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A Halpern Resolvent-Subgradient-Extragradients Method for finding
common solution of fixed point, h-fixed point, equilibrium and
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Abstract

The key idea behind solving well known applicable problems is

to reformulate the problems as finding a fixed point of a suitably

defined mapping. The theory of variational inequalities and

equilibrium problems involving some operators with monotonicity

conditions have received remarkable development with several

methods suggested for solving them. Efforts have significantly

been made in approximating fixed points and h-fixed point of

(possibly set valued, nonlinear) mapping in different suitable

real Banach spaces. The intersections of these four streams;

functional-analytic fixed and h- fixed point theories, and the

mathematics of variational and equilibrium problems have not

been well researched. The purpose of this paper is to construct an

algorithm for the approximation of the common solution of the set

of h-fixed points of a h-pseudo-contractive mapping; set of fixed

point of a Bregman quasi mapping; set of solution of equilibrium

problems for pseudomonotone mapping and the set of variational

inequality problem for Lipschitz monotone mapping which leads

to a prove of strong convergence theorem for it in Banach spaces.
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1. Introduction and Preliminaries

Many science, engineering problems are known to be formulated as fixed points,
h-fixed points, variational inequalities and equilibrium problems (see, for exam-
ple, [1]-[8]). Iterative methods have remained a powerful tool for finding solutions
regarding these problems and a plethora of methods have been proposed, ana-
lyzed and suggested by several authors (see, for example, [2]-[8] and references
therein). Thus, this work is concerned with combining classical Halpern, re-
solvent, subgradient-extragradient and extragradient methods known for solving
fixed points a various mappings; h-fixed points of h-pseudocontractive mapping;
equilibrium problem of pseudomonotone mapping and variational inequalities of
monotone mapping respectively having been motivated by ([1]-[8] and references
therein). This method does not seek to compute two projections onto a closed
and convex subset of the ambient space which formally was the practice in solv-
ing variational inequalities as this approach affects efficiency and high cost of
the method. Rather, the work intends to calculate projection onto a closed and
convex subset of the ambient space for the first and projection onto the subgra-
dient half-space for the second to achieve better result [2]. In addition, Bregman
distance with respect to convex functions has become useful in aiding efficiency
and computational flexibility when solving many problems modeled in the form
listed above (see [10], [13], [14], [15] for more information). The introduction of
Bregman distance and not norm yields significant results in the literature. Thus,
the iterative methods is designed with respect to Bregman distance induced by
a convex function and not with respect to norm. Furthermore, in order to ob-
tain strong convergence results as against weak convergence, this paper utilizes
the Halpern method so that the combined iterative method suggested converges
strong to the common solution of the aforementioned problems.

2. Definition and Preliminaries

Let X(respectively X∗) stand as reflexive real Banach (respectively dual) spaces.
Let ||.|| stand as the induced norm. Let C stand for as a non-empty, closed and
convex subset of X.

Definition 2.1. Let T : C → C stands for any mapping. Observe that x is the
fixed point of any mapping T and the set of this point is denoted as follows:

(1) Fix(T ) := {x ∈ K : x = Tx}.

Definition 2.2. Let h : X → R ∪ {+∞} be a convex function and let x ∈
int(dom h). For any y ∈ X, we define the right-hand derivative by

(2) ho(x, y) = lim
t→0+

h(x+ ty)− h(x)

t
,
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where R is the set of all real numbers, domh and int(domh) is the domain interior
domain of a convex function respectively. The function h is said to be Gâteaux
differentiable at a point x if the limit in (2) exists for any y ∈ X.

By this definition, ho(x, y) = ∇h(x) which is the gradient of a convex function
h. (see, for more information [9],[10], [11] for more information).

Definition 2.3. Let h be a convex and Gâteaux differentiable function at x,
then the bifunction dh(., .) : dom h× int(dom h) → R+ defined by

(3) dh(y, x) = h(y)− h(x)− ⟨∇h(x), y − x⟩

is the Bregman distance induced by the convex function h (see [12] and the
references contain therein).

