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An Operator for Obtaining Nth Order Derivative of a Function
Depending on Seven Independent Variables

O. O. Enoch1∗, F. J. Adeyeye2, A. O. Ilesanmi3 and S. O. Adejuwon4

Abstract

Leibnitz’s theorem is used in the product rule to generate

a series method for computing the nthorder derivative of

a function that depends on seven Independent variables.

The new series method does not require the knowledge of

the preceding derivative before obtaining the succeeding

ones. A generalization of the method is also presented.

1. Introduction

An operator for obtaining the N th order derivative of the function:

y =

7∏
i=1

Li, y =

7∏
i=1

1

Li
, y =

m = 7
i = 5∏
i = 1
m = 6

Li

Lm
,y =

m = 7
i = 4∏
i = 1
m = 5

Li

Lm
, y =

m = 7
i = 3∏
i = 1
m = 4

Li

Lm
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or

y =

m = 7
i = 2∏
i = 1
m = 3

Li

Lm

is investigated.
The interest is to derive a method that makes it easy to obtain the nth order
derivative of the function of the type:

(1) Y =

7∏
i=1

`i (x) =
3∏

i=1

`1 (x)
7∏

m=4

`m (x)

This approach is expected to work for functions of the forms:

(2)

∏3
i=1 `i (x)∏7

m=4 `m (x)

It is good to note that the nth order derivative of

(3)

∏4
i=1 `i (x)∏7

m=5 `m (x)

can be obtained by same method and this will also work for the nth order deriv-
ative of

(4)

∏2
i=1 `i (x)∏7

m=3 `m (x)

At the end, we shall be able to give a generalized operator for any of (1), (2), (3)
and (4) by mathematical induction. See [4, 5, 6 & 7] for other methods.

2. Main Result

Our take off point is to invoke the product rule on (1) such that Y is expressed
as a product of two sets of functions.
Thus

(5) Y = U (x)V (x)

where

(6) U (x) =

3∏
i=1

`i (x)

and
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(7) V (x) =

7∏
m=4

`m (x)

By these, the first derivative of (5) is given as:

(8)
dy

dx
= U (x)

dv

dx
+ V (x)

du

dx

such that

(9)
dy

dx
=

d0

dx0

[
3∏

i=1

`i (x)

]
d

dx

[
7∏

i=4

`i (x)

]
+

d0

dx0

[
7∏

i=4

`i (x)

]
d

dx

[
3∏

i=1

`i (x)

]
The work in [1, 2, 3] obtained the nth order derivatives of the functions of the
forms:

(10) Y =
3∏

i=1

`i (x)

and

(11) Y =
4∏

m=1

`m (x)

by differentiating (9), we get:

(12)
d2y

dx2
=

3∏
i=1

`?. (x)
d2

dx2

[
7∏

i=4

`i (x)

]
+

d

dx

[
3∏

i=1

`i (x)

]
d

dx

[
7∏

i=4

`i (x)

]

+
d2

dx2

[
3∏

i=1

`i (x)

]
7∏

i=4

`i (x) +
d

dx

[
7∏

i=4

`i (x)

]
d

dx

[
3∏

i=1

`i (x)

]
such that

(13)

d2y

dx2
=

d0

dx0

3∏
i=1

`i (x)
d2

dx2

[
7∏

i=4

`i (x)

]
+2

[
d

dx

[
3∏

i=1

`i (x)

]
d

dx

[
7∏

i=4

`i (x)

]]
+
d0

dx0

7∏
i=4

`i (x)
d2

dx2

[
3∏

i=1

`i (x)

]
The 3rd derivative can be obtained in the same vein such that:

d3y

dx3
=

3∏
i=1

`i (x)
d3

dx3

[
7∏

i=4

`i (x)

]
+2

[
d

dx

[
3∏

i=1

`i (x)

]
d2

dx2

[
7∏

i=4

`i (x)

]
+

d2

dx2

[
3∏

i=1

`i (x)

]
d

dx

[
7∏

i=4

`i (x)

]]
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(14)

+
7∏

i=4

`i (x)
d3

dx3

[
3∏

i=1

`i (x)

]
+
d

dx

[
7∏

i=4

`i (x)

]
d2

dx2

[
3∏

i=1

`i (x)

]
+
d

dx

[
3∏

i=1

`i (x)

]
d2

dx2

[
7∏

i=4

`i (x)

]
From the above, the third derivative is obtained as:

d3y

dx3
=

d0

dx0

[
3∏

i=1

`i (x)

]
d3

dx3

[
7∏

i=4

`i (x)

]
+ 3

d

dx

[
3∏

i=1

`i (x)

