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An Extended 2-point Super Class of Block Backward Differentiation Formula
with off-step Points for Solving Stiff Initial Value Problems

Hamisu Musa™® AND AHMAD ABUBAKAR UMAR?2

ABSTRACT

In this paper, we considered an extended 2-point Super class of
block backward differentiation formula for solving stiff initial
value problems (IVPs) and introduced two off-step points in
it. The method produces two solution values together with two
off-step points simultaneously at each iteration. The varying
free parameter p is chosen in the interval (—1,1) which leads to
different forms of the formulae. A careful choice of p = % is made.
Stability analysis shows that the method is A-stable. Numerical
results show that the new method performs better than the
existing 2BBDF in terms of accuracy and competes with the
2ESBBDF. Thus, suitable for solving stiff initial value problems.

1. INTRODUCTION

Most real-world problems common in natural science and engineering are constructed as
mathematical models before they are solved. Mathematical models help in translating
real-world problems into mathematical formulations which often are in form of differen-
tial equations. Differential equations have the remarkable ability of predicting the world
around us. They can describe exponential growth and decay, the population growth of
species, or the change in investment return over time. In this paper, we are concerned
with the numerical solution of IVPs of the form:

(1.1) y = f(z,y), y(zy) = Yo, a<z<b

Stiff initial value problems are special cases of initial value problem of differential equations.
A stiff initial value problem is a differential equation in which some specified numerical
methods for solving differential equations are numerically unstable, unless the step-length
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is taken to be very small. Stiff initial value problems have wide variety of applications
including the studies of spring and damping systems, chemical kinetics, electrical circuits
etc.

The Backward differentiation formula (BDF) is a family of implicit methods for solving
stiff initial value problems and is one of the most widely used algorithms for such problems.
The method was first introduced by Curtiss and Hirschfelder [4]. The implementation of
the BDF was discussed by Gear [5]. The order and accuracy were improved by Cash [3].
Among the earliest research on block backward differentiation formula (BBDF) was the
work of Ibrahim et al. [6] who came up with r-point BBDF. Suleiman [11] discussed the
Super class of BBDF, the method involved a parameter p which can be varied over the
interval (-1,1) which generates different sets of formulae. The off-step point method for
the solution of Stiff IVPs was discussed by Abasi [1] which calculates two solution values
together with two off-step points simultaneously at each iteration.

Recent research on block backward differentiation formula (BBDF) include the Fixed
coefficient BBDF which was proposed by Ibrahim et al. [7]. A two-step hybrid BBDF
was discussed by Bakari et al.  [2] which was derived based on the interpolation and
collocation approach and was found to be suitable for solving stiff systems. An extended
2-point Super class of BBDF was proposed by Musa [10]. Zawawi et. al. [13] proposed
a Variable step BBDF with independent parameter which was derived using the variable
step size scheme and was found to outperform existing methods. A 3-step numerical
approximant based on block hybrid BDF was developed by Ishaku et al. [8] which
was obtained through continuous collocation approach with Legendre polynomial as basis
function. The method was found to be consistent with order 6.

This paper studied method [10] and introduces two off step points in it to come up with
a new numerical method for solving stiff IVPs.

2. DERIVATION OF THE METHOD

The method to be developed computes two solution values y,11 and y,42 together with
two off-step points y,, 1 and y,, 3 which are chosen at the points where the step size is

halved. The formula is computed using two back values y,, and y,_1 with step size h.

