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A family of harmonic univalent functions defined by a linear
multiplier fractional operator
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and Olanike R. Oluwaseyi2

Abstract

In this paper, we use a generalized linear multiplier fractional

differential operator to define a new family of harmonic univalent

functions in the unit disk. Also, we obtain the coefficient condi-

tions, convolution condition and convex combination for the class.

1. Introduction

Let Aµ denote the class of functions of the form:

(1) f(z) = zµ+1 +
∞∑
k=2

akz
µ+k, 0 ≤ µ < 1

which are analytic in the open unit disk U = {z ∈ C : |z| < 1}.
If for convenience, we set A0 = A, we see that A0 is the usual class of functions
of the form:

f(z) = z +

∞∑
k=2

akz
k
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which are analytic in the open unit disk U = {z ∈ C : |z| < 1}, normalized by
f(0) = 0 and f ′(0) = 1. Moreover, we have
f(z) ∈ A =⇒ zµf(z) ∈ Aµ, 0 ≤ µ < 1.

Now expanding (1) by Binomial theorem, we define

(2) f(z)ρ = zρ(µ+1) +

∞∑
k=2

ρakz
(ρ−1)(µ+1)+(µ+k), ρ > 0, 0 ≤ µ < 1

2. Preliminaries

A continuous function f = u + iv is a complex valued harmonic function in a
domain D ⊂ C if both u and v are real harmonic in D. In any simply connected
domain, we can write

(3) f = h+ g

The form (3) is called the local decomposition of the harmonic function f , where
h and g are analytic in D. We call h and g the analytic and coanalytic part of
f respectively. A necessary and sufficient condition for f to be locally univalent
and sense-preserving in D is that |h′| > |g′| in D.
Denote by SU , the class of functions f of the form (3) that are harmonic univalent
and sense-preserving in the unit disk U . The subclasses of harmonic univalent
functions have been studied by some authors for different purposes and differ-
ent properties, (See Juma et al. (2015), Ezhilarasi et al. (2014), Al-shaqsi et al.
(2010), Fadipe-Joseph and Salami (2017), Serkan et al. (2018), Sharma and
Ravindar (2018) and Shuhai Li et al. (2019)). Following the linear multiplier
fractional differential operator Dm,α

λ for f(z) ∈ A defined by Al-Oboudi and
Al-Omoudi (2009), Noor et al. (2009) extends this definition to the harmonic

function f(z) = h(z) + g(z) as follows:

(4) D̃m,α
λ f(z) =

∞∑
k=1

φk,m(α, λ)(akz
k + bkzk), 0 ≤ α < 1, m ∈ N0 = {0, 1, 2, · · · }

where

φk,m(α, λ) =

[
Γ(k + 1)Γ(2− α)

Γ(k + 1− α)
(1 + λ(k − 1))

]m
and

(5)
h(z) = z +

∑∞
k=2 akz

k

g(z) =
∑∞

k=1 bkz
k, |b1| < 1

}
We note that if g ≡ 0 then (4) becomes the linear multiplier fractional differential
operator Dm,α

λ , Al-Oboudi and Al-Omoudi (2009).
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In this work, we express the analytic functions h and g as:

(6)
h(z)ρ = zρ(µ+1) +

∑∞
k=2 ρakz

(ρ−1)(µ+1)+(µ+k)

g(z)ρ =
∑∞

k=1 ρbkz
(ρ−1)(µ+1)+(µ+k), |b1| < 1

}
So that,

f(z)ρ = h(z)ρ + g(z)ρ

where

(7)
h(z) = z(µ+1) +

∑∞
k=2 akz

(µ+k)

g(z) =
∑∞

k=1 bkz
(µ+k), |b1| < 1 in the class Aµ

}
and (7) reduces to (5) when µ = 0.
In this present paper, we define and study a new class Ψρ,µ

γ (m,α, ζ, λ),
(ρ > 0, 0 ≤ µ < 1, 0 ≤ α < 1, ζ ≥ 0, 0 ≤ γ < 1, λ ≥ 0) of harmonic univalent
functions in U = {z ∈ C : |z| < 1} and a subclass of it.

