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Approximate Analytical Methods for the Solution of Fractional
Order Integro-differential Equations

A. 1. ALase*, M. O. OLavyiwoLA, M. O. OGUNNIRAN, J. A. ADEDEJI AND
K. A. ADEDOKUN

ABSTRACT

In this paper, two numerical methods for obtaining the so-
lution of fractional order integro-differential equations were
disscussed. The modified variational iteration method (MVIM)
which is a modified general Lagrange multiplier method and
the modified homotopy perturbation method (MHPM) were
applied to solve both linear and non-linear cases of fractional
order integro-differential equations.  Although the modified
variational iteration method accelerate fast in convergence
to the exact solution, the results obtained as presented on
numerical tables and graphs revealed that the two methods were
effective and of high accuracy for solving this type of problem.

1. INTRODUCTION

In recent years, problem arising from mathematical modeling of physical occur-
rences such as biological modelling of diseases, modelling of dynamical systems
and modelling in mathematical finance usually results to fractional order integro-
differential equations. The closed form of the exact solution is tedious to find and
most time, not possible. Because of this many numerical approaches such as [3]

Received: 11/03/2021, Accepted: 20/05/2021, Revised: 04/06/2021. * Corresponding author.
2015 Mathematics Subject Classification. 45J05 & 65R20.
Keywords and phrases. Integro-differential equations, Fractional integro-differential
equation, Homotopy perturbation method, Variational iteration method
Department of Mathematical Sciences, Osun State University, Osogbo, Nigeria
E-mails of the corresponding author: adedapo.alaje@pgc.uniosun.edu.ng
ORCID of the corresponding author: 0000-0002-3590-3256
175



176 A. 1. Alaje, M. O. Olayiwola, M. O. Ogunniran, J. A. Adedeji and K. A. Adedokun

& [4] have been applied by researchers to solve the problem. To begin with is
[11] that applied the variational iteration method and homotopy perturbation
method to solve Kawahra equation. Also, [9] applied this variational iteration
method to obtain the solution of coupled system of non linear partial differ-
ential equations. A reliable algorithm for solving boundary value problems for
higher-order integro-differential equations was proposed by [7] and [12] applied
the variational iteration method to obtain the numerical solution of linear and
non linear Fredholm integral equations. A comparison between the variational
iteration method and the successive approximation method was carried out by
[13] and recently, [14] applied the variational iteration method to obtain the solu-
tion of higher-order integro-differential equations. The convergence of variational
iteration method for second order delay differential equations was also researched
by [10], and this variational iteration method was applied by [1] to obtain the
solution of fourth order integro-differential equation. The application of both
Variational iteration method and homotopy perturbation method was extended
by [6] to obtain the solution of fourth-order fractional integro-differential equa-
tions, in the same vein [2] & [8] applied the variational iteration method to obtain
the solution of non-linear fractional order integro-diferential equation. The so-
lution of nonlinear Volterra-Fredholm integro-differential equations was obtained
by [5] applying hybrid Legendre polynomials and Block-pulse functions approach.
In this paper, two approximate analytical methods namely the variational iter-
ation method and homotopy perturbation method will be applied for obtaining
the solution of fractional order integro-differential equations of the form:

(1) (1) = p)y(t) + M/Ot k(x,t) [y(x) + Fy(z))de V¥ (t) €[0,1]
which may be subjected to the following initial condition:

(2) y"I)=p6, n=0,1,23...

or boundary condition:

(3) y" (') =y and y™(T2) = 72 VI 7,72, Bn €R

« is the order of the integro-differental equation, the k(x,t) is the kernel of the
integral equation, y(x) is a given linear function, F(y(z)) is a given non linear
function and y(t) is the function to be determined. The problem presented in (1)
is assumed to have a unique solution and the results presented shows that the
two methods are potent and efficient in handling this type of problem.