Definition 2.1. The scheme associated with the extended 2-point Super class of Block
backward differentiation formula with off-step points (2ESOBBDF) is defined as:

1 3
(2.1) D ivnti-1t Y aGivnti-1= Wiy ol s)
=0 =2

with 7 having an increment of 1 in the first sum and % in the second sum.
The formula (2.1) is derived from Taylor’s series expansion as follows:

Definition 2.2. The Linear operator associated with the extended 2-point Super class of
Block backward differentiation formula with off-step points (2ESOBBDF) is defined as:

Lily(zy), h] = a0,iyn—1 + a1,Yn + 3 i Ynil + Q2 iYn+1

2.2
( ) +agﬂ<yn+% + a3 iYn+2 — h/Bk,i(fn—i-k - anJrk,%) =0,

where k =i = %,1,%,2.
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2.1. First Point. k=i= % To derive the first point y, . 1 . We substitute k =1 = % in
2
(2.2) to obtain

ao 1yn 1+O[1 1yn+ OéS 1yn+1 +a2,%y”+l
+as 1yn+3 +a3 1yn+2_h51 1(f 1 _pfn—l) :0’

272

(2.3)
The associated approximate relationship for (2.3) can be written as:

g, 1y(:r:n —h)+ a1 Y(zn) + a%éy(xn + 3h) + aQéy(xn + h)+
y(a:n—i- h)+a31y(acn+2h) hﬁ%,% [f(zy + 3h) — pf(zn —h)] =0,
4) a

as a Taylor’s series about x,,, equating both sides and collecting like terms

(2.4) 1

(0%
2
Expanding (2.

gives
! 1
(2 5) 007%y(xn)+01,%hy (xn)_'_cgéh%/ (l'n)
. " !
+02’%h3y (zn) + C%éhzly U(zy) + C3éh5y“(a:n) +---=0,
where,
(2.6)
Cor= o1 +ay1+ asi1+a 1+a51+a31—0 )
2 12 1 2 272 3 12 272
Ci1= *a01+§a§;+a21+§a§;+2a31 *511+pﬂ;1 =0
C 12 1 2 1 272 1 2 9 272 2 12’2 272 O
31 =501+ z031+5 Q1+ 3¢ + 20,1 — 5011 — 11 =
22 2703 08755 0 2 725 T 8751 3, 26§v§ ’0656
C,1= an 1+ a31+1a1+9a —|—é041—111—|—l 11=0
2,1 6%, T 85,3 T 6%, T 16 g,é 3%3,1 zaﬂg,§ 2/)55,5
_ _ 1 _1 —
Cg,% = 21%,1 T 3840‘3 1+ 51 a1+ 1280‘5 1 T3031 —ghLt 6Pﬁ§,§ =0
272
- __L 1 _ 1 1 _
03,% = 1200‘01 + 38400‘3 1+ 120“2,2+ 8L 05 L + 1200‘3 1= 3gPL Lt gpPLL = 0 J

2

The coefficient of the first point y, 1 1 (i.e. as 1) is normalized to 1. Solving the simulta-
neous equation (2.6) for the values of Qi and Bjis and substituting the values in (2.4)
yields:

The first point is therefore obtained as

_ 1 174p+1 9 20p+1 27 10p—1
97 Yniyl = 720 80p 3 T 1 gop=sYnt 80p 3Yn+1
(2.7) 9 16p-1 20p—1

3
5 B0p—3Yn+d + 4 80p— 3?JN+2+ 80p—3hfn+§ 80p—3 pfn,l

Similar procedure is applied as in the derivation of first point to obtain the remaining
points as:

1 134p-2 1 17pta, 4 47p+16
58 Yn+1 = —715 Topr2 Yn—1 "3 1992 Yn+ g 10972 Yntl
(2.8) 31p—16 1 13p—4

4
15 10,72 Yn+d T 9 19p+2yn+2+19p+2hf"+1 19p+2hpfnﬁa

1 38p—>5 5(16p—5)
(2.9) yn+2 416p 31yn 1+4 T6p— 31 N 16p—31 yn+2

2 .
+7 16p 31yn+1+4 16p 31}’n+2 16p 31hf 3+16p_31hpfn,and

pt4 9(p+2) 4(3p—16)

1
(2.10) Ynt2 = =5 poma¥n-1 T 55 Yn t T 51 Yntl
) _27(p—4) 36
o5yl + B Sy s — ST ase + hof, 1