3. THE CLASS Ψρ,µ
γ (m,α, ζ, λ)

Definition 3.1. Let f(z)ρ = h(z)ρ + g(z)ρ be a harmonic function, where h(z)ρ

and g(z)ρ are given by (6). Then f(z)ρ ∈ Ψρ,µ
γ (m,α, ζ, λ) if it satisfies

(8) Re

{
ζD̃m,α

λ

[
h(z)ρ

zρ(µ+1)
+

(
g(z)ρ

zρ(µ+1)

)]
+ D̃m,α

λ

[
h′(z)ρ + g′(z)ρ

]
− ζ

}
> γ

ρ > 0, 0 ≤ µ < 1, 0 ≤ α < 1, ζ ≥ 0, 0 ≤ γ < 1, λ ≥ 0, z ∈ U , where

D̃m,α
λ f(z)ρ =

∞∑
k=1

φk,m(α, λ)(akz
(ρ−1)(µ+1)+(µ+k) + bkz(ρ−1)(µ+1)+(µ+k))

and

φk,m(α, λ) =

[
Γ(k + 1)Γ(2− α)

Γ(k + 1− α)
(1 + λ(k − 1))

]m
, m ∈ N0

Remark. We note that the class Ψ1,0
γ (m,α, ζ, λ) ≡ RHγ(m,α, β, λ) introduced

and studied by Ezhilarasi et al.(2014).

Definition 3.2. We also let Ψρ,µ
γ (m,α, ζ, λ) be the subclass of Ψρ,µ

γ (m,α, ζ, λ)
such that h(z)ρ and g(z)ρ are given by

(9)
h(z)ρ = zρ(µ+1) −

∑∞
k=2 ρ|ak|z(ρ−1)(µ+1)+(µ+k)

g(z)ρ = −
∑∞

k=1 ρ|bk|z(ρ−1)(µ+1)+(µ+k), |b1| < 1

}
Theorem 3.3. Let f(z)ρ = h(z)ρ + g(z)ρ, where h(z)ρ, g(z)ρ are given by (6).
Furthermore, let

(10)

∞∑
k=1

[(µ+k)+(ρ−1)(µ+1)+ζ]φk,m(α, λ)(|ak|+ |bk|) ≤ (ρ+1)(µ+1)+ζ− γ
ρ
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|b1| < ρ(µ+1)−γ
ρ[ρ(µ+1)+ζ] < 1, where a1 = 1, ρ > 0, ζ ≥ 0, 0 ≤ µ < 1, 0 ≤ γ < 1 and

0 ≤ α < 1. Then f(z)ρ is harmonic univalent and sense preserving in U and
f(z)ρ ∈ Ψρ,µ

γ (m,α, ζ, λ).

Proof. For z1 6= z2 and |z1| < |z2| < 1, we have by using (10),

|f(z1)ρ − f(z2)ρ| ≥

∣∣∣∣∣zρ(µ+1)
1 − zρ(µ+1)

2 +
∞∑
k=2

ρ
{
z

(ρ−1)(µ+1)+(µ+k)
1 − z(ρ−1)(µ+1)+(µ+k)

2

}
ak

∣∣∣∣∣
−

∣∣∣∣∣
∞∑
k=1

ρ
{
z

(ρ−1)(µ+1)+(µ+k)
1 − z(ρ−1)(µ+1)+(µ+k)

2

}
bk

∣∣∣∣∣
≥ |zρ(µ+1)

1 − zρ(µ+1)
2 |

[
(µ+ 1)− γ

ρ
− [ρ(µ+ 1) + ζ]|b1|

−|zρ2(µ+ 1)|
∞∑
k=2

[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)(|ak|+ |bk|)

]

≥ |zρ(µ+1)
1 − zρ(µ+1)

2 |
[
(µ+ 1)− γ

ρ
− [ρ(µ+ 1) + ζ]|b1|

]
(1− |z2|ρ(µ+1)) > 0

Hence, f(z1)ρ 6= f(z2)ρ, which shows that fρ is univalent in U .
We prove that fρ is sense preserving in U , since by using (10), |z| < 1,

|h′(z)ρ| ≥ ρ(µ+ 1)−
∞∑
k=2

ρ[(µ+ k) + (ρ− 1)(µ+ 1)]|ak|

> ρ(µ+ 1)− γ −
∞∑
k=2

ρ[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)|ak|

≥
∞∑
k=1

ρ[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)|bk| ≥ |g′(z)ρ|

We now show that f(z)ρ ∈ Ψρ,µ
γ (m,α, ζ, λ). In (8), we make use of the fact that

Re{w} > γ if and only if |1 + w − γ| > |1− w + γ|.
By substituting for h(z)ρ and g(z)ρ from (4) and using (10), we get∣∣∣∣∣1 + ζD̃m,α

λ

[
h(z)ρ

zρ(µ+1)
+

(
g(z)ρ

zρ(µ+1)

)]
+ D̃m,α

λ

[
h′(z)ρ + g′(z)ρ

]
− ζ − γ

∣∣∣∣∣
−

∣∣∣∣∣1− ζD̃m,α
λ

[
h(z)ρ

zρ(µ+1)
+

(
g(z)ρ

zρ(µ+1)

