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An Operator for Obtaining N** Order Derivative of a Function
Depending on Seven Independent Variables

O. O. Exocu'™, F. J. ADEYEYE?, A. O. ILESANMI® AND S. O. ADEJUWON?

ABSTRACT

Leibnitz’s theorem is used in the product rule to generate
a series method for computing the n*"order derivative of
a function that depends on seven Independent variables.
The new series method does not require the knowledge of
the preceding derivative before obtaining the succeeding
ones. A generalization of the method is also presented.

1. INTRODUCTION

An operator for obtaining the N** order derivative of the function:
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or

is investigated.
The interest is to derive a method that makes it easy to obtain the n'* order
derivative of the function of the type:

7

7 3
(1) y=11t@=11a@ ][] tm@
i=1 i=1 m=4
This approach is expected to work for functions of the forms:

I, 6 ()
2 Ali=l A7)
2 e O (0

It is good to note that the n'" order derivative of

[y 4 ()
[Tes b (2)

can be obtained by same method and this will also work for the nt" order deriv-

ative of
H?:l l; (x)
4 =1 "\ 7
W [Ties b ()

At the end, we shall be able to give a generalized operator for any of (1), (2), (3)
and (4) by mathematical induction. See [4, 5, 6 & 7] for other methods.

3)

2. MAIN RESULT

Our take off point is to invoke the product rule on (1) such that ) is expressed
as a product of two sets of functions.

Thus
(5) Y=U)V(z)
where
3
(6) U@ =4
i=1

and



An Operator for Obtaining Nt* Order Derivative of a Function Depending on Seven ... 91

7
(7) V(z) =[] tm (@)
m=4

By these, the first derivative of (5) is given as:

dy dv du
(8) gy~ U @) V(@)
such that

dy d° [ d [ 4 [{ d [§

The work in [1, 2, 3] obtained the n'" order derivatives of the functions of the
forms:

3
(10) y=T[t )
i=1
and
4
(11) Y=1] tm(2)
m=1
by differentiating (9), we get:
2 3 2 7 3
12) Tt () [H& CIE I (:c)] ° [Ha (x)]
i=1 i=4 i=1 i=4
2 I3 7 g [ g 3
T2 Héi (95)] ng‘ (z) + o Hfz‘ (95)] Ir [H& (x)]
i=1 i=4 = i=1
such that
(13)

d2y dO 3 d2 7
W—Cmoil;[lfz‘(x)de gfz‘(m) +2

The 3"? derivative can be obtained in the same vein such that:

3 7
* [H 6 (x)] . [H& (@)

i=1 1=4

4 2 &
1=4

=1

3

3 3 [.7
LY Tt [H&- (z)
i=4

=1

+2

3 2 7
éqﬂm4$4qu
=1 i=

5 T 3 7
+ % [H& (JU)] % [H& (95)”

=1
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(14)
7 3 3
+]14 (:c)% [H& (z) L4
i=4 =1

From the above, the third derivative is obtained as:

1=4

a3y 2 3 [
ola:?’_daroln ]dm?’ 1166

ke e

i |l

i=1

9 3
(15) +3% [le (x)] - [Hf

1=4

dO [11[
This trend can be continued for any other derivatives. At this point we shall
substitute results that were obtained in [2, 3] by using the combination of product

rule and Leibnitz’s theorem, for functions of the forms (10) and (11) such that
the first derivative of

o [ljle (x)] [d 63} <ch (Cf;nwzl) (23));55 ldd;nﬁ[ U (:z:)]

and the first derivative of

7
(17) [H l; (»’L‘)] =
i=4

n=1 n=1
1 A" d™ e, 1 d" ™, d™{s

da:OHE {mzzo[:m (d:c”—m> (dacm>} deHK {mz::()[:m (dx"—m> <dxm

By using equations (16) and (17) in equation (9), we obtain the first derivatives

of equation (1) as:

o{Se ) (5) (50) oo {Ee s (570 (20) | e
(18) +i1i£€( [€3<ch<§;%> <C§f2>> déi%[Hg ”
e {Se ) (505) (59)]

or
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=1 _ 3
H 0 "Z A AN CEA W (@)
d:co m \ daxn—m dz™ dz0 117
m=0 i=1

a0 |4 ](ZC(Cfixg)(fif)%ﬁ’m;ﬂm(x)]

The second derivative can be obtained by substituting for

2 [{ 2 [{
i= =1

into equation (13) using the results contained in [2, 3]:

o] e {Se (574 (52))

1=4

n=1 n=1
n [(d"7"y d™ s n (d" " dm;
+2{ Em <daz”m><dmm>}{mz::0cm (dm”m)<d1‘m)}

m=0
Ae{Een (G (5))
(21) j; [f[le @:)] = ]jz (Z cr (Z%) (
Ser () < S (%) ()
Equation (21) can be written as:

M

d%:,)
dz’
dl —
+2 {H o=
+ <z3
2 n=1 .
d" " d2£2> dls <dn Z€1> (d%g)
cr : — 4+ / cl =
; ! <d:1;”_’> < 3{2 dx™ ! dx’