An Extended 2-point Super Class of Block Backward ... (Special Issue in Honor of Prof. J. A. Gbadeyan) 79

Therefore, the extended 2-point Super class of block backward differentiation formula with
off-step point is given by:

_ 1 174p+1 9 20p+1 27 10p—1
Yntl = "2 S0p3Yp_1 T4 80p3InT T 80p3Yntl
9 16p-1 1 20p—1 3 3
5 B0p—3Yn+3 + 3 Sop3Ynt+2 T 80p—3hfn+% 30p—3 hpfn_l
_ 1 134p-2 1 17p+4 4 47p+16
Yntl = —15 Topi2 Yn—-173 Topr2¥n T 5 Topra Yntl
4 31p—16 1 13p—4 4 4
T15 Topr2 Yn+d 9 Topr2Yn+2 T Toni2 hfn1 19p+2 hpfn—%
(2.11)
_ 1 4p+1 5 38p—5 _ 5(16p—5) )
yn+% =1 Tep31Yn-11T1 Tgp—31¥n 16p—31 In+3
45 4p— 5 2045 15 15
+7T Tep31Yn+t1 t 1 Tep—31Ynt+2 ~ Tgp—31 hfn+§ + 16,31 hpfn
_ 1 pra 9(p+2) 4(3p-16)
Yn+2 = —3 p_54yn—1 + p—54 Yn + p—54 ynJr%
_27(p—4)

36 p—16 12 12
p—51 Un+1 5 o5iUngd p—5atfnr2 + p754h10fn+%

For absolute stability of the method, p is chosen to be in the interval (—1,1) as in Suleiman
[11]. By choosing and substituting p = % in (2.11) we obtain the extended 2-point super
class of block backward differentiation formula with off-step points method as follows:

(2.12)
yn+% = _%ynfl + %yn + %ynJrl - %yn+% + %ynJrQ + %hfn+% - %hfnfl
Ynt+1 = _%yn—l - %yn + %Z/n+§ - TloynJré - %yn—ﬂ + %hfn—i-l - %hf -1
Ynt2 = ~95Yn—1 = To1¥n T T5YUn il T 161Yn 1 — d9aYn+2 T Thfis — fhfa

_ 1 o 74 _ A3 702 15 _ 6
Ynt2 = g7gYn—1 = §79n T 67Yn+L — 31Ynt1 T 335002 T 571 fnt2 67hfn+%

The method 13 is of order 5.

3. STABILITY ANALYSIS OF THE METHOD

The stability properties the method (2.12) are discussed. We begin with some basic
definitions.

Definition 3.1. A Linear multistep method (LMM) is said to be zero stable if no root of
the first characteristics polynomial has modulus greater than and any root with modulus
1 is simple.

Definition 3.2. A LMM is said to be A-stable if the stability region covers the entire left
half plane.

Rewriting the formula (2.12) in matrix form gives:

(3.1)
I8 1 10 72 Ynt1 | _ | 0 —g5g O —3 Yn—1
_ﬁ 255 1 ﬁ Y .3 I ) _ﬁ 0 _i Y
LY 4?2 nte 0 {12 0 Vg "7
67 134 335 Yn+2 670 67 Yn
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0 —1 0 0 Fn-z 5 0 0 0 Fry1
o 0o —-L1 o0 fr-1 0 2 0 0 Frs1
6 n 2 n
Tlo o 0 ol [T 0 02 o fusa
6 15
0 0 0 0 fn - 0 0 & Frto
Definition 3.3. Let Y,,, and F},, be vectors defined by Y,,, = [Yn+1, Yn+2, - - - ,yn+r]T, F, =
[fn+1,fn+2, . '7fn+T]T ;7 =2 and n = 2m.
The equation (2.12) can be represented in the following form:
(32) AgYpm = A1 Y1+ h (B()Fm_l—‘rBlFm)
where
81 243 7 353 81
w 1 T IE o TAp ) T
-2 1 it 0 —3% 0 -2
Ao=1 _ B 2 1 s ) Ay = 0 it 0 I
B, R O
67 134 335 670 67
6 3
o Foo
0 0 —= 0 5
= 6 — 12
Bo o o0 o - Bi 0o 0 2 o |
6 15
0 0 0 0 ~& 0 0 1
ynf% y2m7% y?(m—l)—&—%
Y, | = Yn—1 _ Y2m—1 _ Y2(m—1)+1 .
m—1 - - 9
Yn—1 Yom-1 Y2(m-1)+3
Yn Yom Y2(m—1)+2
fnfg f2mf% fQ(m—l)—i—%
Fooq= ot | | fome1r | | fom—1)41
m—1 = = = ;
fn—% f2m—% f?(m—l)-l—%
fn Jom f2(m71)+2
yn—i—% y2m+% fn-i—% f2m+%
Ym: Yn+1 _ Yam+1 : and Fm _ fn+l _ f2m+1
yn+% y2m+% fnJr% f2m+%
Yn+2 Yom+2 Jn+2 Jom+2

Applying the scalar test equation 3’ = Ay into equation (3.2) and letting h = Ah gives

(3.3) AoYy = A1Yom-1 + h(BoYm-1+B1Ywm)

To find the stability polynomial, the determinant of the following equation is evaluated:

(3.4) |(Ag — hBy)t — (A1 + hBg)| =0
this implies that
(3.5) Det[tA— B] =0

where,
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81 243 7 3h
1 ~ 116 @ _%T6 29 Q 0
| = - 0o 2% 0 0
A=11 _8 s 7 B - o
IR R o o
67 134 335 — &7 0 0 3
and
6h
0 _723?5930 0 f;llg 0 - 0 0
0 —-g5 0 —% o 0 -k 0
B = 0 _ﬁ 0 _é + 6 10h
492 164 0 0 0 —aT
0 a1 0 —2r
670 67 0 0 0 0

which is equivalent to the stability polynomial:

R(t, ) = 10421142 | 1875 (ARt _ 67275 4473 4 300501 47,2 _ 1596837 47,

Z 398315 318652 3 637304 637304 1593260 9
12 7% 279 27 927 47 15987 47 9009 .7 24102 427
(3'6) _79663th 47560t ]é + 796630th 2+ 1593260th + 1274608th + 398315t h
293157 427 2997 ;37,0 _ 2712807373 < _ 708147 437 | 35369144 _ 457902.3 __
+1593260t h+ 79663t h 6373040t h 1593260t h+ 398315t 398315t - O’

The boundary of the stability region of (2.12) will be determined by substituting t = e~

into (3.6). The graph of the stability region is plotted using Maple and is given in Figure
1.

T
-15 =10 =5 I 15

Figure 1: Stability region of 2ESOBBDF

The region of stability is the region outside the circle and it indicates that method (2.12)
is A-stable since the stability region covers the entire left half plane.

To show that the method (2.12) is zero stable, we substitute h = 0 in equation (3.6) to
obtain the following first characteristic polynomial as:

104211 p 457902 5 353691t4 0
398315 398315 398315
Solving equation (3.7) for t, we obtain the following roots as:

(3.7)
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(3.8) t=0,t=0, t=0.2946385404 , t=1
Hence, the values of ¢ indicate that the method (2.12) is zero stable since no root of the
first characteristics polynomial has modulus greater than one and the root t = 1 is simple.

4. IMPLEMENTATION OF THE METHOD

Newton’s iteration is employed to implement the method. We consider the implementation
when the free parameter p = % and the same applies for any value of p € (—1,1). The
iteration is described below.