]
d2

dx2

[
7∏

i=4

`i (x)

]

(15) +3
d2

dx2

[
3∏

i=1

`i (x)

]
d

dx

[
7∏

i=4

`i (x)

]
+

d0

dx0

[
7∏

i=4

`i (x)

]
d3

dx3

[
3∏

i=1

`i (x)

]
This trend can be continued for any other derivatives. At this point we shall
substitute results that were obtained in [2, 3] by using the combination of product
rule and Leibnitz’s theorem, for functions of the forms (10) and (11) such that
the first derivative of

(16)

[
3∏

i=1

`i (x)

]
=

[
d0`3
dx0

](n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

))
+
d`3
dx

[
d0

dx0

2∏
m=1

`m (x)

]
and the first derivative of

(17)

[
7∏

i=4

`i (x)

]
=

d0

dx0

5∏
i=4

`i (x)

{
n=1∑
m=0

{
1
m

(
dn−m`6
dxn−m

)(
dm`7
dxm

)}
+
d0

dx0

7∏
i=6

`i (x)

{
n=1∑
m=0

{
1
m

(
dn−m`4
dxn−m

)(
dm`5
dxm

)}
By using equations (16) and (17) in equation (9), we obtain the first derivatives
of equation (1) as:[

5∏
i=4

`i (x)

{
n=1∑
m=0

{
1
m

(
dn−m`6
dxn−m

)(
dm`7
dxm

)}
+

7∏
i=6

`i (x)

{
n=1∑
m=0

{
1
m

(
dn−m`4
dxn−m

)(
dm`5
dxm

)}] 3∏
i=1

`i (x)

(18) +

7∏
i=4

`i (x)

[
`3

(
n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

))
+
d`3
dx

[
2∏

m=1

`m (x)

]]
or [

d0

dx0

5∏
i=4

`i (x)

{
n=1∑
m=0

{
1
m

(
dn−m`6
dxn−m

)(
dm`7
dxm

)}
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+
d0

dx0

7∏
i=6

`i (x)

{
n=1∑
m=0

{
1
m

(
dn−m`4
dxn−m

)(
dm`5
dxm

)}
d0

dx0

3∏
i=1

`i (x)

(19)

[
d0

dx0
`3

](n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

))
+
d`3
dx

[
d0

dx0

2∏
m=1

`m (x)

]
The second derivative can be obtained by substituting for

d2

dx2

[
7∏

i=4

`i (x)

]
and

d2

dx2

[
3∏

i=1

`i (x)

]
into equation (13) using the results contained in [2, 3]:

d2

dx2

[
7∏

i=4

`i (x)

]
=

5∏
i=4

`i (x)

{
n=2∑
m=0

{
n
m

(
dn−m`6
dxn−m

)(
dm`7
dxm

)}

+2

{
n=1∑
m=0

{
n
m

(
dn−m`4
dxn−m

)(
dm`5
dxm

)}{n=1∑
m=0

{
n
m

(
dn−m`6
dxn−m

)(
dm`7
dxm

)}

+
7∏

i=6

`i (x)

{
n=2∑
m=0

{
n
m

(
dn−m`4
dxn−m

)(
dm`5
dxm

)}
and

(21)
d2

dx2

[
3∏

i=1

`i (x)

]
=

3∏
i=1

`i (x)

(
n=2∑
i=0

Cn
i

(
dn−i`4

dxn−i

)(
di`5

dxi

))

+2

{
2∏

i=1

`1
d`3
dx

[
n=1∑
i=0

Cn
i

(
dn−i`4

dxn−i

)(
di`5

dxi

)]

+

(
`3

[
n=1∑
i=0

Cn
i

(
dn−i`4

dxn−i

)(
di`5

dxi

)] n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

))

+

5∏
m=4

`m (x)

[
d2`3

dx2

2∏
m=1

`m (x) + 2

[
n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)]
d`3
dx

+ `3

{
n=2∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)}]
Equation (21) can be written as:

d2

dx2

[
3∏

i=1

`i (x)

]
=

d0

dx0

[
3∏

i=1

`i (x)

]{
n=2∑
i=0

Cn
i

(
dn−i`4

dxn−i

)(
di`5

dxi

)}
+2

{
d0

dx0

[
2∏

i=1

`i (x)

]
(22)
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[
d`3
dx

] [n=1∑
i=0

Cn
i

(
dn−i`4

dxn−i

)(
di`5

dxi

)]
+
d0`3
dx0

[
n=1∑
i=0

Cn
i

(
dn−i`4

dxn−i

)(
di`5

dxi

)][n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)]