2. PRELIMINARIES

In this section, some definitions on fractional calculus applicable in the paper are
given.
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2.1 Caputo derivative. The caputo derivative of a real function f(z) is defined
as:

D f(0) = s || =)

I'(m-—a

m—a—1 d(m) F(t)

2 dt, m—1l<a<m VY méeN

2.2 Riemann-liouville integral. The riemann lioville integral of a function
f(z) is defined as:

[*F(z) = F(la) /0 (x = D@D F(H)dt @ > 0

if a =0, then
I°F(z) = F(x)
For a positive definite real function f(x),V «, 8 > 0, € > —1, the following prop-
erties hold for operator I,
(1) I°IPF(x) = It F(x)

a.e _ e+l a+te
(2) I - F(()E+e+)1) "
(3) DYI*F(z)] = F(x)
(4) I*[DF(z)] = F(z) = Y0 FR0)2 m—1<a<m

3. METHODS

3.1 Modified Variational Iteration Method. The basic idea of the Varia-
tional iteration method can be explained by considering the following equation,

(4) Ly(z) + Ny(z) = g(z,1)
by variational iterational method,
) @) = o) + [ MLun(s) + Vo) = y(s)lds
where
_ (_l)n n—1
(0 A = (s =)
replacing (4) by (1) in (5),
U x
Unt1(t) = yn(t) + Jo M@) (5 (@) — p(@)yn(@) — 3 k(s,1) (yn(s) — F(yn(s))ds)) da
Constructing a Riemann-Liouville correctional formula for (7) yields
(8)

a0 = 0n(0) + iy 3 (¢ = 2070 (260~ p@(0) — i K50 (1 (6) = FlFago)ds) ) d
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B=a+1—m Y m € N,and A\ x) is the general lagrange multiplier ¥,, denotes
the constricted variation.

In this research, the exact solutions of the problem solved are known at a = 4.
Since the lagrange multiplier

letting the order k = 4 and substituting the expression of lagrange multiplier A
at stationary points into (8),

_1\4—1
9) Ynt1(8) = Yn(t) + oy Jo (¢ — @) R (z — )+

< (1860 = @) = [ k1) (6) ~ P (0)ds ) )

By simplifying (9) and (10), we obtained

(10) yn-i—l(t) = yn(t) - m fO t — ZL‘ a 4{(t — x)4 1

. (yf:(:v) ) [ kst (yn<s> - F@n(s)ds)) da
such that
(1)

11 (0) = 1 (0) ey (e = 20" (4800) = ple) = I 1Gss0) (o) = FTa(0)as ) ) o

simplification of (11) and (12) yields
(12)

i1 (0) = 9n(0) = DGO e (120) (o) — i ) (1a(e) = FlFa(o)ds

letting operator

a_i ! _xafl
Ir<a>/o“ )

(13)
Yni1 () = yn(t) — %IQ <y$;(x) — p(x)Yn(x) — [T k(s,t) (yn(s) — F(&n(s)d(s)) dx

An approximate series solution of the problem can be obtained by constructing
a power series using the given initial or boundary conditions.
so that

2 3
(14) yo(z) = o + xP1 + %52 + %53-



Approximate Analytical Methods for the Solution of Fractional Order ... 179

To evaluate an unknown initial condition f,,, the boundary conditions is imposed
on the obtained solution.

3.2 Modified Homotopy Perturbation Method. The method of modified
homotopy perturbation can be extended to obtain the approximate solution of
(1). According to '"He’, a homotopy can be constructed for (1) such that:

(15) (1 -py ) +p <yo‘(t) —p()y(t) — /0 [k(2)y(z) — f(y(:):))d:r) =0
if p=0,

(16) y*(t) =0
if p=1,

t
(17) y“(t) — p(t)y(t) + /O [k(z)y(z) — f(y(z)]de =0
the solution of the problem can be expressed in series form as
(18) y(t) = pyo(t) +p'y1(t) + pPy2(t) + poys(t) + -

substituting (18) into (17) and equating coefficients of equal order of P, the
following system of fractional order integro-differential equation is obtained:

P yg ) =0;
Pt ) = p(yo(t) + [y k(@)yo(x) — Flyo(x))da;
. p? ys(t) = pOy(t) + fy K@)y (@) — F(y(x))da;
W) s o g = pO)(t) + J; k(@)ye(z) — Flys(x))de;
Pyt = pyn(t) + fy k(@)ya(z) — F(yn(@))dz;