Definition 4.1. Let y; and y(z;) be the approximate and exact solutions of (1.1) respec-
tively. The absolute error is defined by

(4.1) (errori)e = [(yi), — (y(@: )il

The maximum error is given by

(4.2) MAXE = max, (maz(error;))
Isi<T 1<i<N

where T is the total number of steps and N is the number of equations.

Let yfjijl) denotes the (i + 1)™ iteration and

i+1 +1 ' 1.3
(4.3) eS—i-j) = yS+j) - y7(12-)|-j’ i=5532
Let
(4.4)

_ _ 81 243 7 3 6 B
= Yntl ~ Ti6Ynt1 T 725Y, 43 — TI6Yn+2 29hfn+§ + 5 tfa-1 —€1
_ 29 1 5 1
F2 = Ynt1 = g¥ns 1 T 10Yng2 T 72Ynr2 — iphfusr + St —e2
_ _ 35 255 145 2 107 ¢
F3 = Yni2 = 123Yn+1 ~ T64Yn41 + I92Yn+2 — I hfn+% + qrhfn—es

_ 74 243 702 15 6
Fy = Ynio = r¥nsl + 131Ynt1 — 355043 — grltfnr2 T gphf 1 —ea

where
35 8L
1= 799007 T 1167m
11 3
g9 = _%ynfl - gyn
_ B8
T T 91T e
n 27
&4 = 670:’/1171 67yn

are the back values.
Then, the Newton’s iteration for the 2ESOBBDF takes the form:

i i i BN .
(4.5) oSt =l - ()] [Faeil)] . i=

which can be written as
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. i1 . ‘ 1 3
(46) {F,J(ygij)] €S+j) = - |:FJ (ySJ)r]>:| ) J= 57 17 572
(i+1) _ (i+1) (i)
where Cnti = Ynti T Ynij
which is equivalent to the following matrix
(i
L8yt s 23 _r
295 ® 116 725 116
Yt L
29 1 — B2 1 1
18 12V, .G 10 72
(47) Yt of . 3 (4) X
_ 35 255 1 — Bptmtd 145
123 164 a1y, 192
nTy
74 | 6 3 0fn 243 702 157 Ofnia®
—5 T 5o, 131 — 535 ~ 570
iy Y I R 20 0 0
en1 Y| % -1 -5 2 Y1) 0 &% 0 0
@+1) | = | 35 255 —14 @ |+ 25 X
Cnyd 1 L 5 Yny3 00 37 O
2(i41) 7 e -1 RO -5 0 0 L
€n+2 67 134 335 Yn+2 67 67
fn%(f) 0 - 0 0 fnf%('l) €1
fn+1((1‘)) “h 0 0 -3 010 fnfl((?) I
fn+% ¢ 0 0 0 —a1 fn—l €3
Fryal) 0 0 0 0 fné) €4

5. TESTED PROBLEMS

To validate the efficiency of the method, the following Stiff IVPs are solved:

Problem 1 (Ibrahim et al. [6])
y =100(sinz — y),y(0) =0,0 <z < 3.

Exact Solution:
_ sinz — 0.01 cosz + 0.01e—100=

y (@) 1.0001

Problem 2 (Zawawi et al. [12])

/ 1 4
Yy = y1 + 24y2 + Hcosx — gsinx,yl(O) = §’0 <z <10,
/ 1 . 2
Yy = —24y; — 5lys —9cosz + gsmaz,yg(O) =3

Exact Solution:
1
Y1 (z) = 20730 — 7397 4 3 CO8 T,

1
Yo (1) = —e 3% 4 27397 3008
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Figenvalues: -3 and -39
Problem 3 (Musa et al. [9])

y =—10y+10,y(0) =2,0 <z < 10.