Definition 2.4. A map T : K → int(dom h) with respect to a convex function
h : X → (−∞,+∞] is called

(1) . Bregman relatively nonexpansive (shortly,(BRNE))(see [12]) if the fol-
lowing conditions holds

dh(p, Tx) ≤ dh(p, x),∀x ∈ K,∀p ∈ Fix(T ) = ˆFix(T )

(2) . Bregman quasi nonexpansive (shortly,(BQNE))(see [5]) if the following
conditions holds

dh(p, Tx) ≤ dh(p, x),∀x ∈ K,∀p ∈ Fix(T )

Definition 2.5. A mapping A : X → X∗ is monotone if for all x, y ∈ dom(A),
we have

⟨Ax−Ay, x− y⟩ ≥ 0.(4)

A mapping A : X → X∗ is ρ-inverse strongly monotone if for all x, y ∈ dom(A),
we have

⟨Ax−Ay, x− y⟩ ≥ ρ∥Ax−Ay∥2.(5)

Definition 2.6. For a given closed and convex subset C ⊂ X, a variational
inequality problem for a mapping A : X → X∗, is the problem of finding an
element u ∈ C such that

⟨Au, x− u⟩ ≥ ∀x ∈ C.(6)

The solution set of (6) will be denoted by V I(C,A) (see [2] for more information).

Definition 2.7. T : X → X∗ is said to be h−pseudo-contractive maps if for each
x, y ∈ X, we have

⟨x− y, T (x)− T (y)⟩ ≤ ⟨x− y,∇h(x)−∇h(y)⟩.(7)
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Also, T is called ρ−strictly h−pseudo-contractive maps if for each x, y ∈ X, we
have

⟨x− y, T (x)− T (y)⟩ ≤ ⟨x− y,∇h(x)−∇h(y)⟩ − ρ∥(∇h(x)−∇h(y))− (T (x)− T (y))∥2.
(8)

Observe that h−fixed point problem of this mapping is to find a fixed point say
q ∈ K such that,

Tq = ∇h(q).(9)

For more information regarding this mapping see [6].

Definition 2.8. Consider finding a point z ∈ C such that mappings g : C×C →
R defined by

(10) g(z, y) ≥ 0,∀y ∈ C.

This is called Equilibrium problem (EP) and the solution set of (10) will be
denoted by EP(g) (see [4]-[5] for more information).

The bifunction g : C × C → R is said to satisfied g(x, x) = 0, ∀x ∈ C and it is
called monotone if ∀x, u ∈ C, we have g(u, x) + g(x, u) ≤ 0. A bifuntion defined
by g(u, x) = ⟨M(u), x − u⟩ is called pseudomonotone on C ifandonlyif M is
pseudomonotone. In order to successfully solve arsing Equilibrium Problems (EP)
with the involvement of pseudomonotone bifunction, the following conditions are
needed:

P1. g(z, y) ≥ 0 =⇒ g(y, z) ≤ 0;
P2. g is Bregman-Lipschitz type continuous, that is, there exist two posi-

tive constants c1, c2 such that g(x, y) + g(y, z) ≥ g(x, z) − c1dh(y, x) −
c2dh(z, y),∀x, y, z ∈ C;

P3. g is weakly continuous on C × C, that is, if x, y ∈ C and {xn} and {yn}
are two sequences in C converging weakly to x and y respectively, then
g(xn, yn) → g(x, y);

P4. g(x, .) is convex, lower-semicontinuous and sub-differential on C for every
fixed x ∈ C;

P5. for each x, y, x ∈ C, lim supt↓ g(tx+ (1− t)y, z) ≤ g(y, z).

Definition 2.9. If h is strictly convex on int(dom h) and C is a subset of X
such that int(dom h) ∩ C ̸= ∅, then there exists at most one point P h

C(x) ∈
int(dom h) ∩ C satisfying

(11) dh(P
h
C(x), x) = inf {dh(z, x) : z ∈ int(dom h) ∩ C} .

This point if exist is called the Bregman Projection of x ∈ int(dom h) onto a
nonempty closed and convex set C, (see [12] and the references therein).
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Definition 2.10. Let h : X → R ∪ {+∞} be a proper, lower semi-continuous
and convex function. The function h∗ : X∗ → R defined by

(12) h∗(x∗) = sup
x∈X

{⟨x, x∗⟩ − h(x)}

is called conjugate function of h. With this definition, we have that h∗ is also
proper, lower semi-continuous and convex, (see [9], [16], [11]).

Definition 2.11. A function h : X → (−∞,+∞] is said to be a Legendre
function if it satisfies the following two conditions:

(L1) int(dom h) ̸= ∅, h is Gâteaux differentiable on int(dom h) and dom f =
int(dom h),

(L2) int(domh∗) ̸= ∅, h∗ is Gâteaux differentiable on int(domh∗) and domh∗ =
int(dom h∗).