)]
− D̃m,α

λ

[
h′(z)ρ + g′(z)ρ

]
+ ζ + γ

∣∣∣∣∣
=

∣∣∣∣∣1 + ρ(µ+ 1)zρ(µ+1)−1 + ρ[ζ + ρ(µ+ 1)zρ(µ+1)−1]b1 − γ + ζρ

∞∑
k=2

φk,m(α, λ)(akz
k−1 + bkzk−1)
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+ ρ
∞∑
k=2

[(µ+ k) + (ρ− 1)(µ+ 1)]φk,m(α, λ)(akz
[(µ+k)+(ρ−1)(µ+1)]−1 + bkz[(µ+k)+(ρ−1)(µ+1)]−1)

∣∣∣∣∣
−

∣∣∣∣∣1− ρ(µ+ 1)zρ(µ+1)−1 − ρ[ζ + ρ(µ+ 1)zρ(µ+1)−1]b1 + γ − ζρ
∞∑
k=2

φk,m(α, λ)(akz
k−1 + bkzk−1)

−ρ
∞∑
k=2

[(µ+ k) + (ρ− 1)(µ+ 1)]φk,m(α, λ)(akz
[(µ+k)+(ρ−1)(µ+1)]−1 + bkz[(µ+k)+(ρ−1)(µ+1)]−1)

∣∣∣∣∣
≥ 2ρ(µ+ 1)− 2γ − 2ρ[ζ + ρ(µ+ 1)]|b1|

−2ρ

∞∑
k=2

[ζ + (µ+ k) + (ρ− 1)(µ+ 1)]φk,m(α, λ)(|ak|+ |bk|)|z|[(µ+k)+(ρ−1)(µ+1)]−1

> 2

[
ρ(µ+ 1) + ρ[ζ + ρ(µ+ 1)]− γ − ρ

∞∑
k=1

[ζ + (µ+ k) + (ρ− 1)(µ+ 1)]φk,m(α, λ)(|ak|+ |bk|)

]
≥ 0

The coefficient bound given by (10) can not be improved upon. The harmonic
function given by

f(z)ρ = zρ(µ+1) +
∞∑
k=2

(1− γ
ρ )xk

[(ρ− 1)(µ+ 1) + (µ+ k) + ζ]
z(ρ−1)(µ+1)+(µ+k)

+
∞∑
k=1

(1− γ
ρ )yk

[(ρ− 1)(µ+ 1) + (µ+ k) + ζ]
z(ρ−1)(µ+1)+(µ+k)

where
∑∞

k=2 |xk|+
∑∞

k=1 |yk| = 1, ρ > 0, ζ ≥ 0, 0 ≤ µ < 1 and 0 ≤ γ < 1 yields
the extremal.

Corollary 3.4. Let f(z)1 = f(z) = h(z) + g(z), where h(z) and g(z) are given
by (8). Furthermore, let

∞∑
k=1

(k + ζ)φk,m(α, λ)[|ak|+ |bk|] ≤ 2 + ζ − γ, |b1| <
1− γ
1 + ζ

< 1

where a1 = 1, ζ ≥ 0, 0 ≤ γ < 1 and 0 ≤ α < 1, λ ≥ 0 and z ∈ U .
Then f(z) is harmonic univalent and sense preserving in U and

f(z) ∈ Ψ1,0
γ (m,α, ζ, λ).

Proof. Put ρ = 1 and µ = 0 in Theorem 3.1.

Remark. This is the result obtained by Ezhilarasi et al. (2014).
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Corollary 3.5. Let f(z)1 = f(z) = h(z) + g(z), where h(z) and g(z) are given
by (8). Furthermore, let

∞∑
k=1

kφk,m(α, λ)[|ak|+ |bk|] ≤ 2− γ, |b1| < 1− γ < 1

where a1 = 1, 0 ≤ γ < 1 and 0 ≤ α < 1, λ ≥ 0 and z ∈ U .
Then f(z) is harmonic univalent and sense preserving in U and

f(z) ∈ Ψ1,0
γ (m,α, 0, λ).

Proof. Put ρ = 1 and ζ = µ = 0 in Theorem 3.1.

Remark. This is the result obtained by Noor et al. (2009).

We also prove that the coefficient condition given in (10) is necessary and sufficient

condition for fρ ∈ Ψρ,µ
γ (m,α, ζ, λ).

Theorem 3.6. Let f(z)ρ = h(z)ρ + g(z)ρ, where h(z)ρ, g(z)ρ are given by (9)

then fρ ∈ Ψρ,µ
γ (m,α, ζ, λ) if and only if

∞∑
k=1

[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)(|ak|+ |bk|) ≤ (ρ+ 1)(µ+ 1) + ζ − γ

ρ

where a1 = 1, ρ > 0, ζ ≥ 0, 0 ≤ µ < 1, 0 ≤ γ < 1 and 0 ≤ α < 1.