Exact Solution:
y(z) =1+ 107

5.1. Numerical results. The numerical results for the test problems in section 5 are
tabulated below. The problems are solved and compared with two other stiff solvers. The
maximum error and the time taken to solve the problems using each of the methods are
presented. The graph of log; (M AXE) against h for each problem is plotted. The no-
tations used in the tables are listed below:

2ESOBBDF = Extended 2-point Super class of block backward differentiation formula
with off-step points;

2ESBBDF = Extended 2-point Super class of block backward differentiation formula;
2BBDF = 2-point block backward differentiation formula;

h = step size;

NS = total number of integration steps;

MAXE = maximum error; and

Time = computation time in seconds.
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Table 1: Numerical results for problems 1, 2 and 3

h Method NS MAXE Time
1. 10~2 | 2BBDF 150 7.32490e-004 1.8360e-001
2ESBBDF 150 1.81217e-004 6.3214e-002
2ESOBBDF | 150 2.37665e-004 1.19e-001
10~* | 2BBDF 15000 7.18301e-005 1.13400e-001
2ESBBDF 15000 1.26692¢-006 1.327e+-000
2ESOBBDF | 15000 9.61694e-007 5.8e-001
10-% | 2BBDF 1500000 7.35563e-007 3.07600e+001
2ESBBDF 1500000 1.33363e-010 1.9923e+000
2ESOBBDF | 1500000 1.04513e-010 1.087e+001
2. 10~2 | 2BBDF 500 1.24297e-001 1.7950e-001
2ESBBDF 500 7.10662e-002 2.708e-001
2ESOBBDF | 500 7.07357e-002 0.6409e-+000
10~* | 2BBDF 5000 5.64465e-003 1.5100e+-001
2ESBBDF 2000 3.96606e-005 1.288e-002
2ESOBBDF | 5000 3.05398e-005 2.761e+000
10-% | 2BBDF 50000 5.69705e-005 8.9500e+001
2ESBBDF 50000 4.04661e-009 8.426¢e-002
2ESOBBDF | 50000 3.17310e-009 2.278e+002
3. 10~2 | 2BBDF 100 7.82684e-002 1.4330e-001
2ESBBDF 100 1.98228e-003 8.141e+4-000
2ESOBBDF | 100 1.76065e-002 0.1103e+000
10~* | 2BBDF 10000 1.46435e-003 7.8600e-001
2ESBBDF 10000 5.28209¢-006 4.883e-001
2ESOBBDF | 10000 4.09585e-006 0.6171e+000
10-% | 2BBDF 1000000 1.47126e-005 4.4900e+001
2ESBBDF 1000000 5.33672e-011 8.166e-001
2ESOBBDF | 1000000 4.18558e-010 7.774e+-000

The graph of log,(M AX E) against h against h is plotted to visualize the performance of
the method developed against other methods. Given below are the graphs of the scaled
maximum error for the problems tested.
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Figure 3: Graph of log,o(M AXE) against h for problem 2
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Figure 4: Graph of log,o(MAXE) against h for problem 3

Discussion of Results. It can be seen that the new method (2ESOBBDF) outperformed
the 2BBDF in terms of accuracy and competes with the 2ESBBDF'. Convergence is evident
by the decrease in error as the step size h decreases. This can be seen from the tables
when h is reduced (from 0.01, 0.001, 0.0001, 0.00001 and 0.000001). The maximum error
decreases when the step size becomes smaller which shows consistency of the method.
Thus, the computed solution tends to the exact solution as the step length tends to zero.
It is therefore concluded that a new method called an extended 2-point super class of
block backward differentiation formula with off-step points for solving stiff initial value
problems is developed. It is proven to have outperform the 2BBDF and competes with
the 2ESBBDF', which serves as an alternative for solving stiff initial value problems.

Conclusions: An extended 2-point super class of block backward differentiation formula
with off-step points (2ESOBBDF) for solving stiff initial value problems is developed. The
method computes two solution values with two off-step points at each iteration. A careful
choice of p = % is made and the method is found to be zero stable and A-stable. Numerical
results show that the new method is superior to the existing 2BBDF in terms of accuracy
and competes with the 2ESBBDF. Thus, suitable for solving stiff initial value problems.
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