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Common Fixed Point Theorems for Five Self Mappings in a
Complete Metric Space

I. A. SANT* AND K. RAUF

ABSTRACT

In this research work, we use five different operators P, Q, R, T,
and B, to show that there exists a common fixed point among
the five operators and prove the uniqueness. Furthermore,
we establish that the pairs (R, B),(R,Q),(R,T) and (R,P)
are weakly compatible (that is they commute). The result
extend and improve the work of Latpate and Dolhare (2017).

1. INTRODUCTION

Banach (1922) in his Ph.D thesis on fixed point theory established the existence
of solution of an integral equation with the following condition:

d(Tz,Ty) < ad(z,y), where z,y € X, T is a self mapping of X and « € [0, 1).
He also derived a well known theorem for a contractive mapping in a complete
metric space which stated that contraction mapping has a unique fixed point.
Banach fixed point theory play an important role in science and engineering, es-
pecially in the area of mathematical analysis. For instance it has been used to
show the existence of solution of nonlinear Volterra integral equations and non-
linear integro-differential equations in Banach spaces.
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Weak contraction mappings are generalization of Banach contraction mappings
which has been studied by several researcher and authors. Albert and Guerre-
Delabriere (1997) introduced the concept of weak contraction in inner product
space popularly known as the Pre-Hilbert Space as shown below:

d(Tz,Ty) < d(z,y) —d(x,y), for x,y € X where ¢ : [0, 00] — [0, 00] is continu-
ous and non-decreasing function with ¢ (¢) = 0 iff ¢ = 0.

If ¢» = at where t = d(x,y) and 0 < a < 1, then weak contraction reduce to
Banach contraction mapping. Rhoades (2001) showed that the result of Albert
and Guerre-Delabriere (1997) had proved and also valid in complete metric space.
The control functions alter the distance between two metric spaces, which were
first introduced by Khan et al. (1984). This paper is therefore focused on common
fixed point theorems for five self mappings in a complete metric space.

Kanan (1968) investigated uniqueness of a fixed point in a complete metric space.
Another positive contribution was done by Sesa (1986) on weakly compatible
mappings (or weakly commuting mappings) and obtained some common fixed
point theorems in a complete metric space. Rajesh et al. (2013) investigated
that weakly commuting mappings are compatible, however, the converse may
not be necessarily true. Rhoades (1977) compared two hundred and fifty (250)
types of contractive definition and analyzed the relationship among them. Khan
et al. (2005) proved some result on common fixed points and best approximations.
Azam et al., (2008) obtained some common fixed point of two maps in cone metric
space. Jungck (1986) worked on compatible mappings and proved some common
fixed point theorems in a complete metric space. He also proved that weak
commuting mappings are compatible. Berinde (2009) proved common fixed point
theorem for compatible quasi contractive self mappings in a metric spaces. Jungck
et al., (2009) proved some common fixed point theorems for weakly compatible
pairs on some metric space. Rangamma and Prudvi (2012) proved the existence
of coincidence points and a common fixed point theorem for four mappings in a
cone metric space.

Albert and Guerre-Delabriere (1997) introduced the concept of weakly contrac-
tive maps. They confined their theorem in Hilbert space, but acknowledged that
their result are true, at least for uniformly smooth and uniformly convex Ba-
nach spaces. Rhoades (2001) proved some theorems on weakly contractive maps.
Berinde (2003) introduced the approximating fixed point of weak w-contraction
in fixed points theory. Alata (2016) proved the generalization of common fixed
point for self mapping in complete cone metric space . According to Latpate and
Dolhare (2017) the proved of common fixed point theorem of three mappings in
a complete metric space were established.

Usamot (2017) proved semi-group of order preserving and order decreasing full
contraction mappings and their idempotents in metric spaces. Sedghi and Shobe



40 I. A. Sani and K. Rauf

(2007) proved common fixed point theorems for four mappings in a complete met-
ric space. Emmanuele (1980) proved fixed point theorem in a complete metric
space. Dolhare (2016) proved Generalized contraction mapping and fixed point
theorems in a complete metric space. Sangay and Garg (2009) proved the expan-
sion mapping theorems in a metric space. Ritu (2016) proved common fixed point
theorem for weakly compatible mappings in two metric spaces. Kavita and Man-
jusha (2013) proved unique common fixed point theorem for three pairs of weakly
compatible mappings satisfying generalized contractive condition of integral type.