Remark. (a) Since X is reflexive, then we have that (∂h)−1 = ∂h∗ and
since h is Legendre, then ∂h is a bijection which satisfies ∇h = (∇h∗)−1,
ran∇h = dom∇h∗ = int(domh∗) and ran∇h∗ = dom∇h = int(domh). h
and h∗ are Gâteaux differentiable and strictly convex on their int(domh)
and dom h respectively. If the subdifferential of h is single valued, it
coincides with the gradient of h, that is ∂h = ∇h.

(b) Example of a Legendre function is h(x) = 1
p∥x∥

p, (1 < p < ∞) and

throughout this work, we assumed that h is Legendre, (see [17], [18] for
more information).

Definition 2.12. The function h is called totally convex at x ∈ int(domh) if its
modulus of total convexity at x, that is, the function Vh : [0,∞) → [0,∞) defined
by

(13) Vh(x, t) = inf{dh(y, x) : y ∈ dom h, ∥y − x∥ = t}
is non-negative whenever t ≥ 0. The function h is called totally convex if it is
totally convex at any point x ∈ int(dom h). This property is less stringent than
uniform convexity, (see [19], [20], [21] and references contain therein).

The function h is said to be totally convex on bounded sets ([19]) if Vh(B, t) > 0
for any nonempty bounded subset B of X and t > 0, where the modulus of
total convexity of the function h on the set B is the function Vh : int(dom h) ×
[0,+∞) → [0,+∞) defined by

(14) Vh(B, t) := inf {Vh(x, t) : x ∈ B ∩ dom h} .
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Remark. It is easy to see that (3) is not symmetric and does not satisfy the
well-known triangle inequality associated with classical distance metrics, but has
the following nice properties (see [20], [14], [10]).

(B1) dh(., x) for any x ∈ int(domh) is convex with respect to the first variable,
(B2) dh(x, x) = 0,
(B3) dh(y, x) is positive if and only if y ̸= x for any x ∈ int(dom h),
(B4) dh(x, y) + dh(y, x) = ⟨∇h(x), x − y⟩ − ⟨∇h(y), x − z⟩ for any x, y ∈

int(dom h),
(B5) dh(y, x) = dh(y, z) + dh(z, x) + ⟨∇h(z), y − z⟩ − ⟨∇h(x), y − z⟩ for any

x, y ∈ int(dom h) and for any y ∈ dom h.

3. Main results

In this section, we introduce and solve the problems Fix(T )∩V I(C,A)∩EP (g)∩
Fixh(S) ̸= ∅ and prove that sequence of iterates strongly converges to the feasi-
ble set of these problems. To achieve this, we need the following hypothesis and
algorithm:

Conditions 3.1.

(H1) Let C represent a non-empty, closed and convex subset of a reflexive real
Banach space X and its dual space X∗;

(H2) let h : X → (−∞,+∞] represent a strongly coercive Legendre function
which is bounded, uniform Fréchet differentiable and totally convex on
bounded subsets of X;

(H3) let T : X → X, represent continuous Bregman quasi nonexpansive map-
ping such that (I − T ), is demi-closed at the origin;

(H4) let S : X → X∗, represent continuous h-pseudo-contractive mapping;
(H5) let g : dn × dn → R be a bifunctionals satisfying P1 - P5; where dn is

a half-space, the bounding hyperplane, which supports the non-empty
closed and convex subset C of X;

(H6) let A : C → X∗ be a Lipschitz monotone mapping with Lipschitz constant
L;

(H7) let C ⊂ int(dom h), where int(dom h) is the interior domain of the Le-
gendre function;

(H8) let the common solution set be denoted by Ω be a non-empty set, that is
Ω := Fix(T ) ∩ V I(C,A) ∩ EP (g) ∩ Fixh(S) ̸= ∅.
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Algorithm 3.1.
Initialize u, x0 ∈ X. Let the sequence {xn} be generated by the following algo-
rithm:

(15)



zn = ∇h∗ (an∇h (xn) + (1− an)∇h (Txn)) ,

yn = P h
C∇h∗(∇h(zn)− λnAzn),

dn = {z ∈ X : ⟨z − yn,∇h(zn)− λnAzn −∇h(yn)⟩ ≤ 0} ,
en = P h

dn
∇h∗(∇h(zn)− λnAyn),

un = argmina∈dn {µng(en, a) + dh(a, en)} ,
wn = argmina∈dn {µng(un, a) + dh(a, en)} ,
vn = Rh,rn

S xn,

xn+1 = ∇h∗ (αn∇h(u) + βn∇h(xn) + γn∇h(wn) + ζn∇h(vn)) , n ≥ 0,

where∇h is the gradient of h onX and (rn) ⊂ [c,∞), {an}, {αn}, {βn}, {γn}, {ζn} ∈
(0, 1) such that αn + βn + γn + ζn = 1 and limn→∞ αn = 0 with

∑∞
n=1 αn = ∞

and the Lipschitz constant L.