According to Liao homotopy analysis, as long as a given solution series converges,
it must be one of the solutions. This deduction is also satisfied by non-linear
fractional order integro-differential equations. Thus, the non linear term is de-
composed to its series form to make it fractionally integrable and operator I is
applied on both sides of (19) to obtain yo(t),y1(t), y2(t),- - so that the approxi-
mate series solution of the problem is

(20) N () = yo(t) + y1(t) + y2(t) + ys(t) + - -
4. APPLICATION

In this section, we present some examples to establish that the modified vari-
ational iteration method and homotopy perturbation methods are effective in
obtaining the solution of both linear and non-linear fractional order integro-
differential equations as in (1). The computation process was carried out using
Maple 18.
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4.1. Modified variational iteration method.

Example 4.1. Consider the following linear fractional order integro-differential
equation.

(21) DY%(z)=2—x—€e"(5+x)—y(z)+ / y(t)dt
0

subject to the following initial conditions:

(22) y(0) =1=Fo, ¥"(0)=-2=p

and boundary condition

(23) y(1)=1—e, ¢"(1)= —3e,

The exact value at o =4 is
y(z) =1—ze®
According to the MVIM, the first approximation at n =0 is

(24) 11(2) = yo(x) — puI® | DOy(x) — 2+ 2 + ¢ (5 + 2) + yolz) — /0 myomdt]

To make e” fractionally integrable, it is converted to it’s series form
2 3
x x
applying (14), the approximate power series solution to the problem is

3
(26) vole) = 1+af —a® + By

where 81 = ¢/(0) and 83 = y”’(0) are unknowns to be determined. Substituting
(25) and (26) into (24),

yi(z) =1+ a6 — 22 +53% — pl

(27) [Day(x)+4+J;(6+51)+(5—51)§+(10+B3)%3+(4_63)§]

expanding the bracket by operator I(® the resulting equation is obtained

(28) yi(x) = 1+51(95)—$2+53§—
P xa—&-l xa+2 xa+3 xa+4
M [41“(a+1) + (6+51)m + (5 —51)m + (10+53)m + (4_53)1“04—1—5

The boundary conditions are imposed on (28) to obtain the values of 51 and f3
and the obtained values are presented in Table 1. These values of 81 and (3 were
in turn substituted into (28) to obtain the approximate solution of the problem
and numerical Table 2 shows that the solution is in good agreement with the
exact solution.
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Example 4.2. Consider the following equation:

(29) D% (z) = —i - %x + ge% - / 2@y (t)dt
subject to the following initial conditions

(30) y(0) =1=Ho, ¢ (0)=2=p,

and boundary conditions

(31) Y1) =1+e y1)=1+e

The exact solution is y(x) = x + e* when o = 4. Applying (14) to construct the
initial approximation,

2’ 3
(32) wo(@) = 1420+ 6% + S

equation (32) is simplified by substituting the series of e?*,e~2 and yo(z). Ap-
plying the MHPM,
e a+1 a+2

yi1(z) = 1+ 22 + 5022 + 32" + p[~ TlaFT) ~ T(a2) ~ T(at3)

L Bo 2ot | (2B Bs16)a | o (2851658225 (2 Bot By 112)a0 S
(33) I(a+4) T'(a+5) I'(a+6) T'(a+7)

_3 (98 Ba—B3+112)zo+7 1128 (14 B2—13 B3—224)z>+8

I'(a+38) I'(a+9)

(14 85— 3)a*+ 10
—~3840 BB — 153600 1oy ]

4.2. Modified homotopy perturbation method.

Example 4.3. Consider the following linear fractional integro-differential equa-
tion

(34) DY%(z)=2—x—€e"(5+x)—y(z)+ / y(t)dt
0
subject to the following set of initial and boundary conditions:
(35) y(O) =1= /807 y//(O) =-2= ﬂ??
y(l)=1—c¢, y"(1) = —3e

The exact solution at & =4 is y(z) =1— ze®

The series of e” is substituted into the problem to make it fractionally integrable.
By simplifying the resulting equation, (36) is obtained;