Lemma 1: Let T, g : [a,b] — R be two continuous functions such that T'a < ga
and T > gb. Then T and g have, at lease, a coincidence point ¢ € (a, b).

Remark: If 7" and g are commuting and z is a coincidence point of T" and g,
then y = Tz is also coincidences point of T" and g. It follows from Ty = Tgx =

gl'r = gy.

Proposition: Let ¢ : [0,00) — [0,00), be a non-decreasing function and {a,} C
[0,00) is a sequence such that ¢(an11) < ¢(ay,) for all n € N, then ap41 < ay, for
all n € N. In particular, {a,} is convergent and L < a,, for all n € N (where L is
the limit of {a,}).

Proof: The Proof can be sourced from (Ravi et al., 2015).

Lemma 2: Let ¢, ¢ : [0,00) — [0,00) be two functions such that 1) is non-
decreasing and ¢~ 1([0]) = [0] and let ¢, s,7 € [0, 00).

(1) If(t) < (s) — ¢(r), when t < s or r = 0; and

(2) If 4 also verifies 1 ~1({0}) = {0} and ¥(t) < (¥ — ¢)(s), then t < s = 0.

In any case, t < s.

Proof: (i) Assume that ¢ > s and we have to prove that » = 0 indeed, as v is
nondecreasing, 1(s) < ¥(t).
Therefore,
Y(t) < P(s) — o(r) < v(s) < (1)
As a consequence, ¥ (t) = 1(s) and gf)( ) =0 for r = 0; and

(ii) Next, assume that 1(t) < (¢ — ¢)(s) and t > s. By item 1 above, s = 0.
Hence,OSw()gi/)( ) —¢(0) =0, Soz/)(t):()andt:().

F,j;, denote the family of all altering distance function.

Lemma 3: From properties of ¢ function, we have that

0 < ¢(sn) < P(sp) — P(ty) for all n € N.

As 1) is continuous, then limy,_co®(t,) = limp— oot (sn) = ¥(L).

Therefore, [¢(s,)] — 0 since ¢ is lower semi-continuous and [¢(s,,)] is convergent,
0 < ¢o(t) < limpoooinf.(sp) = limp—ooP(sn) = 0. Hence ¢(L) = 0, which implies
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that L = 0.

Corollary: By hypotheses (Lemma 1), also assume that F(X") C g(X) with
the following conditions:

[U] For all ¢-coincidence points (x1, T2, ...., Tn), (Y1, Y2, -.--yn) of F and g, there ex-
ist (w1, ws, ...,wy) € X™ such that gz <; gw; and gy1 <; gw; for all i € [1,2,...n].
[U'] g is injective on the set of all ¢-coincidence point of F' and g, Then F and
g have unique ¢-coincidence point.

Proof: Let (x1,x2,.....,2,) and (y1,y2,....yn) be two arbitrary ¢-coincidence
points of F' and g. By hypotheses, gx; = gyi for all i € [1,2,.....,n] and g is
injective on the set of all ¢-coincidence points of F' and g, we conclude that
x; =y; for alli € [1,2,....,n].

Definition 3: Let X be a set and let F' : X — X be a function that maps
X into itself. (such a function is often called an operator, a transformation or
transform on X, and the notation 7'(x) or Tz is often used).

Definition 4: A fixed point of F is an element z € X for which F(z) = .

Example 1: Let {a,b} be two elements of the set X . The function F': X — X
defined by F(a) = b and F(b) = a has no fixed point, but the other three func-
tions that maps X into itself each have one or two fixed points. More generally,
let X be an arbitrary set; every constant function F' : X — X mapping X into
itself has a unique fixed point; and for the identity function F'(xz) = x, every point
in z is a fixed point.

Example 2 (Dolhare (2016)): If F' is defined on the real number by
F(X)=X?2-7X +12.

We know that X = [3, 4] are roots of the equation. Let us consider

F(X) = X where F(X) = 12 then X = 3 and X = 4 are two fixed point of
F(X).

Remark: Note that the definition of a fixed point requires no structure on either
the set X of the function F'.