Lemma 3.1. . let h be a strongly convex function with constant mu > 0. Then
for all en ∈ dom(h) and zn ∈ intdom(h), the inequality holds:

(16) dh(en, zn) ≥
µ

2

[
∥en − yn∥2 + ∥zn − yn∥2

]
+ ⟨en − yn,∇h(yn)−∇h(zn)⟩.

Proof. Invoking the identities of Bregman distance with respect to h given in
Remark (2) and a Lemma in [22], we obtain

dh(en, zn) = dh(en, yn) + dh(yn, zn) + ⟨en − yn,∇h(yn)−∇h(zn)⟩

≥ µ

2

[
∥en − yn∥2 + ∥zn − yn∥2

]
+ ⟨en − yn,∇h(yn)−∇h(zn)⟩.

□

Lemma 3.2. . Given that Conditions 3.1 holds true, then the sequences and
that generated by the algorithm (15) are bounded.



38 Enyinnaya Ekuma-Okereke and Joseph O. Ogbodu

Proof. Let ⋎n = ∇h∗(∇h(zn)−λnAyn). So en = P h
dn
⋎n. Let ℓ ∈ Ω and invoking

a Lemma in [12] we obtain

dh(ℓ, en) = dh(ℓ,⋎n)− dh(en,⋎n)

= h(ℓ)− h(⋎n)− ⟨∇h(⋎n), ℓ−⋎n⟩ − [h(en)− h(⋎n)− ⟨∇h(⋎n), en −⋎n⟩)]
= h(ℓ)− ⟨∇h(⋎n), ℓ− en⟩ − h(en)

= h(ℓ)− ⟨∇h(zn)− λnAyn, ℓ− en⟩ − h(en)

= h(ℓ)− ⟨∇h(zn), ℓ− en⟩+ ⟨λnAyn, ℓ− en⟩ − h(en)

= h(ℓ)− ⟨∇h(zn), ℓ− zn⟩+ ⟨∇h(zn), en − zn⟩+ ⟨λnAyn, ℓ− en⟩ − h(en)

= dh(ℓ, zn)− dh(en, zn) + ⟨λnAyn, ℓ− en⟩
= dh(ℓ, zn)− dh(en, zn) + ⟨λnAyn, ℓ− yn⟩+ ⟨λnAyn, yn − en⟩
= dh(ℓ, zn)− dh(en, zn) + λn⟨Ayn −Aℓ, ℓ− yn⟩+ λn⟨Aℓ, ℓ− yn⟩+ ⟨λnAyn, yn − en⟩
≤ dh(ℓ, zn)− dh(en, zn) + ⟨λnAyn, yn − en⟩

≤ dh(ℓ, zn)−
µ

2

[
∥en − yn∥2 + ∥zn − yn∥2

]
+ ⟨en − yn,∇h(yn)−∇h(zn)⟩+ ⟨λnAyn, yn − en⟩

≤ dh(ℓ, zn)−
µ

2

[
∥en − yn∥2 + ∥zn − yn∥2

]
+ ⟨yn − en, λnAyn +∇h(yn)−∇h(zn)⟩

= dh(ℓ, zn)−
µ

2

[
∥en − yn∥2 + ∥zn − yn∥2

]
+ ⟨en − yn, λnAzn − λnAyn⟩

+ ⟨en − yn,∇h(zn)− λnAzn −∇h(yn)⟩

≤ dh(ℓ, zn)−
µ

2

[
∥en − yn∥2 + ∥zn − yn∥2

]
+ λn∥en − yn∥∥Azn −Ayn∥

≤ dh(ℓ, zn)−
µ

2

[
∥en − yn∥2 + ∥zn − yn∥2

]
+ L.λn∥en − yn∥∥zn − yn∥

≤ dh(ℓ, zn)−
µ

2

[
∥en − yn∥2 + ∥zn − yn∥2

]
+

1

2
L.λn

[
∥en − yn∥2 + ∥zn − yn∥2

]
= dh(ℓ, zn)−

(µ− L.λn)

2

[
∥en − yn∥2 + ∥zn − yn∥2

]
.