7 4 1 v
(36) Doy(x) = =3 —To — —a* — —2® — 2t — y(x) +/ y(t)dt.
2 3 6 0
Constructing a homotopy for (36) yields (37):

4., 1

(37) D%(x) =p (—3 —Tw — ga:Z — 3% - 6:34 —y(x) + /Ox y(t)dt)
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substituting (18) into (37) and equating terms with equal powers of p:

P [DYo] = 0;
p' DY) = -3 — 7x — Ig? §x3 — szt —yo(z) + [3 yo(t)dt;
p° i [D%g] = —1/1 )+ fo yi(t)d

(38) p® (D3] = —y2(x) + [ y2(t)d

" [D%n] = —yn(r) + fox yn(t)dt
applying the operator I to (38),

(39) yo(z) =1
(40)
333 xa«kl xa+2 xa+3 xa+4
yi(z) = Bi(x) — a? + ﬁ3? o (oc-l—l) 6 I'(2+a) 7 I'(3+a) 8 I'(4+a) 4 I'(5+a)
a+1 x(a 2) a+3) x(a 4)
(41) @) = P gy + 2+ B1) Eagay — 2+ Bo) oy + Bafiarsy
i l,(?a) x(2a+1) $(2a+2) $(2a+3)

2
T2a+1) “T2a+2) T(2a+3)  T(a+4)
The approximate solution of the problem is obtained by adding the three itera-
tions obtained in (39) to (41).

23 potl IOH-Q
o A e e (i T
(42) -8 af4+a) 4 %5+a) Briary T+ B s — 2+ Bs) i

(2a+1) 2(2a+2) (2a+3)
B F(a+5) +4 (xza+1) +2 x(2a+2) + 1 I'(20+3) I{;(2a+4)

Example 4.4. Consider the nonlinear fractional integro-differential equation

(43) D(z) = —i — %x + Ze% / 2@y (t)dt
subject to the following initial conditions

(44) y(0)=1=pFo, Y (0)=2=4

and boundary conditions

(45) y(I)=1+e, y(1)=1+e

The exact solution is
ylx) =z +e* at a=4.
Substituting the series of €2% into (43) gives

5 5
(46) D%(z) =1+2z+ 5332 + §x3 — /eQ(w_t)y(t)dt.
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Constructing homotopy for (46) gives

2 3

substituting (18) into (47) and comparing coefficients gives the following system
of equations in (48)

po : DY%p(x) =0

(47) p[D%(z)] =p |1+ 22+ §x2 + §x3 — /eQ(It)y(t)dt}

(48) p': Dy (x )_ 1+2a:+ 222+ 323 — [ 2@y (t)dt
p*: Dya(x) = [ 2™ t)yl( t)dt

applying the operator I* on (48),

(49) yo(z) =1

also,

a+1 £E&+2 xa+d

yi(z) =2x + 1$2ﬁ2 + z*B3 + I( a+1) + F(a+2) +3 L(a+3) +6 I(o+4)

(50)
a+4 a+5 rot6 pot?

8 frsy + 80 fhargy — 160 farsy + 2240 s

Solving for y» in the same vein,

(51)
a+1 2xa+2 rat3 pot+5 DY e a+6

_ x B 1645
y2(2) = =2 p(ogey — ?‘(a+3) B(a+4) +320 oy + 480 Rapsy + 1120#

532:&-0-9 1/.204 1.2 a+1 IQ a+2 1.2 a+3

Box®
+35840 + 107520 I(a+10)  T@2a+l) T(@at2) 3 T2a+3) 6 T(2a+t4)

T(a+9) )

(044100343502 +50 a+30)z2 o+

(at+140°471 a?+154 a+60) 22 2 +5
T'(2a+5) +

332 a+6
T(2016) + 160

+ T(2a+7)

Ol
Ol

48 (2 ab+5405+599 ot +3528 a®+11819 2421798 a+15120 )2 @ +7 416 22948 (0 +8)(a+7) (a+6)(a+2) (a+5)2
9 T(2a+8) 3 T(2a+9)

