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Combinatorial Properties of Order-Preserving and Order-Decreasing
Semigroup of Partial Injective Contraction Mapping

B. M. AEUMED AND S. O. MAKANJUOLA®

ABSTRACT

Let CI, be the semigroup of partial injective contraction
mappings. The focus of this paper is to provide some prop-
erties subsemigroups of (', which are semigroup of order
preserving partial injective contraction mapping (OCI,) and
semigroup of order decreasing partial injective contraction
mapping (DCI,). The results on this work are combina-
torial properties of subsemigroups of C'I, which are both
order-preserving and order decreasing denoted by ODCI,.

1. INTRODUCTION
2. PRELIMINARY IDEAS
2.1. TRANSFORMATION SEMIGROUP. Every finite semigroup can be

embedded in a full transformation semigroup 7}, on the set {1,2,--- ,n}, so also
every finite inverse semigroup is embeddable in a symmetric inverse semigroup
I, on the set {1,2,--- ,n}. It is necessary to mention some subsemigroups of I,
that are of interest i.e subsemigroups of order-preserving, order-decreasing and
of order-preserving and order-decreasing.
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Let X,, denote the set {1,2,--- ,n} and let a : dom(a) C X, — X, be a
map in I,,. A partial mapping « is said to be contraction if, for all x,y € dom(«),
|ra — ya| < |z — y| and is said to be an isometry if

[z —yo| = |z —yl.

Let

(1) IO, ={a€ I,: (Vz,y€ dom(a)) z <y = za<ya}
(2) OCI, ={ae€ 10, : (Vz,ye dom(a)) |ra —ya| < |z —y|}
(3) ID, ={a€ I,: (Vx,y€ dom(a)) za < z}

(4) DCI, ={a€ ID,: (Y z,y € dom(a)) |za—ya| < |z —y|}

be the subsemigroups of I,, consisting of order-preserving, order-preserving con-
traction mappings, order-decreasing and order-decreasing contraction mappings
respectively. Many researchers have worked on semigroup of contraction mapping
including Howie (1995), Umar (1992),Kehinde (2012), Adeniji (2012), Adeshola
(2013) and others. In this paper, we study the combinatorial properties of order-
preserving and order-decreasing semigroup of partial injective mappings. We
start by presenting some preliminary ideas and basic definitions about the study
in his section. Section 2 contains review of some past literature while section 3 is
on the method and procedure. In the final section, we stated the combinatorial
results of OC1I,,, DCI, and ODCI,.

2.2. BASIC DEFINITIONS.

(a) Full Transformation Semigroup:-

A map a : Dom (o) C X,, — Im(a) C X, is called full (or total)
transformation of X, if Dom (a) = X,; otherwise it is called strictly
partial. The set T;, of all full transformation of X,, forms a semigroup
under composition of mapping called the full transformation semigroup.

(b) Partial Transformation Semigroup:-

Let A and B be two subsets of X,,, a mapping o : A — B is called
partial transformation of X,,. A and B are called domain and range
respectively and are denoted by Dom («) and Im («).The set of all partial
transformation is denoted by P, and the set P, is a semigroup under
composition called the partial transformation semigroup.

(c) Partial one-one Transformation:-

A partial transformation semigroup a: Dom a C Im « is said to be
partial one-one transformation if Dom @ € Im o — Im o C X, in the
domain is mapped to one and only one element in the set X,,.

(d) Injective Contraction Mapping
A transformation « in I,, for which (for all z,y € X,,)

lza —ya| < |z —y|

is said to be a contraction and is said to be isometry if (for all z,y € Dom «)
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[z —yal = |z —y|

Order-Preserving or Order-Reversing Partial Transformation:-

A transformation o € P, is said to be order preserving if (for all z,y
€ Doma) © < y = za < ya. The semigroup of order-preserving full and
partial transformation of X,, will be denoted by O,, and PO,, respectively.

A transformation a € P, for which (for all z,y € Doma) z < y =
xa > ya is said to be order reserving.The semigroup of order-preserving
or reversing full and partial transformation of X,, will be denoted by OD,,
and POD,, respectively.