(17)

But from ([10]), we obtain

dh(ℓ, zn) = dh(ℓ,∇h∗ (an∇h (xn) + (1− an)∇h (Txn)))

≤ dh(ℓ, xn)− an(1− an)ρ
∗ (∥∇h(xn)−∇h(Txn)∥) .(18)

Substituting (18) into (17), we have that

dh(ℓ, en) ≤ dh(ℓ, xn)− an(1− an)ρ
∗ (∥∇h(xn)−∇h(Txn)∥)−

(µ− L.λn)

2

[
∥en − yn∥2 + ∥zn − yn∥2

]
.

(19)
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Now using a Lemma in [4], [22] and substituting 19, we obtain

dh(ℓ, wn) ≤ dh(ℓ, en)− (1− µnc1)dh(un, en)− (1− µnc2)dh(wn, un)

≤ dhdh(ℓ, xn)− an(1− an)ρ
∗ (∥∇h(xn)−∇h(Txn)∥)−

(µ− L.λn)

2

[
∥en − yn∥2 + ∥zn − yn∥2

]
− (1− µnc1)

µ

2
∥un − en∥2 − (1− µnc2)

µ

2
∥wn − un∥2

≤ dh(ℓ, xn)− an(1− an)ρ
∗ (∥∇h(xn)−∇h(Txn)∥)−

(µ− L.λn)

2

[
∥en − yn∥2 + ∥zn − yn∥2

]
− µ

2

(
(1− µnc1)∥un − en∥2 + (1− µnc2)

)
∥wn − un∥2.

(20)

dh(ℓ, vn) ≤ dh(ℓ, xn)− dh(vn, xn)

≤ dh(ℓ, xn)−
µ

2
∥vn − xn∥2.(21)

dh(ℓ, xn+1) = dh(ℓ,∇h∗ (αn∇h(u) + βn∇h(xn) + γn∇h(wn) + ζn∇h(vn)))

≤ αndh(ℓ, u) + βndh(ℓ, xn) + γndh(ℓ, en) + ζndh(ℓ, vn)

≤ αndh(ℓ, u) + βndh(ℓ, xn) + γndh(ℓ, xn)− γnan(1− an)ρ
∗ (∥∇h(xn)−∇h(Txn)∥)

− γn
(µ− L.λn)

2

[
∥en − yn∥2 + ∥zn − yn∥2

]
− ζn

µ

2

(
(1− µnc1)∥un − en∥2 + (1− µnc2)∥wn − un∥2 + ∥vn − xn∥2

)
≤ αndh(ℓ, u) + (1− βn)dh(ℓ, xn)

≤ max {dh(ℓ, u), dh(ℓ, xn)}
...

≤ max {dh(ℓ, u), dh(ℓ, x0)} for all n ≥ 0.
(22)

This means by implication that {dh(ℓ, xn)} is bounded. Following from ([20])
{xn} is bounded and consequently {zn} , {yn} , {dn} , {en} , {un} , {wn} , {vn} are
all bounded. □

Theorem 3.3. Given that Conditions 3.1 holds true, then the sequences and
that generated by the algorithm (15) converges strongly to a common point of Ω
which is a Projection of u onto Ω with respect to Bregman distance h.
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Proof. Let ℓ = P h
Ωu be the Projection of u onto Ω with respect to Bregman

distance h. Now invoking (17), (20), (21) and a Lemma in [6] we obtain

dh(ℓ, xn+1) = dh(ℓ,∇h∗ (αn∇h(u) + βn∇h(xn) + γn∇h(wn) + ζn∇h(vn)))

= vh(ℓ, αn∇h(u) + βn∇h(xn) + γn∇h(wn) + ζn∇h(vn))

= h(ℓ)− ⟨ℓ, αn∇h(u) + βn∇h(xn) + γn∇h(wn) + ζn∇h(vn)⟩
+ h∗(αn∇h(u) + βn∇h(xn) + γn∇h(wn) + ζn∇h(vn))