32 (a?+9a+30)(a+6)(a+7)(at8)(a+9)z? T j9g (02411 a+45)(a+7) (+8) (a+9) (a+10)z2 2 +10

3 T'(2a+10) 9 T(2Za+11)

1280 (a?+13a+63)(at8)(at)(a+10) (a+1D)a? *H 9560 520+12(0419)(a+11)(a47)(a+8)(a+9)(a+10)
9 T(2a+12) 9 T(2a+13)

435840 22213 (a+13) (a+12) (a+8)(a+9) (a+10) (a+11)
9 T(2a+14)
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5.1. Numerical results For Example 4.1 and Example 4.2: From Example
4.1 and Example 4.2, the given values of Sy = 1 and 2 = —2. Imposing the
boundary conditions on the results obtained using modified variational iteration
method and modified homotopy perturbation method respectively, the values of
£1 and B3 as obtained are shown on Tables 1 and 2.

TABLE 1. Numerical values of 81 and 53 3 < a <4 MVIM

constant oa=3.25 a=3.5 oa=3.75 a=4.0

51 -0.7404837902 | -0.8176244610 | -0.9094372723 | -0.999480418
53 -5.396873656 -4.529003651 -3.693700603 -3.003415366

TABLE 2. Numerical values of 81 and 3 for 3 < a <4 MHPM

constant a=3.25 a=3.5 a=3.75 a=4.0

51 -1.099904662 -1.089826751 -1.050863268 -0.9985952594
B3 0.2616916705 -0.9916977748 | -2.085217410 -3.0093257030

Tables 3 and 4 show the numerical results of Example 4.1 and Example 4.2 at
different levels of a using the modified variational iteration and modified homo-
topy perturbation method respectively. Table 5 shows the comparison of error
between the two methods applied.

TABLE 3. Numerical results of MVIM for 3 < oo < 4

X | a=3.25 a=3.5 a=3.75 a=4.0

0 | 1.000000000 1.000000000 1.000000000 1.000000000

0.5 -1.718281829 | -1.718281829 |-1.718281829 |-1.718281828

1 |-1.718281829 |-1.718281828 |-1.718281829 |-1.718281828
TABLE 4. Numerical results of MHPM for 3 < a < 4

X a = 3.25 a=3.5 a=3.75 a=4.0

0 1.000000000 1.000000000 1.000000000 1.000000000

0.5 | -1.718281830 | -1.718281830 | -1.718281830 |-1.718281829

1 -1.718281828 | -1.718281829 | -1.718281827 | -1.718281828
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TABLE 5. Comparison of errors of MVIM and MHPM at a = 4.

VIM

HPM

0.000000000

0.000000000

0.000000001

0.000000000

0.000000001

0.000000000

5.2. Numerical results for Example 4.3 and Example 4.4: From Example
4.3 and Example 4.4, the given values of Sy = 1 and pB; = 2. The values of 2 and
B3 after imposing the boundary conditions on the results obtained using mod-
ified variational iteration method and modified homotopy perturbation method
respectively are shown on Tables 6 and 7.

TABLE 6. Numerical values of 8y and 3 for 3 < o« < 4 MVIM

constant a=3.25 a=3.5 a=3.75 a=4.0
B 0.853127320 0.820348279 0.781971369 0.745636143
53 1.859552690 2.053046871 2.236082300 2.381949209

TABLE 7. Numerical values of 85 and 3 for 3 < a <4 MHPM

constant a=3.25 a=3.5 a=3.75 a=4.0
B 1.053499078 1.022210547 0.9946782832 0.970270368
B3 0.451721289 0.753958813 0.9866622002 1.166634504

Tables 8 and 9 show the numerical results of Example 4.3 and Example 4.4 at
different levels of a using the modified variational iteration and modified homo-
topy perturbation method respectively. Table 10 shows the comparison of error
between the two methods applied.
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TABLE 8. Numerical results of MVIM for 3 < oo < 4

a = 3.25

oa=3.5

a=3.75

a=4.0

1.000000000

1.000000000

1.000000000

1.000000000

0.5 | 2.143703059

2.142652469

2.141326871

2.139941702

3.718281828

3.718281827

3.718281828

3.718281829

TABLE 9.

