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Collocation Approach for the Solution of Fredhlom
Integro-Differential Equation of Fractional Order

AJILEYE GANIYU', JAMES A. ADEWALE?* AND AYINDE M. ABDULLAHI?

ABSTRACT

In this work, the collocation method is developed to solve
the fractional integro-differential equations using the Ca-
puto sense. The integral form of the problem is obtained
and transformed into a system of linear algebraic equa-
tions. Computed results are solved using Maple 18 in
order to show the efficiency and accuracy of the method.

1. INTRODUCTION

Over the years, there has been a drastic increase in the use of fractional differ-
ential models to simulate the dynamics of many different anomalous processes,
especially those involving ultra-slow diffusion. There are many different meth-
ods and different basic functions that have been used to estimate the solution
of fractional integro-differential equations or Abel’s integral equations such as
the Adomian decompositions method ([11]; [12]; [14]), collocation method by [1]
and [8], Laplace decomposition method by ([23]; [17]), Homotopy perturbation
method ([9]; [16]; [21]), Bernoulli matrix method [6] (Chebyshev-Galarkin method
[10], Differential transform method [4] ([18]), Taylor matrix method ([15]) least
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square method ([13]). ([19]) presented two numerical methods for solving frac-
tional integro-differential equations. The proposed methods reduce the equation
into systems of linear algebraic equations. [3] considered approximate analytical
solutions for fractional integro-differential equations by using the Sumudu trans-
form method and Hermite spectral collocation method. The two methods were
developed for differential equations.

This research considers Fredholm integro-differential equations with a fractional
derivative of the form

b
1) Zq] D%5y(@) + h(w) + [ ey, 0 < a <

subject to the initial condition

(2) y(j)(aj):/\j, j=0,1,...n—1, neN

where y(x) is the unknown function, D? and D% are the Caputo’s derivative,
E(x,t) is the Fredholm integral kernel function. h(x) and g;(x) are the known
functions, a; and \; are known constants.

2. BASIC DEFINITIONS

In this section, we present some definitions and basic concepts of fractional cal-
culus for the formulation of the given problem.

Definition 2.1. ([22]) The Caputo derivative with order o« > 0 of the given
function f(z), x € (a,b) is defined as

3) CDy(r) = —— ) /x@c—s)m—a 1y (5)ds

I'm-—a«
where m — 1 <a<m,mée N,z >0

Definition 2.2. ([5]) Let (ay), n > 0 be a sequence of real numbers. The power
series in x with coefficients a,, is an expression.

(4) y(x) = ag + a1z + agx® + azz® + - -ayx = Z apz” = ¢(x) A

where ¢(z) =[1z 22 -+ 2V], A=laga; --- an]*
then y(x,n) = 2"A, n=0(1)N, ne Z+
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Definition 2.3. ([1]). Standard Collocation Method (SCM). This method is
used to determine the desired collocation points within an interval. i.e [a,b] and
is given by

b o)
(5) m:a+(fﬁﬁJ:LZ&mN

Definition 2.4. ([7]). For a > 0, Let y(x) be a continuous function, then

Ny (k)
() o1 (§02y(@) = ()~ 3 LDt
k=0

where m—1< <1

Definition 2.5. ([5]) Let p(s) be an integrable function, then

(7) oI2 (p(s)) = F(lm /0 “(@ — 5)P p(s)ds

Definition 2.6. The Riemann -Liouville derivative of order o > 0 with n — 1 <
a < n of the power function f(t) = tP~“ is given by

L(p+1)

®) SRR T

P

3. METHODOLOGY

In this section, we develop numerical solution of fredholm integro-differential
equation. This method is based on collocation approach and also consider power
series polynomial as our approximated solution.

Theorem 3.1. (Banach Contraction Principle) Let (X, d) be a complete metric
space, then each contraction mapping T : X — X has a unique fized point x of
T in X, such that T(x) = x.