+
d0

dx0

[
5∏

i=4

`i (x)

][
d0

dx0

[
2∏

i=1

`i (x)

] [
d2`3

dx2

]
+ 2

[
n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)]
d`3
dx

+
d0`3
dx0

{
n=2∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)}
hence, the left hand side of (13) can be obtained as:

3∏
i=1

`i (x)

[
5∏

i=4

`i (x)

{
n=2∑
m=0

{
n
m

(
dn−m`6
dxn−m

)(
dm`7
dxm

)}
+ 2

{
n=1∑
m=0

{
n
m

(
dn−m`4
dxn−m

)(
dm`5
dxm

)}
(23)

{
n=1∑
m=0

{
n
m

(
dn−m`6
dxn−m

)(
dm`7
dxm

)}
+

7∏
i=6

`i (x)

{
n=2∑
m=0

{
n
m

(
dn−m`4
dxn−m

)(
dm`5
dxm

)}

+2

[[
`3

(
n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

))
+
d`3
dx

2∏
m=1

`m (x)

]
5∏

i=4

`i (x)

{
n=1∑
m=0

{
1
m

(
dn−m`6
dxn−m

)(
dm`7
dxm

)}

+
7∏

i=6

`i (x)

{
n=1∑
m=0

{
1
m

(
dn−m`4
dxn−m

)(
dm`5
dxm

)}

+

7∏
i=4

`i (x)

[
3∏

i=1

`i (x)

(
n=2∑
i=0

Cn
i

(
dn−i`4

dxn−i

)(
di`5

dxi

))
+ 2

{
2∏

i=1

`1
d`3
dx

[
n=1∑
i=0

Cn
i

(
dn−i`4

dxn−i

)(
di`5

dxi

)]

+

(
`3

[
n=1∑
i=0

Cn
i

(
dn−i`4

dxn−i

)(
di`5

dxi

)] n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

))
+

5∏
m=4

`m (x)

[
d2`3

dx2

2∏
m=1

`m (x)

+2

[
n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)]
d`3
dx

+ `3

{
n=2∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)}
Thus, (23) gives the second derivative for (1), which is the combination of product
rule and Leibnitz’s theorem.
Working on the third derivative and making use of some result in [2, 3]
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(24)
d3

dx3

[
3∏

i=1

`i (x)

]
=

3∏
i=1

`i

{
n=3∑
i=0

Cn
i

(
dn−i`4

dxn−i

)(
di`5

dxi

)}

+3

{
n=2∑
i=0

Cn
i

(
dn−i`4

dxn−i

)(
di`5

dxi

)}[ 2∏
i=1

`i
d`3
dx

+ `3

{
n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)}]
+3

[
2∏

i=1

`i
d2`3

dx2

+2
d`3
dx

n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)
+`3

[
n=2∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)][n=1∑
i=0

Cn
i

(
dn−i`4

dxn−i

)(
di`5

dxi

)]

+
5∏

i=4

`i

[
`3

[
n=3∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)]

+3
d`3
dx

[
n=2∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)]
+3

d2`3

dx2

[
n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)]
+

2∏
i=1

`i
d3`3

dx3

and

(25)

d3

dx3

[
7∏

i=4

`i (x)

]
=

5∏
i=4

`i (x)

{
n=3∑
m=0

{
n
m

(
dn−m`6
dxn−m

)(
dm`7
dxm

)}
+3

{
n=2∑
m=0

{
n
m

(
dn−m`4
dxn−m

)(
dm`5
dxm

)}
{

n=1∑
m=0

{
n
m

(
dn−m`6
dxn−m

)(
dm`7
dxm

)}
+ 3

{
n=1∑
m=0

{
n
m

(
dn−m`4
dxn−m

)(
dm`5
dxm

)}
{

n=2∑
m=0

{
n
m

(
dn−m`6
dxn−m

)(
dm`7
dxm

)}
+

7∏
i=6

`i (x)

{
n=3∑
m=0

{
n
m

(
dn−m`4
dxn−m

)(
dm`5
dxm

)}
Thus, by the reason of equations (15), (24) and (25), the third derivative is given
as:

=
3∏

i=1

`i (x)

[
5∏

i=4

`i (x)

{
n=3∑
m=0

{
n
m

(
dn−m

dxn−m
`6

)(
dm

dxm
`7

)}
+ 3

{
n=2∑
m=0

{
n
m

(
dn−m

dxn−m
`4

)(
dm

dxm
`5

)}
(26)

