtonian fluid, Casson has a distinctive features [4]. Human blood, jelly,
honey, concentrated fruit juices, tomato sauces are some examples of Casson fluid
[5].

The study of heat transfer in the stretched flow is important because of its exten-
sive application in chemical engineering. Several processes in chemical engineer-
ing including metallurgical process and polymer extrusion process involved cool-
ing of molten liquid being stretched into a cooling system, glass fibre and paper
production ([8]-[11]). The quality and final product formation in such processes
are dependent on the rate of cooling and stretching [12]. The heat transportation
analysis in view of the non-Newtonian fluids have achieved a great significance in
technology and science applications like production of synthetic liquids, electro
rheological liquid, biological liquids movement, plastic products manufacturing
through extrusion, chemical in district (heating/cooling) [13]. Casson fluid is clas-
sified as the most popular non — Newtonian fluids which has several applications
in food processing, metallurgy, drilling operations and bio — engineering opera-
tions [3]. Earlier, Nadeem and others [4] discussed the MHD three-dimensional
Casson fluid flow past a porous linearly stretching sheet. It was obtained that the
porosity parameter, Casson fluid parameter and magnetic parameter reduces the
momentum boundary layer thickness in both directions. [14] studied an unsteady
MHD Casson fluid flow over a vertical cone and flat plate with non-uniform heat
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source/sink and the results indicate that an increase in Casson fluid parameter
is found to decelerate the fluid flow by increasing the plastic dynamic viscosity
whereas it enhances the shear stress in flow regime. [15] studied the unsteady
magnetohydrodynamic free flow of a Casson fluid over an oscillating vertical plate
with constant wall temperature. Mahanta and Shaw [3] investigated the problem
of a magnetohydrodynamic three dimensional Casson fluid flow past a porous lin-
early stretching sheet. The spectral relaxation Method (SRM) was used to solve
the governing equations. [16] considered the analysis of three dimensional MHD
flow of couple stress Casson fluid past an unsteady stretching surface with the
effect of chemical reaction and convective boundary conditions. [13] elaborated
the Soret-Dufour characteristics in mixed convective radiated Casson fluid flow
by exponentially heated surface, the result signifies the characteristics of temper-
ature corresponding to convective and radiation values. This work examines the
effect of Brownian motion and thermophoresis on heat and mass transfer of MHD
three-dimensional Casson fluid over a linearly stretching sheet with velocity slip
through a porous medium and solved numerically using Finite Element Method

2. MATHEMATICAL ANALYSIS

We consider a steady, three- dimensional, viscous, incompressible, laminar MHD
boundary layer Casson fluid flow, of a conducting heat and mass transfer over
a stretching sheet through porous medium which is continuously stretched along
xy-plane, while the fluid is situated at z = 0. It is also assumed that u, v and ware
the velocity component of z, y and z-directions respectively. A constant induced
magnetic field of strength By is applied perpendicular to the stretching sheet in
the z- direction and the effects of induced magnetic field is negligible since the
magnetic Reynolds number is assumed to be small. The flow is caused by the
stretching of the sheet that moves in its own plane with the surface velocityu =
ar + ya—g, v = by + 'y%, and w = 0,where a,b (stretching rate) are positive
constants. The fluid has no lateral motion at z — oo, the effects of thermal
radiation and heat generation are taken into consideration.
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Nano-fluid Regime

Figure 1: Physical Model and Coordinate System

The constitutive equation of state for an isotropic and incompressible Casson
fluid is as follows ([16]-[20]):

2(#B+%)6ij,ﬁ>ﬂ'c
(1) Tij = Py
2(#B+ﬁ>€ij,ﬂ'<ﬂ'c

where 7;; is the (¢, j)th component of the stress tensor, ppis the plastic dynamic
viscosity of the non-Newtonian fluid, Pz is the yield stress of the fluid, 7 is
the product of the component of deformation rate with itself (7 = e;je;;), e;; is
the component of deformation rate, 7. is the critical value of product based on
non-Newtonian model, 8 = ug\/2m. / P, is the Casson parameter. Under the
above assumptions, using the Oberbeck Boussinesq and boundary layer approx-
imations, the governing equations describing the continuity, momentum, energy
and concentration can be written in Cartesian coordinates as follows:

(2) @ + @ + 8710 _
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The associated boundary conditions are as follows:

(7)

u:aaz—i-’y%, v:by—i-’y%, w =0, —/{:%—Z =ny(Ty=1T),
—Dp% =n, (Cs—C), z=0;

u—0,v—=0,T =Ty, C—Cyx, as z—

There is no lateral motion at z — oo, where nyis the convective heat transfer
coefficient, ng is the convective mass transfer coefficient and Ty and Cg are the
convective fluid temperature and concentration below the moving sheet.
®) dqr  —40* OT* _ —160*T3 0°T

0z  3k* 0z 022 022
Using Rosseland’s approximation [21] & [22], where u, v and w are the velocity
components in z, y and z-direction respectively § = up+/2m./ Pz is the Casson
fluid parameter, B is the magnetic induction, (pC,),  is the heat capacity of the

n
nanofluid particle, (pC),) 7 is the heat capacity of the bgse fluid, py, ,is the nanofluid
density, py is the base fluid density, oy, Electrical conductivity of the nanofluid,
Kn, is the thermal conductivity of the nanofluid, U,,is the dynamic viscosity
of the nanofluid, ¢*, k* are the symbols used for the absorption coefficient and
the Stefan Boltzmann constant respectively. In order to transform the set of
equations (2) to (7) the following similarity variables are introduced [23] & [24]:

w=azf (n),0="byg (n),w=— (@) 2 (f+g) () ,n= /22
(9) 9(77) _ T-Tw h (77) _ C—Cx f

T Ty =T Cw—Coo

f (n) and g (n) are dimensionless velocity along zandydirection respectively 6 (1) is
the dimensionless temperature and A () is the dimensionless concentration. The
important parameters in this problem are defined as follows:

(10)
M- onsB3 Ky = Y op 46*T3, Nb — TDp (Cy — Cx) Nt — TDp (Ty — Teo)
apnys aK’ k*kp s’ kg ’ aK ’
p vf (10)B vf (vf)é B N (vf>§ B a?x?
K Tk \a) T T D \a) T pCy (T — Tao)
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b2y2 Q
FEc, = ,0 =
Y pCp (T — Tio) apC,
_ gnfBT . . é _ gnfBC .
(11) Gr = e (Ty —Tx), s= o Gs = o (Cw — Cx)

The physical quantities of engineering interest are the local skin friction coefficient
in x and y directions, the Nusselt number which represents the Fourier rate of
heat transfer at the surface of the sheet and Sherwood number which denotes
the Hicks rate of mass transfer at the surface of the sheet. These quantities are
defined as follows;

(12)
Twz Tw ou ov
Ctz = 2 Cry = m}%, Twz = [ (8z> o Tw A <8z> =0
Tqw Tgm
]- N ey —— h$ . S —
W8) Nuo =y " = 5y (€ — )
(14)

4R oT oC
=" <kf - 3> (az>z:O, dm = _DB <8z>z:O

Twz and T,y are the wall shear stress along x and y— directions respectively g,,and
gm are the heat flux and mass flux at the surface respectively. Applying similarity
variables to the concentration terms in equation (12) and the Nusselt number and
Sherwood numbers parameters in equation (13), we have

(15)
CpRe® = <1 " ;> 0. CpRe? = (1 * ;> ¢(0)(16) N, Re 2
= - (1 + 45) 7(0),  ShoRe’™2 = —1(0)

where Re = “%Jf is the local Reynolds number based on the stretching velocity.