Lemma 3.2. Let y(x) be the solution to (1) subject to (2), the integral form
N 1 1

z) = W(x)+

y( ) ( ) jgof(m‘—%‘)ﬂﬁ)

J

() +F(lﬂ) /O Yl ) ( /0 b k(s,t)y(t)dt) ds
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where

(k) T
W(x) —Zy T 1)/ (z — 5)* " h(s)ds

IN(e

Proof. Multiply equation (1) by ol% g (.) gives

N
ol (DPy(a)) = M(Z% )Dy(x )ﬂﬁwm

J=0

[ semon)

y ) (0)
(11) y(x) = > Lok 1 018 §jq )D%y(x
k=0

#of2 (h(a)) + ot /0 b k(x,wy(t)dt)

subsituting equation (4) into equation (11) gives

N (k) T
Yy (0) ok 1 r—s B—1
20 _FFWLA( )
N 5 -
(Z qj(x — a]) /0 (s — t)mj—aj—l jtmj (o()) th) ds

i ww—sﬂfl s)ds L xx—55*1
12 ) e e g [

b
X </ k(a:,t)qﬁ(t)dt) dsA
0
3.1. Method of Solution. Collocatiing at z; in equation (12) gives
1 i
ylx;)) = Wix;)+ / z; —8)7 g (s
( ) Z _a] (/B) 0 ( ) ]()
(s —tymmea I Gy ) ds A
A - CORO LS

(13) +F(15) /0 " (i — )P < /0 bk:(s,t)gb(t)dt) dsA

(10) +ol]

VRS

using(6) on equation (9)gives
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simplifying gives

- 1
N
250 T(im; — o

U (fOS (S_t)mjajljﬂr;@(t))dt) ds
1 Zq —
REG S (@ — )P (f(f k(s,t) (¢(t))dt> a5

) r(lm Ji* i = ) gy(s) |

where

N (k) x;
W(xi):zy (O)x%mlﬁ) /0 (z; — 5)°"1h(s)ds

Factorise the values of A from equation(14) gives

R e e NS CERON

IO T (my — o

(15) X <f08(s i jthj (p(t)) dt> ds — A =W(x;)

1 T4 _
Ty do (@i =87 (Jy KGs0) (0(0)) de) ds

Equation (15) can be in the form
(16) V(zi)A =W(x;)

where

N o
Viz) = ¢<xi>—jzgﬂmj1_aj)r(lﬂ) JRCEE e

</Os(s -~ t)mrarl% (6(8)) dt) o

_F(lﬂ) /Oxl(xz — 3)5_1 (/Obk(s,t) (6(t)) dt) ds

and

A=laa - an|’
Multiply both sides of equation (16) by V~!(z;) gives
(17) A =V z)W(2;)
Substituting A into the approximate solution (4) gives

(18) y(@) = d(ai)V " (wg) W)
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Lemma 3.3. Let g € C ([0,1],R) be defined as q(s) = sP and Let y(t) be approz-
imated by (9), if

N
(19) L) = o} | 3 a)(x)D%y(a)

then, it is equivalent to

F(n + 1)F("Il — Oy +pj + 1) x5+n_aj+p].A

(20) L{zin) = 'n—a; +1)I'(B+n—a; +p;j +1) g

Proof.
Applying equation (3) and (7) into equation(19)gives

N

21)0If | Y g¢j(x)DYy(x) ZF p—.—y (1ﬂ> /0 xi(r—s)ﬂ‘lqj(s)

=0
[/05(8 _ pyma—ay—Lym) (¢ )dt] ds

substitute(8) into (21) gives

N 1 1/ .
(22) — Zr(m‘aj)l“(ﬁ)/o (z— )7~ 15w

j=0 J

Uos(s o <mt”‘mf) dt ] ds A

dt
Lets—t:(l—v)s,thent:vszd—:s:>dt:sdv,
v

substitute into (22) gives

al I'(n+1) 1 v 1 ap;
. = 2 Ty a) NoEenvivel A

1
[S”%‘ / (1 —v)mi—a—tyn=miqy ] ds A
0

Simplify(23), we get

F'n+1)I'(n —a; +pj +1)

xﬁ-i—n—aj-‘rij
I'n—a; + I(B+n—a; +p;+1)

(24)  Lain) =
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Lemma 3.4. Let k € C ([0,1] x [0,1],R) and Let y(t) be approximated by (9) ,if

(25) E(x) = ol} Uob k(&t)y(t)dt}

then, it is equivalent to

o D 4 1) )
(26) E(“"’")_((a+n+1)r(5+r+1)”’ﬁ+ >A

Proof. Applying equation (7) into ( ) gives

015 [ dt] (z— )0 [ /0 ’ k(s, t)y(t)dt] ds

Substituting for k(s,t)

(27) _ F(lﬁ) /0 “(z— )P < /0 ’ srt"y(t)dt) ds

Apply (4) to (27) and simplify gives
1 ba+n+1

(28) =0 /Ow(x — )1 [SJHLH] A ds

Let x — s = (1 — u)z,then s = ur = ds = xdu, substitute into(28) gives

o+n+1 1
(29) = <I‘(B) b(a o D) /0 (1 —u)2)’ ! (uz)"z du > A

Solving the equation (29), gives

L b"+”+1f(r+1) Bir
E(“”’”’")‘(<a+n+1>r<5+r+1>‘%+ )A

O

Lemma 3.5. Let h € C([0,1],R) be defined as h(s) = s™ and Let y(t) be
approximated by (9), if