{
n=1∑
m=0

{
n
m

(
dn−m

dxn−m
`6

)(
dm

dxm
`7

)}
+ 3

{
n=1∑
m=0

{
n
m

(
dn−m

dxn−m
`4

)(
dm

dxm
`5

)}
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{
n=2∑
m=0

{
n
m

(
dn−m

dxn−m
`6

)(
dm

dxm
`7

)}
+

7∏
i=6

`i (x)

{
n=3∑
m=0

{
n
m

(
dn−m

dxn−m
`4

)(
dm

dxm
`5

)}

+3

[
`3

(
n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

))
+
d`3
dx

[
2∏

m=1

`m (x)

]][
5∏

i=4

`i (x)

{
n=2∑
m=0

{
n
m

(
dn−m`6
dxn−m

)(
dm`7
dxm

)}

+2

{
n=1∑
m=0

{
n
m

(
dn−m`4
dxn−m

)(
dm`5
dxm

)}{n=1∑
m=0

{
n
m

(
dn−m`6
dxn−m

)(
dm`7
dxm

)}

+

7∏
i=6

`i (x)

{
n=2∑
m=0

{
n
m

(
dn−m`4
dxn−m

)(
dm`5
dxm

)}

+3

[
3∏

i=1

`i

{
n=3∑
i=0

Cn
i

(
dn−i`4

dxn−i

)(
di`5

dxi

)}
+ 3

{
n=2∑
i=0

Cn
i

(
dn−i`4

dxn−i

)(
di`5

dxi

)}
[

2∏
i=1

`i
d`3
dx

+ `3

{
n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)}]
+3

[
2∏

i=1

`i
d2`3

dx2
+ 2

d`3
dx

n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)

+`3

[
n=2∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)][n=1∑
i=0

Cn
i

(
dn−i`4

dxn−i

)(
di`5

dxi

)]
+

5∏
i=4

`i

[
`3

[
n=3∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)]

+3
d`3
dx

[
n=2∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)]
+3

d2`3

dx2

[
n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)]
+

2∏
i=1

`i
d3`3

dx3[
5∏

i=4

`i (x)

{
n=1∑
m=0

{
1
m

(
dn−m`6
dxn−m

)(
dm`7
dxm

)}
+

7∏
i=6

`i (x)

{
n=1∑
m=0

{
1
m

(
dn−m`4
dxn−m

)(
dm`5
dxm

)}]

+
7∏

i=4

`i (x)

[
3∏

i=1

`i

{
n=3∑
i=0

Cn
i

(
dn−i`4

dxn−i

)(
di`5

dxi

)}
+ 3

{
n=2∑
i=0

Cn
i

(
dn−i`4

dxn−i

)(
di`5

dxi

)}
[

2∏
i=1

`i
d`3
dx

+ `3

{
n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)}]
+3

[
2∏

i=1

`i
d2`3

dx2
+ 2

d`3
dx

n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)

+`3

[
n=2∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)][n=1∑
i=0

Cn
i

(
dn−i`4

dxn−i

)(
di`5

dxi

)]
+

5∏
i=4

`i

[
`3

[
n=3∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)]
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+3
d`3
dx

[
n=2∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)]
+3

d2`3

dx2

[
n=1∑
i=0

Cn
i

(
dn−i`1

dxn−i

)(
di`2

dxi

)]
+

2∏
i=1

`i
d3`3

dx3

Thus, we can generate this for the (k + 1)th order derivative for the equation in
(1) by using Mathematical Induction.

The following theorem is formulated from the above assertion:
Theorem 2.1:
Let Y be defined as in (1), (2), (3) and (4). Then, the nth order derivative of Y
is given as:

(27)
dny

dxn
=

n∑
r=0

{nrϕ
rφn−r

where ϕ =
d

dx

[
3∏

i=1

`i (x)

]
and φ =

d

dx

[
7∏

i=4

`i (x)

]
for which the nth order derivatives ϕ and φ are given as;

(28)
dn

dxn

[
3∏

i=1

`i (x)

]
=

n+1∑
r=0

{n+1
r

[
n∑

i=0

{nr

(
dn−i`1
dxn−i

)(
di`2
dxi

)
dr`3
dxr

]
and

(29)

dn

dxn

[
7∏

i=4

`i (x)

]
=

n+1∑
r=0

{n+1
r

n+1∑
r=0

{n+1
r

(
dn−i`6
dxn−i

)(
di`7
dxi

)[ n∑
i=0

{nr

(
dn−i`4
dxn−i

)(
di`5
dxi

)]

CONCLUSION
A computer friendly algorithm may be generated and be used to develop software,
with an interface which is capable of computing the nth order derivatives of the
class of function presented in this work. This approach does not require the
knowledge of the previous derivatives of the function in question before given the
next higher order derivatives.
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