≤ αnh(ℓ) + βn⟨ℓ,∇h(xn)⟩+ γn⟨ℓ,∇h(wn)⟩+ βn⟨ℓ,∇h(vn)⟩
+ βnh

∗(∇h(xn)) + βnh
∗(∇h(wn)) + ζnh

∗(∇h(vn))− αn⟨xn+1 − ℓ,∇h(ℓ)−∇h(u)⟩
= αnVh(ℓ, ℓ) + βnVh(ℓ,∇h(xn)) + γnVh(ℓ,∇h(wn)) + ζnVh(ℓ,∇h(vn))

− αn⟨xn+1 − ℓ,∇h(ℓ)−∇h(u)⟩
= αndh(ℓ, ℓ) + βndh(ℓ, xn) + γndh(ℓ, wn) + ζndh(ℓ, vn)− αn⟨xn+1 − ℓ,∇h(ℓ)−∇h(u)⟩
= (1− αn)dh(ℓ, xn)− γnan(1− an)ρ

∗ (∥∇h(xn)−∇h(Txn)∥)

− γn
(µ− L.λn)

2

[
∥en − yn∥2 + ∥zn − yn∥2

]
− ζn

µ

2

(
(1− µnc1)∥un − en∥2 + (1− µnc2)∥wn − un∥2 + ∥vn − xn∥2

)
+ αn⟨xn+1 − ℓ,∇h(u)−∇h(ℓ)⟩

(23)

≤ (1− αn)dh(ℓ, xn) + αn⟨xn − ℓ,∇h(u)−∇h(ℓ)⟩+ αn⟨xn+1 − xn,∇h(ℓ)−∇h(u)⟩

≤ (1− αn)dh(ℓ, xn) + αn⟨xn − ℓ,∇h(u)−∇h(ℓ)⟩+ αn∥xn+1 − xn∥∥∇h(ℓ)−∇h(u)∥.
(24)

Now, establish strong convergence of the sequence to a common point of Ω, we
examine two cases.

Case 1. Assume that there exists n0 ∈ N such that {dh(ℓ, xn)} is decreasing
for all n ≥ n0. It then follows that is convergent {dh(ℓ, xn)} and hence dh(ℓ, xn)−
dh(ℓ, xn+1) → 0 as n → ∞. Thus, from (23) and applying the conditions on {an},
{αn}, {βn}, {γn}, {ζn} of (15) we obtain that

(25) lim
n→∞

[
∥en − yn∥2 + ∥zn − yn∥2

]
= 0,

(26) lim
n→∞

(
∥un − en∥2 + ∥wn − un∥2 + ∥vn − xn∥2

)
= 0,

and,

(27) lim
n→∞

∥∇h(xn)−∇h(Txn)∥ = 0.

This means by implication that from (25) and (26),

(28) lim
n→∞

∥en − yn∥ = lim
n→∞

∥zn − yn∥ = 0 and thus lim
n→∞

∥zn − en∥ = 0,
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(29)
lim
n→∞

∥un−en∥ = ∥wn−un∥ = ∥vn−wn∥ = 0 and thus lim
n→∞

∥xn−wn∥ = 0, lim
n→∞

∥xn−un∥ = 0.

Since from [10], ∇h is uniformly norm-to-norm continuous on bounded subset of
X∗, we obtain from (27) that

(30) lim
n→∞

∥xn − Txn∥ = 0 implies lim
n→∞

dh(xn, Txn) = 0.

Now from (15), zn = ∇h∗ (an∇h (xn) + (1− an)∇h (Txn)), so that

(31) ∥zn − xn∥ = (1− an)∥Txn − xn∥

Applying the condition on αn and invoking (30), we obtain that

(32) lim
n→∞

∥zn − xn∥ = 0.

Combining (32) and (28), we obtain that

(33) lim
n→∞

∥xn − en∥ = 0.

Now,

∥∇h(xn+1)−∇h(xn)∥ = ∥αn(∇h(u) + βn∇h(xn) + γn∇h(en) + ζn∇h(vn)−∇h(xn))∥
≤ αn∥∇h(u)−∇h(xn)∥+ γn∥∇h(en)−∇h(xn)∥+ ζn∥∇h(vn)−∇h(xn)∥.