Order-Decresing Transformation:-

A transformation « in P, for which za < z (for all z,y € Doma) is
said to be order decreasing.Order increasing is defined analogously.The
semigroups of order-decreasing full and partial transformation of X,, will
be denoted by D,, and PD,, respectively.

Order-Preserving and Order-Decreasing Partial Transformation:-

We define C,, = O, N D,, and PC,, = PO, N PD,, as the semigroup
of order-preserving and order decreasing full and partial transformation
of X,, respectively. The monoid C,, is also known as the catalan monoid

because |Cy,| is also known as the nth catalan number.

TYPES OF TRANSFORMATION | FULL | PARTIAL | PARTIAL ONE-TO-ONE
Partial transformation T, P, I,
Order preserving O, PO, 10,
Order preserving or
reversing oD, POD, 10,
Order decreasing D, PD, ID,,
Order preserving and
decreasing Ch PC, 1C,

3. LITERATURE REVIEW
3.1. BACKGROUND RESULTS. The main focus of this research work is

combinatorial properties of semigroup of partial one-one contraction mapping
to take care of open problems created by Kehinde (2012), Adeniji (2012) and

Adeshola (2013).

The work of Adeshola (2013) centered on full contraction mapping and its
subsemigroup like order-preserving (OCT,,), order-preserving or order reversing
(ORCT,) and order decreasing (ODCT,,) of full contraction mapping. His results

are summarized below:
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S 5] E(S)
oct, | m+n= ("7 1)
ORCT, | (n+1)2"1 —n (” ;r 1)
0DCT, gn-1 (” - 1)
p—1

otherwise

n—m-—1 = k
F(n;.p,k,m) = p—m » BP=
0 otherwise

Kehinde (2012) also started work on semi-group of partial injective contraction
mapping. He later got his results on semigroup of isometry mapping of finite
chain. A mapping is said to be isometry if V z,y € Dom («) |za — ya| = |z — y].
His results are summarized below:

S El E(S)
DP, 3x 2T (i +2)7 -1 on
oDP, 3x2"—2(n+1) on
DDP, |3ay_1—2a,9—2% +n+1]| 2
ODDP, 2"t (n 4+ 1) 2"

Adeniji (2012) worked on an identity difference on full and partial one-one trans-
formed semigroup.The identity difference is defined to be transformation such
that V z,y € Dom (a):|w™(a) — w™(a)| < 1 which can be seen as semigroup of
contraction mappings. Her results are summarized below

S [N |Ly| | Fn E(S) | |En|
IDT, |[n+n—-1)(2"-2)| - n+ (n—1)2n2 Ch L, L,
IDI, | n?—-2n’+2n+1 | A n(n+1) Chn— N, | n+1 [ E(s)
IDR, B ? 1 +n? ? F L,

OIDT, n?—n+1 - n? n? 2n—1] n?
OIDI, G H nn—1),n>2 [n*—n+2| n+1 |E(S)
OIDP, C D |(n+1)+n(n—-1) E I L,
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4. METHOD AND PROCEDURE

4.1. Semigroup of Order-preserving Partial One-One Contaction Map-
ping. A transformation o € I,, is said to be order-preserving if

Va,y € Doma)r <y = rza < ya
Yy Yy Y

The semigroup of order-preserving partial one-one transformation of X,, denoted
by I0,, while the semigroup of order preserving partial one-one Contraction map-
ping is denoted by OCT,,. The elements of OCI,, in Domain/image of « are listed
below for n =1,2,3,4,5.