(30) C(x) = olf (h(x))

then, it is equivalent to
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Proof.
Applying equation (7) into (30)gives

018 (h(x)) = — = /0 “(&— )P h(s) ds

Substituting for h(s) gives

_ 1) /Ox(g;  5)f-Lgmds

I'(p
ds
Let 2 — s = (1 — u)x, s:ux:>@:a::>d82xdu.
L(m+1) Bm
1 S Ve M
(1) Cw) = [ e

Lemma 3.6. Let y(x) be the solution of (1)and (2)then the solution is

(32) y(x) = ¢(a) V" (w) W)
where
V(i) T(n+ )T(n—a; +pj+1) xf*”‘o‘fﬂ’j
I(n—a; + DI(B+n—a;+p;+1)
N br+n+lr(r+ 1) Br

c+tn+t DDB+r+1)"
and

N k)
N ¥y (0) Im+1)  gim
We) == S fg ey %

k=0

Proof. Approximate solution of equation (9) is

y(@) = o(x) A
From equation (32) A =V ~(z;) W(x;)
where
'n—o; +1)I'(B+n—a; +p;+1)
N br+n+1r<r + 1) Bir

(c+n+1)T(B+r+1)
Substituting for A in the approximate solution gives

y(@) = d(z:)V " (wg) W)

223
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3.2. Uniqueness of the Method. In order to establish the uniqueness of the

method, we introduce the following hypothesis

H, : ¢ =
1 g xrél[%}’i]’()’

Hy, —max/|kxt]dt
z€(0,1]

Hy 5 d(yi"y™)) < Loyd (yay)
Before the establishment of uniqueness of solution, it must satisfy the contraction

principle. Thus, the proof of Banach contraction principle and Lemma 3.7 are
not new results and could be source from [2] & [20].

Lemma 3.7. (g-contraction) Let T : X — X be a mapping defined by theorem
(3.0) for y1, yo € X. T is q-contraction if and only if

9 (T(ﬁerj—aj+1)—5F(5+mj—aj>>+k*] (L -1

L(mj —a; +1) LB+ m; —oj+1) rpg+1)
then there exist a unique solution of T.

Proof.

N x
T @) = W@+ Y o si | =9

=0

Uos(s — gymi—eq =1y lmi)y )dt} ds + 1“(15) /0

T

S [/Obk(s,t)yl(t)dt] ds
and

(Tys) () +i ! /x<x—s>51q»<s>
2T, — o) 1) Jy j

[/ (5 — )™~ arly( )()dt] ds+F(16)/OI(x—s)ﬁl

U

\

k(s,t)ya(t ]ds
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(Tyr) () — (Tu) () = i S /$<x—s>ﬂ—1q-<s>
= Tlmy — ;) T(B) Jo ’

|

+F(16) /Ox(x — )7 [/Ob k(s, 1) (y1(t) — y2(t)) dt] ds

Taking maximum of both sides we get

S

S—

(5=t (0 - o 0) at] as

d(Tyi(z), Tya(x)) < EN: 4 /I(IE —s)7!
= LB (m) —aj) Jo

Uos(s - t)mj_aﬂ'_ldt] ds Ld (y1, o)

+1“(1ﬁ) /Ox(x _g)B-1 [/Obk(s,t)dt} ds Ld (y1,y2)

(T (@), Tin@) < q; (F(ﬁ+mj—aj+1)_f3r(ﬁ+mj —aj)> e ]

|:F(m_j —aj+1) L'(B+m;—a;+1)

L
—— d(y,
Since T is a contraction map, By Banach contraction principle, we can conclude
that T has a unique solution. O

3.3. Convergence Analysis. We establish the convergence of the method.

(x) = Wi(x)+ i 1 1
w 2= T(m; —a;) T(6)

[Tt | [ ome il @] as

x; b
(33) +F(15)/o (z —s)P! (/0 k:(s,t)yN(t)dt> ds
Substract (9) from (33) gives

En(z) = yn(z) — y(z)
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hence
N
ol = ;rml— i
/Ow(x —5)""g;(s) UOS(S — gymames ’E](ij)(t)dt” ds
(34) +F(16) /0 "o = 5)p /0 bk:(s,t)yN(t)dt‘ds
Therefore

1

N mj—o— (mJ)
HEN(':C)HOO < 1 /w (z — S)ﬁfl Zj:[) T(m;—a;) 4 [‘fo (s =)™ 1 ‘ dtH
IEN®)ll — T(B) Jo | S k(s )y (8)dt

The method converges.