= dr %4 d’£5
i=1 = <dxn ' ]
5 2
T @) [%Hzm(m)m
m=4 m=1
2 [£ a0 [£ =2 (AT (dits O [£
122 Hfi(w) = 00 il;[lgi(x) ;Ci <dxn—i> <d$z> +2 70 H&'(w) (22)

=1
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3] |x A\ (dits\ | Ao [ (A (dits L (A ([ dit

[dw] ;Ci<dx“><dxi>]+dw0 2.6 (dm)( )] ZC (dw)(dm)]
O [L 2 [ d205] =l AV [ dits\ | des

—i-@ g&' (x)] [da:o Ll;[l& (x)] [dxz Z ( ) (da:l) I

dO¢s (=2 dn=ig, dzg)
+— C;
da0 {; ’(da:”l)(dﬂz

hence, the left hand side of (13) can be obtained as:

e[ (S 1 (506) () (Eien (572) (52) o

n=1 7 n=2
n (dV"\ [ d7 ey n (dVTN [ d™s
=1 Vi [ die de i = A6\ [ dme
o (Ser (5) (58)) 22 Tl ewto] Hein {0 L (20 ()]
r S Ay ([ dms
ﬂfi@){n;cm (dmnm>(dw>}

Lo oo (S (1) (25)) 2{ T

ch (d g4> (d e?>]
=4 i=1 dx
n=1 :
A"y dl€5 > <dn 151 > <d {o > d2£3
oS () (] e (529) (59) o[22
ch (d €1> <d@2> d€3 ch <d €1> <d€2>
d n—1 dxl d n— dl_’L
Thus, (23) gives the second derivative for (1), which is the combination of product

rule and Leibnitz’s theorem.
Working on the third derivative and making use of some result in [2, 3]
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dr |11 da"" ) \ da’
2

d" 7y dils dls (d” Z€1> (d Eg) d?ls

+3 cr bi—+1 ct . +3 li—s
{Z <d$n z) < >} [H 3{2 dz™ dzt lell d$2
. . n=2 . .

dgg d" ) <dlf2 > <dn_Z£1 ) <dlf2 >
+2= 23" CF . 2 ) e cr . :
Z.Z: < dx™ ! dax’ 5 Z.Zg dax™ ! dx’
n=3 n—i i
o () (5)
s dx dx

dls dniey d%) d20; [ 22 <d” wl> <d%> 2 By
+3— cr . “ ) | +3——2 cr =B NN [
[Z <dx"‘l) <de ] da? ; dz" dz’ 1:[ da?

=1

n

1 m—i 7
o <d 64) <d€5>
, dx™ dx’

(]

Il
o

5
+ H ¢ [€3
i—4

and
(25) 7 5 -3 —9
& lge <x>] -1+ @){28 o () (fgﬁ)}w{%c o () (Zfo)}

e () () oS (50 (52
(Son (Sra) (2o Tum{ o (50 (52))

Thus, by the reason of equations (15), (24) and (25), the third derivative is given
as:

e[ {Ze s () ()} +{Se i (Eme) (50} o
{ZE n (ﬂe > (ﬁ&)}w{iﬂ " <d€ - g> (dd’:‘neg,)}

m
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n=2 n qn—m dm 7 n=3 n - o
{mZE n (rwn) () }+H€" v {Z:E o (i) <dmf)}
¢ “fcn <dn_%> <d%> CMS f[ ¢ ﬁg,(az) §C " (d"‘m&;) <dmz7>
3 2 v\ g da 1l m ( 11 i 2.5 g T
n=1 -
n dn*mf‘* dmffﬁ n d"*meﬁ e
" {mz(JE m <dxnm d$m>} { OE dxnm) (dxm)}
7 =
n d"my d™ls

=6

<

ol (S @) o[ () ()
)
&

(]

Tt e {Sor (52) (%2) ] oo [Tkt vt Sor (52) (12)
S (52) ()] B () (‘“5) 3 (fffi) (%))
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=0
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e o e (5.2) (59))
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dnfifl digg ) d2€3 = (an€1 > <d%2 > d3€3
Ccr 4 . : li—s
Z (d:v”‘) (dw’ z; dz"" H
Thus, we can generate this for the (k + 1) order derivative for the equation in
(1) by using Mathematical Induction.

v
+3—3

The following theorem is formulated from the above assertion:

Theorem 2.1:

Let ) be defined as in (1), (2), (3) and (4). Then, the n* order derivative of )
is given as:

dm -
(27) ﬁ = E?SOTgbn—r
r=0
d [ d [{
where = . [21;[1 ¢ (JJ)] and ¢ = Iz Ll}lgi (35)]

for which the n'" order derivatives ¢ and ¢ are given as;

o ] S e () (25) 2

i=

and
(29)

dr [
dzn [gﬁi ()| =

n+1 n+1 dzg n d”_”% dzf
n+l n+l 7 n 4 5

1=

CONCLUSION

A computer friendly algorithm may be generated and be used to develop software,
with an interface which is capable of computing the n* order derivatives of the
class of function presented in this work. This approach does not require the
knowledge of the previous derivatives of the function in question before given the
next higher order derivatives.
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