Definition 5 (Dolhare (2016)): Let (X, d) be a metric space, a point z € X
is said to be fixed point if T'(x) = x, whenever T': X — X. In other word, Let
F: X — X, then x € X is said to be fixed point of F' if F(z) = x.

Definition 6 (Rangamma and Prudvi (2012)): Let A and S be mappings
from a metric space (X, d) into itself. A and S are said to be weakly compatible
if they commute at their coincidence points, that is Ax = Sz for some 2 € X
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implies that ASz = SAx.

Definition 7: A metric space (X, d) is said to be complete metric space if every
Cauchy sequence in X converges to a point of X.

Definition 8: Let X be a metric space and if F; and Fy be any two maps. An
element a € X is said to be a common fixed point of F} and Fj if Fi(a) = Fa(a).

Example 3: If Fi(z) = sin(x) and Fa(x)

= tan(z). Then, 0 is the common
fixed point of F} and Fy, since F;(0) = sin(0) =

0 and F5(0) = tan(0) = 0.

Definition 9: Let (X, d) be a complete metric space and a function F': X — X
is said to be contraction map if d(F'(z), F'(y)) < fd(z,y) where 0 < 5 < 1.

Definition 10: A function ¢ : RT — RT = [0,00) is an altering distance
function if the following properties are satisfied:
i9(t)=0iff t =0;
ii 9 is monotonically nondecreasing; and
iii ¢ is continuous.

where 1 is the set of all altering distance functions (Khan et. al., 1984).

Definition 11 (Ravi et al. (2015)): A function ¢ : [0,00) — [0,00) is called
Altering distance function if the following properties are satisfied:
i description ¥ (0) = 0;
ii 9 is continuous; and
iii monotonically non decreasing.
Definition 12: A sequence {z,} in a metric space (X, d) is said to be convergent
if there is an x € X such that lim,,_d(z,,z) = 0.

Definition 13: Let X = (z,d) and Y = (y,d) be metric space. A mapping
T : X — Y is said to be continuous at a point zog € X if every € > 0 there is a
d > 0 such that d(Tz, Txg) < € for all x satisfying d(z,xg) < 0.

T is said to be continuous if it is continuous at every point of X.

Definition 14: Let (X, d) be an arbitrary metric space. A mapping 7" on X into
it self is called a strict contraction (or simply contraction) if there exists k € [0, 1)
such that

d(Tx,Ty) < kd(z,y)

Intuitively, a contraction map is one that ”shrinks” distance by a factor of k €
[0,1). The mapping T : (X,d) — (X, d) is called non-expansive if £ = 1 in above
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definition, that is T" is non-expansive if for all z,y € X
d(Tx,Ty) < Kd(x,y)

Clearly every contraction mapping is non-expansive, but the converse is not true.

Definition 15: Let X be a non-empty set and T : X — X be a self map,
x € X is a fixed point of T if Tx = x and the set of fixed point of T denoted by
F(T) defined as

FT)={ze X :Tx =2z}
Theorem 1.1. (Shukla and Ruchira, 2014)

Let (X, d) be a complete metric space and T : X — X be self mapping satisfying
the inequality

(1) (d(Tx, Ty)) < Y(d(z,y)) — d(d(z,y)) — ¢'(d(Tz, X))
where ¥, ¢, ¢ : [0,00) — [0,00) are all continuous and monotone non decreasing

functions with ¥ (t) = 0 = ¢(t) = ¢'(¢) if and only if ¢ = 0. Then, T has unique
fixed point.

Theorem 1.2. (Latpate and Dolhare, 2017)
Let (X, d) be a complete metric space and A be a non-empty closed subset of X.
If P,Q,: A — A such that

(2) d(Pe,Qy) < (d(Re, Q) +d(Ry, Pr) +d(Se By) — 9{d(Re, Q) d(Ry, P)
for any (z,y) € X x X where a function 1 : [0,00]? — [0, 00] is continuous and
Y(xz,y) =0iff x =y =0and R: A — X which satisfies the following conditions:
i P(A) C R(A), and Q(A) C R(A);
ii the pair of mappings (P, R) and (Q, R) are weakly compatible; and
iii R(A) is a closed subset of X.