Invoking (29), (33), condition on αn and the uniformity of ∇h in [10], we obtain
that

lim
n→∞

∥∇h(xn+1)−∇h(xn)∥ = 0.(34)

In addition, by the uniformity of ∇h∗ (see [10]), we obtain

lim
n→∞

∥xn+1 − xn∥ = 0.(35)

Since {xn} is a bounded sequence of X, we can find a point l and a subsequence{
xnj

}
of {xn} such that xnj converge weakly to l. Invoking (28), (29), (32), (33),

we obtain that the sequences zn, en, wn, un, vn converge weakly to l. Hence by
the continuity property of T , we have from (30) that l ∈ Fix(T ). Next, since
{xn} is a bounded sequence of X and yn = P h

C∇h∗(∇h(zn)− λnAzn)

⟨λnAyn, yn − ℓ⟩ = ⟨ℓ− yn,∇h(yn)−∇h(zn)⟩+ ⟨λnAyn, yn − ℓ⟩
≤ ⟨yn − ℓ, λnAyn +∇h(yn)−∇h(zn)⟩
= ⟨ℓ− yn, λnAzn − λnAyn⟩+ ⟨ℓ− yn,∇h(zn)− λnAzn −∇h(yn)⟩
≤ ⟨ℓ− yn, λnAzn − λnAyn⟩
≤ ∥ℓ− yn∥λn∥Azn −Ayn∥
≤ ∥ℓ− yn∥λn∥zn − yn∥.(36)
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It follows that lim supn→∞⟨λnAyn, yn − ℓ⟩ ≤ 0. Invoking the monotonicity of A,
we have that

⟨λnAℓ, ℓ− l⟩ = lim sup
n→∞

⟨λnAℓ, yn − ℓ⟩

≤ lim sup
n→∞

⟨λnAyn, yn − ℓ⟩ ≤ 0.(37)

From the foregoing analysis, we obtain that l ∈ V I(C,A). Next, we show that
l ∈ EP (g). Since

un = argmina∈dn {µng(en, a) + dh(a, en)} ,
then invoking [5], [6] and condition P4, we obtain that 0 ∈ δµng(en, un) +
∇dh(un, en) + Ndn(un). So there exist θn ∈ δg(en, un) and Θn ∈ Ndn(un) such
that

µnθn +∇h(un)−∇h(en) + Θn = 0.(38)

Observe that Θn ∈ Ndn(un) and ⟨q−un,Θn⟩ ≤ 0 for all q ∈ dn. Since θnδg(en, un),
we have

g(en, q)− g(en, un) ≥ ⟨q − un,Θn⟩,(39)

for all q ∈ dn. Invoking (38) and (39), we have that

[g(en, q)− g(en, un)] ≥
1

µn
⟨un − q,∇h(un)−∇h(en),(40)

for all q ∈ dn. Now by the fact that g is weakly continuous using L3 condition
and combining with (29) and the condition on µn, we obtain that

g(l, q) ≥ 0,(41)

for all q ∈ dn. Hence l ∈ EP (g).

Furthermore, we show that l ∈ Fixh(S). Let vnk
= R

h,rnk
S (xn). Invoking [6], we

obtain

⟨y − vnk
, Svnk

⟩ − 1

rnk

⟨y − vnk
, (1 + rnk

)∇h(vnk
)−∇h(xnk

)⟩ ≤ 0.

By the convexity of C, we set yα = αy+(1−α)q ∈ C, for y ∈ C,α ∈ [0, 1]. Thus,
applying similar approach in [8], we arrive at

⟨l − yα, Syα⟩ ≥ ⟨l − yα,∇h(yα)⟩.
Hence, l ∈ Fixh(S).
Next, we prove that {xn} converges strongly to a common point of Ω which is a
Projection of u onto Ω, that is ℓ = P h

Ωu. Now since {xn} is bounded, there exists
a subsequence

{
xnj

}
of {xn} such that xnj converges weakly to l and

(42) lim
n→∞

⟨xn+1 − ℓ,∇h(u)−∇h(ℓ)⟩ = lim
j→∞

⟨xnj+1 − ℓ,∇h(u)−∇h(ℓ)⟩.



A Halpern Resolvent-Subgradient-Extragradients Method for finding common solution ... 43

Since l ∈ Ω, we obtain from [12] and (42) that

(43) lim
n→∞

⟨xn+1 − ℓ,∇h(u)−∇h(ℓ)⟩ = c⟨l − ℓ,∇h(u)−∇h(ℓ)⟩ ≤ 0.