For n = 1, OCI, has 2 elements

[Ima| =1

Dom a /Im a | (1)

1) G) and ()

For n = 2, OCI, has 6 elements
[Imal =2

Dom a/ Im o | (
e (o)
Doma/Ima | (1) | (2)
1

GG L
()

[Imal =1

2

For n = 3, OC1I,, has 18 elements

\Imal| = 3
Dom o/ Im o | (1, 2, 3 )
2y (1 o)
\I'mal = 2
Domo/Tma] (1,2) | (23) | (L3)
wy ()]G )
e (33)16 3
w (3]G 3G

[ Ima| =1
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3
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I
I
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(1,2,3,4)

I
)
I

1
1
2
1
3
1
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Dom o/ Im «

Dom o/ Im «

4, OCI,has 53 elements

[Ima| =4
|[Ima| =3

For n

. L —
- <t <t
i
~— — —
(=" Ne—1
™
— L N N
~ M../ [AeER S AN A
Q — NN A~
N N N
<t L~
(o] = N N[ [
. A}
~ ~— — o~ A |
N N N
L N N N N N N
M../ @243444344444
™ Pl v o |~ |~ ¢
~ N N N N N N
L N N N N N N
S [ o[ o[ o[ [ ™
Py -l camal—~ calaa a— o
o™ S N ) N ) N ) N ) N
o]
\e) T N T v v
NN N [en N[ e N[ N A
Ol H N e A~ — e [ —
3 N N 7 7 N
E S
~ m
3 — —~ on ~—~ ~—~ —~ ~~
m (o] -] [ap) < [xp) <f <
S L I B B O B T A
A = | g
m @)
(=

70

[ Ima| =1
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For n = 5,0C1,, has 154 elements, its tabl

i

w0

ERIeIIaIe
SGIGIIEIE
’ (Q <i> <fi> (f}
C WG

constructed in the same way.

4.2. Semigroup of Order Decreasing Partial one-one contraction map-
ping. A transformation « in I, for which za < z (for all x € Doma) is said to
be order decreasing.The semigroups of order decreasing partial one-one transfor-
mation of X is denoted by ID,, while the semigroup of order-decreasing partial
one-one contraction mapping is denoted by DCI,.

The elements of DCI,, in Domain/ Image of « are listed below for n= 1, 2, 3,

4, 5.

For n=1 DC1I,, has 2 elements

| Dom o/ Im « |

S0

For n=2 DCI, has 5 elements

|[Imal =2

|[Imal =1

Dom o/ Im «

(1, 2)

Dom o/ Im a | (

0

> ()

For n=3 DCI,, has 14 elements

|[Ima| =3

|[Ima| =2

Dom a/ Im «

(1

2 3)

(123) G

2 3
2 3

and 0
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Dom a/ Im « (1, 2) (2, 3) (1, 3)

(1, 2) | ;)
) ()G 3
1 3
1 2

2y |(13) 0
RGN
v

[Ima| =1

Dom a/ Im «

— = =

w [\)
L N
—_ | = DN
5 N e —

)

as 110 elements. Their tables

for n =4 , DCI, has 39 elements and for
are constructed in the same way.

=9

4.3. Semigroup of Order-preserving and Order-decreasing Partial one-
one Contraction Mapping. We define IC,, = IO, N I D,, as the semigroup of
order preserving and order-decreasing partial one-one transformation. We now
define
oODCI, = OCI,NDCI, as the semigroup of order-preserving and odrer-decreasing
partial one-one contraction mapping of X,.

The elements of ODC1I,, in Domain/ Image of « are listed below for n = 1, 2,
3,4, 5.

For n=1, ODCI, has 2 elements

|Doma/Ima| 1 |
1 1
1

For n=2 ODC1I, has 5 elements
|[Ima| =2

|Dom o/ Ima | (1,2) |

w2 (3

[ Ima| =1
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Dom a/ Im a | (1) 2
1 1
1 and ()

> 10)

For n=3 ODC1I, has 13 elements

\Imal| = 3
Dom o/ Ima| (12 3)
29 (s )
\Imal = 2
Doma/Imal] (12) | (23) | (13)
02 (o)
@9 (7 5) ] 3)
)
\Ima| = 1

Dom o;/ Tm a (
a(oloImE)
1000

For n =4 , ODCI, has 34 elements and for n = 5, ODCI,, has 89 elements.
Their tables are constructed in the same way.