Then P, R, and (), have unique common fixed point. The present article extend
and improve the work of Latpate and Dolhare (2017).

2. MAIN RESULT

In this section, five different operators P, @, R,T and B would be used to prove
the our main work. However, two, three and four self mappings results had been
proved in the literature. The result is as shown in the theorem below.

Theorem 2.1. : Let (X, d) be a complete metric space and A be a non-empty
closed subset of X. Suppose P,Q,R,T,B : A — A such that:

d(P,,B,) < i(d(Rz, By) + d(Ry,To) + d(Ry, Q) + d(Ry, o) + d(Sss R,))
- w(d(Rl"» By)7 d(Ry7 TI)? d(Rx, Qy)7 d(Ryv Pﬂc))

3)
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for every (z,y) € X x X where a function 1 : [0,00)% — [0, c0) is continuous and
Y(x,y) =0 if and only iff z =y =0 and R : A — X which satisfies the following
conditions:

i. P(A) CR(A),Q(A) CR(A),T(A) C R(A) and B(A) C R(A);
ii. the pair of mappings (P, R), (Q, R), (T, R),and (B, R) are weakly compat-
ible; and
iii. R(A) is a closed subset of X.

Then, P, R,Q,T and B have a unique common fixed point.

Proof: Let 2o be any arbitrary element of A as P(A) C R(A),Q(A) C R(A),T(A) C
R(A) and B(A) C R(A).

Yo = Pxo = R,
y1 = Q1 = Rxy,
y2 = T'zy = Ruxs,
y3:Bx3:Rm4,--~

Let {z,} and {y,} be two sequences such that

Yon = Pzy, = R$2n+17

Yon+1 = QTont1 = Rroni2,
Yon+2 = Txont2 = Rronys,
Yon+3 = Broni3 = Rxoniq,- -

First, we shall prove that d(yn,yn+3) — 0 as n — oo as it was proved in three
mappings, then d(yay, yon+3) — 0 as n — oo which can also be use in the present
work. Let n = 2k by inequality (3) above, we have

(4) d(Yns Yn+3) = d(y2k, Yok+3)

(5) d(Y2n+3,Y2n) = d(Bxapy3, Prag)
(6)1
§Z(d(Rw4k7 Bragys) + d(Regpqr, Trapy2)+

d(Rzapt2, Qrags1) + d(Rxapys, Pra) + d(Stak, RTagt3))
— Y(d(Rxak, Bxagys), d(Rxapy1, Txapy2), d(RTapy2, QTapt1), d(RTapys, Pray))
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1
= Z(
d(Yaks Yar))
— P(d(Yar—1, Yar+3), A(Yak, Yar)» A(Yak, Yar ), A(Yaks Yax))

d(Yak—1, Yak+3) + d(Yak, Yax) + d(Yak, Yar) + d(Yag, Yar)+

(7)

[u—

SZ(d(yﬁlk‘fl? Yak+3))

(8) i(d(yzlkflv Yak) + d(Yak, Yar+1) + d(Yarks1, Yakr2) + d(Yak+2, Yar13)
by expanding (7) above for n = 2k+1 and similarly we can show that d(y2n, y2n+3) —
0asn— o0
d(Yon, Y2n+3) = d(Yak+4; Yakt1)
(Yak+3> Yak+2)
(Yak+1, Yar)

(y4k+4, y4k+3)
(y4k+2, y4k+1)

9) <d <d
<d <d
Let

A(Yak+a, Yak+1) < d(Y2n+3, Y2n)

then d(yon+3, Yon) = d(Yak-+4, Yak+1) is a non-increasing sequence of non-negative
real numbers and hence converges. Let L = limy, o0 (Y4k-+4, Yak+1), from (7) we

have d(yagta, Yar+1) < i(d(yzlk, Yar+4)) and by contraction mapping, we get
(10)

1
d(Yak+a, Yak+1) < Z(d(yélk—la Yak+1) F(A(Yart1, Yarr2) F(d(Yart2, Yart-3+(d(Yart-3, Yarsa))

Letting £ — oo, we obtain

IN

) 1 . )
lim d(Yak+2, Yak+s) < — B d(Yag, Yar+1) < lim d(yaps1, Yart2)
(11) k—o0 4 k—oo k—o0