4. NUMERICAL EXAMPLES

In this section, we present numerical examples to test the efficiency and simplicity
of the method. All computations are done with the aid of program written
in MAPLE 18. Let y,(z) and y(z) be the approximate and exact solutions
respectively. Errory = |y, (z) — y(x)|.

Example 4.1. ([15] Consider fractional fredholm integro-differential equation of
the form

1
D?*y(z) = —D"Py(z) — y(z) —1—/0 y(t)dt +x — %

with the condition 3(0) = ' (0) = 1 and exact solution is y(z) = = + 1

Solution 4.2. Comparing with equation(l) and equation (2), § = 2, a =

1.5,h(z) =2 — %

Using N = 3 for illustration
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Writing in the integral form

1 1 z _
ve) = W) - o a rE /0 (2 — 5!

[/ (s— t)2_1'5_1]Wt”_2dt] ds A—
0

(n—2+4+1)
(35) 11(12) /Ox(x — )2 ts"dsA + 11(12) /Ox(x _ gt
[/01 t”dt} ds A
where

= T L xa:—s%l
Wa) = W)+ | @=9)

[rr(q(znjog) 8n+0'5] ds A=

L x:p—s%ls”s 1 xx—32*1
r(z)/o( ) dsA F(2)/o( )

1
[/ t”dt} ds A
0

Using Lemma (3.2), and Lemma (3.3) gives

I'n+1)I'(n+ 1.5)
T(n — 0.5)0(n + 3.5)
Fn+1) .4 F(n+1)1n+5

(37) ylz) = W(z)+ 25 ds A—

T(n+3)" Tmnia A
(38) W(z) = ?Ei; i 22((13)) zt
for n =0(1)N

Applying Lemma (3.5) on equatiion (37) and (38) gives

y(z) = d(z)V " (2g) W(x;)
We obtained the result

227
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(2) = 1.0000000000 x 2% 4+ 1.0000000000 x x-+
Yslt) = | 8.8817841970 x 1016 x 22 + 2.2204460493 x 10~ 1643

Example 4.3. ([15] considered fractional fredholm integro-differential equations
of the form

1
D”M@zD“M@+/e@@ﬁ+ﬂ@
0

where f(z) = e — e**! with the condition y(0) = 0 and exact solution y(x) = €®

Solution 4.4. Comparing with equation (1) and equation (2), f = 1.5,a =
0.5, k(z,t) = e, f(x) =e* — e*t!

Writing in the integral form

N 1 1 [ -
W) = W)+ Y g f,
® mj—aj—1 F(?’L + 1) n—mg; s _
[/O (s— 1) Rt dt]d A
1 ' x—s)P 1 165 n s
(39) F(ﬁ)/o( ) UO tdt]dA
where
(40) W) = F(lﬁ) /0 "z — ) 1h(s)ds

Using N = 3 for illustration
substituting for 8 = 1.5,a = 0.5, f(z) = € — **! in equation (39) and (40)
gives

1 1" 3
yl@) = W)+ 5355 1“(1.5)/O (=9

[/Os(s - t)1—°-5—1F(l;(ﬁﬁi)l)t"—ldt} ds A+

I‘(i.5) /Ox(x — )51 [/01 e’ t"dt] ds A

W(zx) = F(115) /OI(:E —s)lot (e — eSH) ds

for n=0(1)N
Applying Lemma (3.2) gives
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(41)  y(z) = W(z)+ Flzflnjoz))) F(11'5) /Oz(l’ _ gLl gntlagg A

+r(i5) /Ox(x — )t [/Oles t"dt] ds A

where
_ — ) 15 8" 5
(42) W(z) = / x (n+1)d
§)L5= s+ 1"
/ L(n+ 1)d8

Applying Lemma (3.5) on equatlon( 1) and(42) gives
y(x) = pza) V= (@) W (xs)

We obtained the result

~ (09990233401 x 20 + 1.0116982759 x z+
Y3 =\ 0.4050677749 x 22 + 0.3003042742 x a°

Table 1: Exact and approximate values, Example 1

X Exact N=3 N=5 N=6
0.2 1.2214027580 1.2199681400 1.2213960720 1.2214031090
0.4 1.4918246980 1.4877329680 1.4918178290 1.4918249590
0.6 1.8221188000 1.8167324280 1.8221150110 1.8221190520
0.8 2.2255409280 2.2213811250 2.2255348760 2.2255409420
1.0 2.7182818280 2.7160936650 2.7182828500 2.7182817820