—_ = =
N——1

5. COMBINATORIAL RESULTS

In this section, we draw tables for each subsemigroups under consideration.
For natural number n > p > m > 0, we define:

(1) F(n;p) = [{a € S : h(a) = [Imal = p}

F( (o) = max(Ima) = k}|
F(n;p,m) = |[{a € 5 h(a) =pA fla) =m}|
F(npk) = [{a € S: h(a) =pAwt(a) =k}
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and
S| => F(n;k)=> F(n;m)=> F(n;p)
k m p

Where S is a subsemigroup of partial one-one contraction mappings of a finite
chain.

5.1. 4.1 Semigroup of Order-preserving Partial one-one contraction
mapping. 4.1 Semigroup of Order-preserving Partial one-one contraction map-
ping The tables under this consideration are drawn below:

5.2. Semigroup of Order Decreasing Partial one-one Contraction Map-
ping. The tables under this consideration are drawn below:

Table 4:2:1 Number of Elements in Terms of Height Elements F(n,p) in DCI,

n/p| 0|1 |2]3]4|5]|>F(up)
0 |01 01
1 |0101 02
2 (01]03]01 05
3 [01]06]|06|01 14
4 |01/10|19]|08]01 39
5 (011546 |37 |10 |01 110

Table 4:2:2 Number of Elements in Terms of Fixed Elements F(n,m) in DCT,

n/m| 0| 1[2|3]4]|5]|>F(nm)
0 |01 01
1 (01|01 02
2 102|102 01 05
3 [05(05|03|01 14
4 | 1411208 |04 |01 39
5 4031121 |12|15]|01 110

Table 4:2:3 Number of Elements in Terms of Waist Elements F(n.k) in DCT,

n/pl 0| 1]|2]3]4]5]|>Fnuwh)
0 |01 01
1 (01|01 02
2 0110202 05
3 |101]|03]|06 |04 14
4 101]|04|12]14]|08 39
5 [01]05]|20|36]|32]|16 110

5.3. Semigroup of Order-preserving and order-decreasing Partial one-
one Contraction Mapping. The tables under this consideration are drawn
below:
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Table 4:3:1 Number of Elements in Terms of Height Elements F(n,p) in

75

oDC1,
n/p| 0|1 |2]3]4|5]|>F(p)
0 |01 01
1 j01|01 02
2 |01]03|01 05
3 |01]06|05]|01 13
4 |01]10]15|07 |01 34
5 |01]15]35|28]|09 |01 89
Table 4:3:2 Number of Elements in Terms of Fixed Elements F(n,m) in
oDCI,
n/m| 0 112134561 7]|>F@Hnm)
0 | 01 01
1 01 | 01 02
2 1020201 05
3 | 05|04 |03]01 13
4 13 1 09 |07 |04]|01 34
5 | 34|22 |16|11]05 |01 89
6 | 8 | 56 | 38|27 |16 |06 |01 233
7 [233|145|94165|43|22|07 |01 610
Table 4:3:3 Number of Elements in Terms of Waist Elements F(n,k) in ODCT,
n/k| 0| 1]2]3]4]5]>Fnuwt)
0 |01 01
1 01|01 02
2 |01]02]02 05
3 |01]03]05]|04 13
4 |01]04]09|12]08 34
5 |01]05(14]25]28|16 89

5.4. MAIN RESULTS.

5.4.1. LEMMA. Let S = ODCI,. Then

k

F(n;p, k)= F(n—1;p, k) + > _ F(n—jip— 1,k — j)

Proof

j=

1

Let a € ODCI, be such that h(a) = p and w(a) = k.Then for all such o we
either have n ¢ Dom « or n € Dom «. In the former, it is clear that there would
be F(n-1;p,k) such maps while in the latter there would be F(n-j;p-1.k-j) for i<j

<k, since na = k and so (k — j)a~! < n-j, by contraction property.Thus taking
the sum over j yields the required result.
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5.4.2. THEOREM. Let S = ODC1I,, . Then
F(n;p,kp) = <Z> andF (n;p, ky) = <n N 1)

p—1

Proof
If K = p then Im o = {1, 2, .....p} which admits any subset of size p as a possible

domain and so there are Z such maps. If k = n then nao = n and so xa =z
for all x € Dom «, these correspond to partial identities of height p-1 on X,,/{n},

of which there are (n
p—1

) . Hence the results.