Using the relation in equation (9) alongside the equations (10-17), equation (2)
is identically satisfied [23] & [24] and consequently using the assumption that
f'=rand ¢ =t , to reduce the order of nonlinear differential equations, the
system of equations (3)-(6) becomes;

(16)

<1 - ;) () +(f () +sg ()7’ () —(r(n))>=r(n) (M + K1)+Gr(n)+Gsh(n) = 0

an (1 T ;) )+ (£ )+ sg(m) e (n) — () (M + K) — () = 0
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(18)
(1-+ 490"r) + Pr(r (o) +s9(n) () + NE(O'(0))* + No ()12
+M Pr | Ee, () + Ee, (9 (0))*] +Pr [Be (£ (1) + Ee, (9" (n))’]
+oPro(n) + [A*f'(n) + B*0(n)] =0

(19) R (n) + Se(f(n) + sg(n)) h'(n) + Sob” (1) = 0

and the corresponding boundary conditions becomes the following
(20) f(0)=0, 7(0)=1+~7"(0), g(0)=0, t0)=1+~t(0)
(21) 0'(0) = —=Bi(1-0(0)), h'(0)=—Bic(1-h(0)) atn=0,
(22) r(c0) =0, t(c0) =0, 6(c0)—0, h(cc)—0

3. METHOD OF SOLUTION

The exact analytical solutions for the set of non-linear ordinary differential equa-
tions (16) — (19), alongside with boundary conditions are not possible. Hence,
this system of nonlinear differential equations is solved by employing a numerical
method, the Finite Element Method (FEM). This method has been studied for a
wide range of non-linear problems by various Scholars ([21] & [23]-[25]). The vari-
ational form associated with equations (16) — (19), together with the assumption
equations over a typical element over a two -nodded linear element (e, 7e+1), is
given as following;

(23) /%H N [f/ (n) — r] dn = 0(25) /ne+1 Ny [g' (n) — t] dn=20

Te

(24) ST N (L + 50 () + (£ (1) + Sg(m)r’ (n) — (r())?
—r(n)(M + K1) + Gré(n) + Gsh(n)]dn =0

@) [ N+ )+ () + S )~ (e(n)? ) (M + Kl = 0
Ne
(26)7)
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+MPr | Ee, (f'(n)* + Bey (' (m)*] +Pr [Beo (57 () + Bey (9" (n)*]
+3PrO(n) + [A*f'(n) + B*0(n)]Jdn = 0

(27) / " Nl () + Se (F(m) + sg(n)) 1 () + o ()] = 0

MNe+1
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where Ny, Ny, N3, Ny, N5 and Ng are the weight functions and may be viewed as
the variation in f,r, g,t,0 and h respectively. The finite element model may be
obtained from equations (23) - (27) by substituting finite element approximation
of the form:

(28)

2 2 2 2 2 2
F=Yfigr = g =Y gyt =Y i, 0=> O, h = hjip
=1 =1 =1 =1 =1 =1

Incorporating the boundary conditions directly in the strong form as presented
in equation (23) — (27) is a daunting task. Also, the requirement on continuity
of field variables is much stronger in its present forms. In order to overcome
the difficulties, weak formulations are preferred. The weak formulations help
to reduce the order of continuity needed for the elements selected i.e. it will
reduce the continuity requirements on the basis approximation functions thereby
allowing the use of easy to construct and implement polynomials, moreover, weak
formulation automatically enforces natural boundary conditions. Substituting
equation (28) into the equations (23)-(24), and the weak forms of equations (25)-
(27), we obtained:

(20) /n ijfj Zwm Jdy =0

776+1 2
(30) / Z g — 3 wstildn =0
i=1
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The finite element model of the equations for the e element thus formed is given
in matrix form as follows:

[}(11] [}(12] [}(13] [}(14] [}(15] [}(16] fe ( :;16
[K21] [K22] [K23] [K24] [K25] [K26] re 526
(35) [K31] [K32] [K33] [K34] [K35] [K36] ge _ 5’36
[K41] [K42] [K43] [K44] [K45] [K46] te S4e
[K51] [K52] [K53] [K54] [K55] K56] g¢ S5€
[KGI] [KGQ] [K63] [K64] [K65] [K66] | he ) Sﬁe

where [K™"] are set of matrices, while {f¢}, {r¢},{g°}, {t¢}, {0°}, {h¢}and{S™}
are associated vectors, for m,n =1,2,3,4,5,6 are all defined as follows:
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e ne
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MNe+1
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66 Ne+1 ) Tle+4-1 , 2 2
Ne € j—1 Jj-1
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The element matrix given by equation (35) is of the order 12 x 12 and the whole
domain is divided into set of equations a matrix of order 7206 x 7206 is obtained.
The system of equations obtained is nonlinear and therefore an iterative scheme
is used for solving it. After applying the boundary conditions, the remaining
system of equations is solved. The iterative process is terminated when the fol-
lowing convergence criterion is satisfied ), ‘@I” — @;-nfl‘ <107* where © stand
for either f, r, g, t, 8, h and m denotes the iterative step.

In order to assess the accuracy of the present FEM code, the numerical results
have been compared with previously published work, and are reported in Table 1.
It can be inferred from the table that there exist an excellent agreement, which
testify to the validity of the FEM code.
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Table 1: Comparison of local Skin friction coefficients for various phys-
ical parameters

(1+4) 10 (1+4) 9" ()
PP | Values| FEM | RKA4 [14] | DIFF= | FEM | RK4 [14] | DIFF =
(Present FEM-RK4 | (Present FEM-
Study) Study) RK4
g 1.0 -1.4314 | -1.4314 0.000011 -1.59208 | -1.5921 0.000044
2.0 -1.2443 | -1.2443 0.000010 | -1.34429 | -1.3443 0.000033
3.0 -1.0241 -1.0241 0.000009 |-1.12119 |-1.1212 0.000021
M | 1.0 -1.0568 | -1.0568 0.000055 | -1.05683 |-1.0568 0.000012
2.0 -1.2036 | -1.2037 0.000044 | -1.20368 | -1.2037 0.000012
3.0 -1.3347 | -1.3347 0.000011 | -1.33467 |-1.3347 | 0.000002
Nb | 1.0 -1.0568 | -1.0568 0.000021 -1.05684 | -1.0568 0.000004
2.0 -1.0568 | -1.0568 0.000015 | -1.05684 | -1.0568 0.000005
3.0 -1.0568 | -1.0568 0.000080 | -1.05684 |-1.0568 | 0.000003
Nt | 0.5 -1.0568 | -1.0568 0.000021 -1.05684 | -1.0568 0.000003
1.0 -1.0568 | -1.0568 0.000011 | -1.05683 |-1.0568 | 0.000011
1.5 -1.0568 | -1.0568 0.000031 -1.05682 | -1.0568 0.000021

Results and Discussion. The effect of velocity slip parameter and Casson fluid
parameter on the velocity profile is as shown in Figures 2 and 3. As  increases,
the yield stress decreases thereby reducing the velocity profile. Due to the slip
condition, the velocity near the sheet is no longer equal to the stretching velocity
of the sheet. The fluid velocity decreases because under the slip condition, the
pulling of the stretching sheet can only be transmitted to the fluid and the velocity
decreases with the slip parameter. Therefore increasing value of Slip and Casson
parameter decreases the velocity boundary layer thickness. Figures 4 and 5 shows
the effect of Thermal Grashof (Gr) and Solutal Grashof number (Gs) on the
velocity profile. As the magnitude of Gr and Gs increases, the velocity profile is
accelerated due to the enrichment of the buoyancy force. The effect of Magnetic
Parameter on the velocity profile is illustrated in Figure 6. The presence of a
magnetic field introduces a retarding force, known as Lorentz force which slow
down the fluid velocity.

Figure 7 shows the effect of Prandtl Number on the temperature profile. An
increase in Prandtl number leads to a decrease in the temperature profile. In heat
transfer problems, the Prandtl number controls the thickness of the momentum
and thermal boundary layer. Fluids with lower Prandtl number have higher
thermal conductivities so that heat can diffuse from the sheet faster for higher
Prandtl fluid.