< lim d(yag+2, Yak+s < Um d(yap+3, Yar+4a)
k—oo k—oco
1
(12) L< S g hm d(Yak, Yarya) S LS L L
(13) im d(Yak, Yak+a) = 4L
k—oo

consider
(14) d(y2n+3,Y2n) = d(PTagy1, Bragya)

1
4 —(Ad(Yar—1,yar) + d(Yar, Yar+1) + A(Yar+1, Yar+2) + d(Yary2, Yars3)+

d(Yak+3, Yak+a)) — V(A(Yar—1, Yak), A(Yak, Yar+1)
s d(Yakt1, Yak+2)s A(Yak+2, Yak+3))

(15)
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Letting k£ — 0o and since v is given to be continuous, therefore we obtain

(16) L < (4L) ~ $(4L,0)
this gives
(17) B(AL,0) =0

By definition of ¥(z,y) =0if x =y =0, then 4L =0,=> L =0
(18) L= lim (yart1,Yak+a) =0

k—o0
Our claim is that {y4} is a Cauchy sequence and from (5) we have

(19) d(Yakt2, Yak+a) < d(Yak+1, Yak+2)

To prove {ysx+1} is Cauchy sequence, we only prove that the subsequence {y4x}
is Cauchy. If otherwise, suppose that {ys;} is not Cauchy sequence, then there
exists §>0 for which we can find subsequences {y,(x)} and {Yam k) } of {yax} such
that ny, is the least index for which ng > m; > k and

(20) d(y4m(k)7 y4n(k)) >0
This gives
(21) A(Yam (k) Yan(k)—a) <O

By contraction mapping, we have
(22) 6 <d(Yamk)> Yan(k)) < A Yam(k)> Ymk)—1) T AYam(k)—1> Yam(k)—3)+
A(Yam (k) =35 Yam(k)—2) T AYam(k)—2> Yam(k)—1) + AYamk) =15 Yan(k))

Now as k— oo and from (20) we obtain

(23) A d(Yam(k)s Yan(r) = 0

by triangle inequality, we have

(24) | d(Yam(k)s Yan(k)—1) — A Yamk)s Yank)) 1< AYank)—15 Yan(k))

also

(25) | d(Yan(k) Yamk)—1) — A Yan(k)s Yam(k)) 1< AYamk)s Yam(k)—1)
again

(26) ’ d(y4n(k)7 y4m(k)fl) - d(y4n(k)a y4m(k)72) < d(y4m(k)717 y4m(k)72)

27) | d(Wam(r)—1> Yamk)—2) = A Yam) =1 Yam(k)—3) 1< A Yam()—2> Yam(k)—3)

(28) | d(y4m(k)—27 y4m(k)—3) - d(y4m(k)—27ym(k)—4) |< d(y4m(k)—37y4m(k)—4)
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From (20) and (24)-(28) we have
(29)
: o
M d(Yan) 1, Yan(r)) < HM d(Yam)—1, Yam(r))

= lim d = lim d = lim d
kgglo (Yam(k)—15 Yam(k)—2) kl_g}o (Yam(k) 2> Yam(k)—3) kinolo (Yam(k) -3 Yam(k)—4)

inequality (3) gives

(30) A(Yam(k) -3+ Yan(k)) = AP Tan(k), BTamr)-3)
(31)
1
< 1 (d(B2an (), Bam(r)-3) + d(BLam ()1, Tan(r)-2)

+ d(R2 gm(k)—2> QTan(k)—1) + AR 4m(k)—3: PZan(r)) + A(STan(k), RTam(r)—3))
— V(AR 4p (k) BTam()-3), A BT 4m k)1, TTan(k)-2),
d(Rx4m (k)—2> Q$4n (k)— 1) (R$4m -3 Px4n(k)))

1
(32) 1 (a1 Yam()) + dYam(k)s Yam(k)+3))

1

104Wan() -1 Yamr)—1) + dYam(m) 15 Yam(k)) + dYam(k)> Yam(k)+1)

+ d(Yam(k)+1> Yamk)+2) T AYamk)+2: Yam(k)+3))

—(d (y4n —15 y4m(k)71)7 d(y4m(k)717 y4m(k))7 d(y4m(k)7 y4m(k)+1)7 d(y4m(k)+17 y4m(k)+2))