Numerical results of MHPM for 3 < o < 4

a = 3.25

oa=3.5

a=3.75

a=4.0

1.000000000

1.000000000

1.000000000

1.000000000

0.5 | 2.152642509

2.150427345

2.149000484

2.147985614

3.718281828

3.718281828

3.718281830

3.718281829

TABLE 10. Comparison of errors of MVIM and HPM at o = 4.

VIM

HPM

0.000000000

0.000000000

0.000000001

0.000000001

0.000000001

0.000000001

5.3. Graphical interpretation. It was evident on the numerical tables that
the two methods were elegant in solving both linear and non linear problems of
fractional order integro-differential equations presented. In this section, to ascer-
tain the potency of these methods in solving these class of problems, graphical
demonstrations are presented by plotting the approximate and exact solutions
against z on the interval 0 < x <1 at a equals 4.

5.3.1. Graph of Example 4.1 and Example 4.2. In Figures 1 and 2, the graph-
ical interpretation of the results obtained for problem one using the modified
variational iteration method (MVIM) and the modified homotopy perturbation
method (MHPM) are displayed. Due to cumbersome number of terms, only one
iteration is performed using the MVIM, hence it’s curve shows a divergence from
the exact solution as the value of & approaches 1.
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Graph of Y (MVIM) and ¥ (EXACT) Azainst x.

_2_

R
Sy % &
S
AN
o
0z 04 * 0% {
X \;\\ \
\\\ — — Y{(MVIM)
\\ — — Y(EXACT)
\\
»
i ¥
S
h
\ =
b
\.—

Figure 1: The graph of Y(MVIM) and Y (Exact) in Example 1 against

0.5

0<xr<1.

Graph of ¥ (MEPM) and ¥ (EXACT) Against x.

— V(M HPM)
—— Y(EXACT)

Figure 2: The graph of Y(MHPM) and Y (Exact) in Example 1 against

0<x<1.

5.3.2. Graph of Example 4.3 and FExample 4.4. Figures 3 and 4 reveals that the
two methods applied are competent in handling the class of problem solved as
their results are in good agreement with the exact solution.
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Graph of ¥ (MVIM) and ¥ (EXACT) Against x.

5 /
052 /
. / — - W(MVIM)
] — — WEXACT)
3 ] /
1.5 /
u} 0z 0.4 0.8 0.z 1

x

Figure 3: The graph of Y(MVIM) and Y (Exact) in Example 2 against
0<xr<1.

Graph of ¥ (MHPM) and ¥ (EXACT) Against x.

124 — (M HP M)
——— V{EXACT)

T T T T T T T T T 1
a 0.z 0.4 0.a o= 1

x

Figure 4: The graph of Y(MHPM) and Y(Exact) in Example 2 against
0<z<1.

Remark. Figure 1 shows that the curve of Y(MVIM) diverges from the exact
solution curve as x approaches 1; Figure 2 reveals that the result of the modified
homotopy perturbation method is in good agreement with the exact solution
after performing two iterations; Figure 3 indicates that the approximate solution
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of the modified variational iteration method is in line with the exact solution as
there is no deflection on the curves as x approach 1; and Figure 4 displays that
the approximate solution of the modified homotopy perturbation method agree
with the exact solution as there is no deflection on the curves as x approach 1.

Conclusions: It could be observed that the modified variational iteration method
and modified homotopy perturbation method were successfully applied to obtain
the numerical solutions of linear and nonlinear fractional order integro-differential
equations. These methods give more feasible series solutions that converge very
rapidly to the exact solution. The efficiency of the methods in solving this type
of problems were demonstrated with the presented examples. Their accuracy
were compared with the exact solution on numerical tables and graphs to ver-
ify their validity and it is worth mentioning that: in both cases of the problem
solved, the variational iteration method converges after the first iteration while
the homotopy perturbation method converges after two iterations; the computer
implementation of the methods are feasible as the computation process was car-
ried out using MAPLE 18; the methods can easily handle both boundary value
and initial value fractional order integro-differential equations.
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