Figures 8 and 9 shows the effect of Brownian motion and thermophoresis on the
temperature profile. It shows that the fluid temperature increases as Brownian
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motion increases as well as thermophoresis parameter. The influence of non
- uniform heat source/sink parameters on the temperature profile is shown in
Figure 10. It is observed that energy is created in the boundary layer as the heat
source increases (A* > 0) which implies exothermic reaction and a significantly
large amount of heat increase the temperature distribution of the fluid. When
(A* < 0) energy is absorbed in the boundary layer. Hence the temperature
reduces appreciably with the increasing value of the A* < 0. The influence of
the temperature-dependent heat source/sink parameter B* on the temperature
profile shows that energy is given off into the boundary layer for increasing value
of B*(B* > 0). Hence the thermal boundary layer thickness increases. For
(B* < 0), energy is absorbed for increasing value of B*. Hence the thermal
boundary layer thickness as well as the temperature decreases. Figures 11 and 12
shows the effect of Brownian motion parameter and thermophoresis parameter
on the concentration profile. It shows that the fluid concentration decreases as
Brownian motion increases whereas as well as thermophoresis parameter increases
the concentration profile increases. Figure 13 shows the effect of Schmidt Number
(Sc) on the concentration profile. It is noticed that the concentration boundary
layer thickness decreases as Sc increases. Schmidt number enhanced the mass
diffusivity of the system, which reduced the boundary layer thickness of solutal
concentration.
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Figure 2a: Effect of Casson fluid parameter on velocity profile in x—direction
Figure 2b: Effect of Casson fluid parameter on velocity profile in y — direction
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Figure 3a: Effect of Slip on velocity profile in x — direction
Figure 3b: Effect of Slip on velocity profile in y — direction
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Figure 4a: Effect of Thermal Grashof number on velocity profile in x — direction
Figure 4b: Effect of Thermal Grashof number on velocity profile in y — direction
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Figure ba: Effect of Solutal Grashof number on velocity profile in x — direction
Figure 5b: Effect of Solutal Grashof number on velocity profile in y — direction
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Figure 6a: Effect of Magnetic Parameter on velocity profile in x — direction
Figure 6b: Effect of Magnetic Parameter on velocity profile in y — direction

=05 -05

Nb=0.1
-15 Nb=0.2
Nbh=03
Nb=0.4
Nb=05

[*]

0 1 2 3 4 5 6 7 B8

Figure 7 Figure 8

Figure 7: Effect of Prandtl number on temperature profile
Figure 8: Effect of Brownian motion parameter on temperature profile



92 A. S. Odesola, I. O. Abiala* and O. J. Fenuga

0

—-0.5

Figure 9

Figure 9: Effect of Thermophoresis parameter on temperature profile
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Figure 10a: Effect of Space-dependent non —uniform heat sink on temperature
profile
Figure 10b: Effect of Temperature-dependent non —uniform heat sink on
temperature profile
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Conclusions: In this paper, the effect of Brownian motion and thermophoresis
on heat and mass transfer on MHD convective boundary layer flow of Casson fluid
over a linearly stretching sheet with velocity slip is considered. The fundamental
equations have been solved numerically using Finite Element Method. A com-
parison of the results obtained in this paper with existing findings shows a very
close agreement between the two. Finally, the summary of the aforementioned
results are as follows:

(1) The temperature profile increases as the value of Brownian motion and
thermophoresis increases. On the other hand, the fluid concentration
decreases as Brownian motion increases whereas as well as thermophoresis
parameter increases the concentration profile increases.

(2) The higher the value of Casson parameter the lower (reduces) the mo-
mentum boundary layer thickness i.e. it decreases momentum boundary
layer thickness in turn decreasing the velocity profile of the fluid.

(3) Increase in the value of Schmidt number results in thickness of the bound-
ary layer concentration which is smaller than the thermal boundary layer
thickness.

(4) The effect of Prandtl number is to decrease the thermal boundary layer
thickness, which is in contrast to the effects of other parameter on heat
transfer.
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