Letting k — oo in the above inequality (32) and if ¢ is continuous, therefore we
have

(33) 5§%(5+5+5+5)—¢(5,5,5,5)

this gives 1(4,6,9,0) = 0. By assumption of ¢)(x,y) =0 if z =y =0, then 6 =0
but 6 > 0. This is a contradiction, therefore {y,} is a Cauchy sequence to prove
P,Q,R,T and B have a common fixed point. Given that (X, d) is complete and
{yn} is a Cauchy sequence. There exists p € X such that lim,,_,o y, = p, hence
A is closed. There is u€ A such that:

p = Ru for every n € N, d(Pu, y2n+3) = d(Pu, Bxan43)

since

(34) d(yon, Yon+t3) = d(Pu, Bxopi3) = d(yak, Yar+3)

1
< (d(Bu, Brajss) + d(Reap2, Tu) + d(Ragps, Qu)+
(35) d(Raay, Pu) + d(Su, Rray)) — ¥(d(Ru, Brapss),
d(Rxap 19, Tu), d(Rrapy1, Qu), d( Rk, Pu))
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1
(36) = Z(d(P’ Yak+3) + d(Yar+2, Tu) + d(Yart1, Qu) + d(yar, Pu) + d(Su, yar))
_1/’(d(RUa Bw4k+3)7 d(y4k+27 T'LL), d(y4k+17 Qu)a d(y4k7 PU))

The corresponding Rz, and y2, in (35) and (36) are obtained from iteration
function sequence from the beginning of the prove when k— oo

d(Pu, P) < i(d(P, Bu) + d(P,Tu) + d(P, Qu) + d(Pu, P) + d(Su, P))
- w(d(Pa Bu)v d(Pv T’U,), d(P7 Qu)7 d(Pua P))

(37)

and hence

(38)  (0,d(P, Pu)) < —(d(P, Bu) +d(P,Tu) + d(P,Qu) +d(Su, P)) <0
therefore d(P, Pu) = 0 since Pu = P. Similarly, we can show that Bu = p, Tu =
p, Qu = p, and Su = p, hence

(39) Bu=Tu=Qu=Ru=Pu=p

the pairs (R, B), (R, T),(R,Q) and (R, P) are weakly compatible, therefore

(40) Pp=Bp=Qp=Tp=Rp

Now consider
(41) d(Pp, yar43) = d(Pp, Brajy2)

< —(d(Rp, Brag43) + d(Rrap11, TTap12) + d(Quapt1, Rrapi2)+

(42) d(Rl‘4k+3, P:E4k) + d(Sp, R:E4k+3))
— Y(d(Rp, Bxagy3)d(Rraps1, Traps2)d(QTapt1, Rrapy2,)
d(Rxap+3, Pray), d(Sp, RTap43))

=

(43)

1
= Z(d(RI% Yak+3) + d(Yag+2, Tp) + d(Qp, Yak+1,) + d(yak, Pp) + d(Sp, yax))

— Y(d(Rp, Yar+3), d(Yar+2, Tp), d(Qp, Yak+1, ) d(Yar, Pp))

As k — oo and since

(44) Pp=Rp=Qp=Tp=Bp

we have

(45) d(Pp, P) < i(d(Pp, P) +d(P, Pp) + d(Pp,p) + d(P, Pp) + d(Sp, P))
— (d(Pp, P),d(P, Pp),d(Pp, p),d(P, Pp))

hence

(46) —¢(d(Pp, P),d(P, Pp),d(Pp,p),d(P, Pp)) =0



Common Fixed Point Theorems for Five Self Mappings in a Complete Metric Space 49

Since d(Pp, P) = 0 implies Pp = p and from

(47) Pp=Qp=Rp=Tp=Bp
we have
(48) Pp=Qp=Rp=Tp=Bp=p

Thus uniqueness of common fixed point is easily obtained from inequality (3).

3. CONCLUSION

In this article, we used five different operators P,Q,R,T and B to show the
existence of a common fixed point and also find the uniqueness. Iterative function
sequence, Metric space, Altering distance function, compatible mappings and
completeness properties were used to prove the result therein.
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