From (24), we have that

dh(ℓ, xn+1) ≤ (1− αn)dh(ℓ, xn) + αn⟨xn − ℓ,∇h(u)−∇h(ℓ)⟩+ αn∥xn+1 − xn∥∥∇h(ℓ)−∇h(u)∥
(44)

By applying a Lemma in [23] on (44), we conclude that dh(ℓ, xn) → 0 as n → ∞.
Therefore, {xn} converges strongly to ℓ = P h

Ωu.
Case 2. Suppose that {dh(ℓ, xn)} is not a monotone decreasing sequence (see

[24]). We let ϕ : N → N be a mapping defined for n ≥ n0 for some sufficiently
large n0 by

(45) ϕ(n) = max
{
i ∈ N : i ≤ n, dh(ℓ, xnj ) ≤ dh(ℓ, xni+1)

}
.

Then ϕ is a non-decreasing sequence such that ϕ(n) → ∞ and dh(ℓ, xϕ(n)) ≤
dh(ℓ, xϕ(n)+1) is convergent for n ≥ n0. This implies that

(46) ∥xϕ(n) − xϕ(n)+1∥ → 0 as ϕ(n) → ∞.

Following the same line of argument as in the Case 1,

(47) lim
ϕ(n)→∞

⟨xϕ(n)+1 − ℓ,∇h(u)−∇h(ℓ)⟩ = ⟨l − ℓ,∇h(u)−∇h(ℓ)⟩ ≤ 0.

From (24), we have that

dh(ℓ, xϕ(n)+1) ≤ (1− αϕ(n))dh(ℓ, xϕ(n)) + αϕ(n)⟨xϕ(n) − ℓ,∇h(u)−∇h(ℓ)⟩
+ αϕ(n)∥xϕ(n)+1 − xϕ(n)∥∥∇h(ℓ)−∇h(u)∥.(48)

Since αϕ(n) > 0, we obtain from (48), (47) and (46) that

dh(ℓ, xϕ(n)) ≤ αϕ(n)⟨xϕ(n) − ℓ,∇h(u)−∇h(ℓ)⟩
≤ 0(49)

By applying a Lemma [23] on (49), we conclude that dh(ℓ, xϕ(n)) → 0 as ϕ(n) →
∞. This suggest that

{
xϕ(n)

}
converges ℓ. Therefore, combining Case 1 and

Case 2, we conclude that {xn} converges strongly to ℓ = P h
Ωu. □

Remark. In Algorithm 3.1, if we assume the following conditions

(H1) let T : C → C, represent continuous Bregman quasi nonexpansive map-
ping such that (I − T ), is demi-closed at the origin;

(H2) let S : C → X∗, represent continuous h-pseudo-contractive mapping;
(H3) let g : C × C → R be a bifunctionals satisfying P1 - P5; where C is a

non-empty closed and convex subset X;



44 Enyinnaya Ekuma-Okereke and Joseph O. Ogbodu

then we have
Initialize u, x0 ∈ C. Let the sequence {xn} be generated by the following algo-
rithm:

(50)



zn = ∇h∗ (an∇h (xn) + (1− an)∇h (Txn)) ,

yn = P h
C∇h∗(∇h(zn)− λnAzn),

dn = {z ∈ X : ⟨z − yn,∇h(zn)− λnAzn −∇h(yn)⟩ ≤ 0} ,
en = P h

dn
∇h∗(∇h(zn)− λnAyn),

un = argmina∈C {µng(xn, a) + dh(a, xn)} ,
wn = argmina∈C {µng(un, a) + dh(a, xn)} ,
vn = Rh,rn

S wn,

xn+1 = ∇h∗ (αn∇h(u) + βn∇h(xn) + γn∇h(en) + ζn∇h(vn)) , n ≥ 0,

Conclusion. In this paper, algorithm for the approximation of the common so-
lution of the set of h-fixed points of a h-pseudo-contractive mapping; set of fixed
point of a Bregman quasi mapping; set of solution of equilibrium problems for
pseudomonotone mapping and the set of variational inequality problem for Lip-
schitz monotone mapping was constructed and analyzed. A strong convergence
theorem for it was proved specifically in reflexive Banach spaces. The constructed
algorithm and the result obtained was found to improve the result of [2]-[3], [7]
from Hilbert space to reflexive Banach space and from solving one or two com-
mon problems to solving four common problems of various set valued, nonlinear
mappings. Additionally, Theorem 3.3 complements Theorem 3.2 of [5] and [6]
but improved their results from solving three common problems to solving four
common problems of set valued, nonlinear mappings.

Acknowledgement: The authors are grateful to the referees for their careful
reading and suggestions.

Competing interests: The authors declare that they have no competing inter-
ests.

Funding: The authors received no financial support for the research, authorship,
and/or publication of this article.

References
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