Table 2: Absolute Error for Example 1
X ERR3 ERR; ERRg [18]n=1s

0.2 1.4346180e-3 6.686e-6 3.51e-7 0.21823e-7
0.4 4.09173e-3 6.869e-6 2.61e-7 0.21586e-7
0.6 5.386372e-3 3.78%e-6 2.52e-7 0.86325e-7
0.8 4159803e-3 6.052e-6 1.40e-8 0.12423-5
1.0 2.1881634e-3 1.022e-6 4.60e-8 0.83792e-5

Example 4.5. ([13]) considered fractional fredholm integro-differential equations
of the form

1
0.5 ) = T T
DO%y(z) = f(x) + /0 by(t)dt

-

3
r2 — 212
where f(z) = *—F=— + - with the condition y(0) = 0 and exact solution

N 12

w|oo

y(z) =2 — =z
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Comparing with equation (1) and equation (2), 5 =0.5,a =0, k(z,t) = xt
Writing in the integral form

(43) y(x) = W(z) + 1“(1,8) /Ow(x — )1 [/01 wt t"dt] ds A

where

(44) W)= - ) /0 " — 5)P U f(s)ds

(8)

Using N = 4 for illustration
substituting for = 0.5, f(s) in equation (43) and (44) gives

(45) y(z) = W(z) + r(ég) /:(x — )07t [/01 T t"“dt] ds A

r 852 — 252 s
(46) W(z) = 11(35)/0 (x — )51 (3\/; + 12) ds

Applying Lemma (3.3), Lemma (3.4) and Lemma (3.5) on equation(45) and(46)
gives

y(@) = ¢(x) V" () W(a)
We obtained the result

~{ 4.996003611 x 10716 — 0.999933822618743x + 0.99994106787289622
Ya = —0.288451178676041e — 523 + 8.253709893¢ — T4

Table 3: Exact and approximate values, Example 3

x Exact N=4 N=6
0.2 -0.1600 -0.1599891436 -0.1599907726
0.4 -0.2400 -0.2399831216 -0.2399889081
0.6 -0.2400 -0.2399820253 -0.2399889081
0.8 -0.1600 -0.1599859134 -0.1600041982

1.0 0 0.000005186159202 -0.1719383090e-4
Table 4: Absolute Error for Example 3

X ERR,4 ERRg
0.2 1.08564e-5 9.2274e-6
0.4 1.68784e-5 1.10919e-6
0.6 1.79747e-5 6.1422e-6
0.8 1.40866e-5 4.1982e-6

1.0 5.186159202¢-6 1.719383090e-6
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Discussion of Results. We established the uniqueness of the method using
theorem (3.0). The method of solution satisfies that T is g-contraction using
some hypothesis. This shows that the method is unique and converges.

In example 1, The approximate solution obtained at N=3 gives y3(x) = 1.00000000 x
2% + 1.0000000000 x x + 8.8817841970 x 10716 x 2? + 2.2204460493 x 1071623
which shows that the result converges to the exact solution.

In example 2, The approximate solution at N = 3 gives y3(z) = 0.99902334012°+
1.0116982759x

+ 0.4050677749x2 4 0.30030427422> and for solving N=5 and 7, we obtained
Table 1 which displays the results obtained from example 2 at x = 0.2 to 1.0
for various values of N and the exact solution. Error of example 2 as shown in
Table 2 indicates that as the values of N increases, the error becomes smaller.
For instance, the least error in [15] at N=18 is 0.21823e-7 while the least error in
our method at N=6 is 1.40e-8. This shows that the numerical method developed
is consistent and converges faster.

In example 3, The approximate solution obtained as N=4 gives y4 = 4.996003611 x
10716 -0.999933822618743x+0.9999410678728962% —0.288451178676041e — 52> +
8.253709893¢ — 7x* and solving for N=6 and N=10. We obtained Table 3 which
shows the results obtained at x = 0.2 to 1.0 fot the values of N and the exact
solution. Table 4 shows the error of example 3 and it indicates that as the values
of N increase, the error becomes smaller and more consistent across all values of
x.

Conclusion. An enhanced numerical method is developed for the solution of
Fredholm integro-differential equations of fractional order with initial conditions
using the collocation method. The numerical method derived is consistent, effi-
cient and reliable and all computations are done with MAPLE 18.
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