5.4.3. THEOREM. Let S = ODCI,,.Then F(n; p, k) = (k’ - 1) (" TP k)

p—1 P
Proof
By double induction Basis step:

F(n;p,kp) = <§: i) <n+£—p> N <Z> and
F(n;p, kn) = <Z:i> <n+§_n> - <Z:D

are true by theorem above. Induction Hypothesis.

suppose F(n; p, k) = (I; B i) (n +£ B k) is true for all n > k > p.
Inductive Step: | Goal: to show that

F(n+1, p, k) = k=) (nt+l+p—k is true for all n+1 > k > p . Now,
p—1 p

k
F(n+1;p,k) = F(n;p, k) + > F(n+1—j,p—1,k—j)
=1

J
k
k—1 n+p—k:> (k;—j—1>(n+p—j—k:+j>
+
(p—1>< p ; p—2 p—1
(kzl)(n+pk¢> <n+pk:>(k1)
= +
p—1 p p—1 p—1
_(k—l)(n—i—l—i—p—k)
p—1 p
5.4.4. THEOREM. Let S = ODC1I,
Fin = ("57)

2p



Combinatorial Properties of Order-Preserving and Order-Decreasing Semigroup of ... s

Proof

F(n;p) = )  F(n;p,m)

NE

3
]
(=)

F(n;p,m) + F(n;p,mp)

n+p—1 n+p—2 n+p—3 n

n — p—l n—p—1 n—p-—1 n—p-—1
-2 —p—1

n— n n Log n—p

n—p-— n—p—1 n—p—1

p —-p

I
NE

Il
o

+ 1
N —~ 3

5.4.5. THEOREM. Let S = 0ODCI,
Then

F(nym)=F(n—-1,m-1)+ F(n—1;m)

For alll <m <mn.
Proof

Fom =3 (") = i

m—1
i=0

n—m

(M= 2+ m—2+4i .
= < 9 )F(n— m — ;Mo —i—Z( >F(n—m—z;m0)

1=0
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:F(n—l;m—l)%—g(m_;—i__(i_l)) Fin—=1—m—(i—1);myp)

n—1l—-m i
=Fn—Lm-1)+ Y <mm11‘7

=0
=Fn—-1m—-1)+F(n—1;m)

) Fn =1 m = jim)

6. CONCLUSION

The combinatorial properties of order preserving and order decreasing semi-
group of partial injective contraction mapping were studied. The two and three
functions F(n,p), F(n,m), F(n,k) and F(n,p,k) were used to carry out the
order of the semigroup. The work can be extended to other subsemigroups of
injective contraction mapping.
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*Table 4:1:1, Number of Elements in Terms of height F(n,p) in OCI,

n/p| 0|1 |2]3]4|5]|>F(up)
0 |01 01
1 |0101 02
2 |01]|04]|01 06
3 |101]09]|07]|01 18
4 |01)16|25|10]01 53
5 |01]25]65[49]13 |01 154

*Table 4:1:2 Number of Elements in Terms of fixed F(n,m) in OCI,

n/m| 0| 1|2|3]4]|5]|>F(nm)
0 |01 01
1 (01|01 02
2 |103/02]01 06
3 109]05]03]01 18
4 126(14108|04 |01 53
5 |75139122|12]05]|01 154

*Table 4:1:3 Number of Elements in Terms of waist elements F(n,w™) in OCI,

n/k|0[1]2]3|4]5]|YFnuw)
0 |01 01
1 |0101 02
2 [01(02|03 06
3 |01{03]|06 |08 18
4 |01/04]10]17 |21 53
5 [01[05|15 |31 |47 |55 154