Proof. Suppose that fρ ∈ Ψρ,µ
γ (m,α, ζ, λ). Then we find from (8) with h(z)ρ,

g(z)ρ given by (9) that

Re

{
ζD̃m,α

λ

[
h(z)ρ

zρ(µ+1)
+

(
g(z)ρ

zρ(µ+1)

)]
+ D̃m,α

λ

[
h′(z)ρ + g′(z)ρ

]
− ζ

}

= Re

{
ρ(µ+ 1)zρ(µ+1)−1 − ρ[ζ + ρ(µ+ 1)zρ(µ+1)−1]|b1| − ρ

∞∑
k=2

[ζ(|ak|zk−1 + |bk|zk−1)

+[(µ+ k) + (ρ− 1)(µ+ 1)](|ak|z[(µ+k)+(ρ−1)(µ+1)]−1 + |bk|z[(µ+k)+(ρ−1)(µ+1)]−1)]φk,m(α, λ)
}
> γ

ρ > 0, ζ ≥ 0, 0 ≤ µ < 1, 0 ≤ γ < 1 and 0 ≤ α < 1
If we choose z to be real and let z → 1−1, we get

ρ(µ+1)−ρ[ζ+ρ(µ+1)]|b1|−ρ
∞∑
k=2

[(µ+k)+(ρ−1)(µ+1)+ζ]φk,m(α, λ)(|ak|+|bk|) ≥ γ

which yields the assertion (10) of Theorem 3.1.
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Conversely, assume that (10) of Theorem 3.1 holds. Then we find from (8) with
h(z)ρ and g(z)ρ given by (9) that on using (10), for |z| < 1

Re

{
ζD̃m,α

λ

[
h(z)ρ

zρ(µ+1)
+

(
g(z)ρ

zρ(µ+1)

)]
+ D̃m,α

λ

[
h′(z)ρ + g′(z)ρ

]
− ζ

}

= Re

{
ρ(µ+ 1)zρ(µ+1)−1 − ρ[ζ + ρ(µ+ 1)zρ(µ+1)−1]|b1| − ρ

∞∑
k=2

[ζ(|ak|zk−1 + |bk|zk−1)

+[(µ+ k) + (ρ− 1)(µ+ 1)](|ak|z[(µ+k)+(ρ−1)(µ+1)]−1 + |bk|z[(µ+k)+(ρ−1)(µ+1)]−1)]φk,m(α, λ)
}

≥ ρ[(ρ+1)(µ+1)+ζ]−ρ
∞∑
k=1

[(µ+k)+(ρ−1)(µ+1)+ζ]φk,m(α, λ)(|ak|+|bk|)z[(µ+k)+(ρ−1)(µ+1)]−1 > γ

Which yields that fρ ∈ Ψρ,µ
γ (m,α, ζ, λ).

In the next theorem, we state and prove covering theorem for functions fρ ∈
Ψρ,µ
γ (m,α, ζ, λ).

Theorem 3.7. Let fρ ∈ Ψρ,µ
γ (m,α, ζ, λ) . Then we have that

f(z)ρ ≤ (1 + ρ|b1|)rρ(µ+1)

+
ρ(2− α)m

[(µ+ 2) + (ρ− 1)(µ+ 1) + ζ]2m(1 + λ)m

[
(µ+ 1)− γ

ρ
− [ρ(µ+ 1) + ζ]|b1|

]
r(ρ−1)(µ+1)+(µ+2)

and

f(z)ρ ≥ (1− ρ|b1|)rρ(µ+1)

− ρ(2− α)m

[(µ+ 2) + (ρ− 1)(µ+ 1) + ζ]2m(1 + λ)m

[
(µ+ 1)− γ

ρ
− [ρ(µ+ 1) + ζ]|b1|

]
r(ρ−1)(µ+1)+(µ+2)

for |z| = r < 1,

Proof. Let f(z)ρ = h(z)ρ + g(z)ρ, where h(z)ρ, g(z)ρ are given by (10). Then

|f(z)ρ| =

∣∣∣∣∣zρ(µ+1) −
∞∑
k=2

ρ|ak|z(ρ−1)(µ+1)+(µ+k) −
∞∑
k=1

ρ|bk|z(ρ−1)(µ+1)+(µ+k)

∣∣∣∣∣
≥ (1− ρ|b1|)rρ(µ+1)

− ρ(2− α)m

[(µ+ 2) + (ρ− 1)(µ+ 1) + ζ]2m(1 + λ)m

∞∑
k=2

[(µ+k)+(ρ−1)(µ+1)+ζ]φk,m(|ak|+|bk|)r(ρ−1)(µ+1)+(µ+2)

≥ (1− ρ|b1|)rρ(µ+1)

− ρ(2− α)m

[(µ+ 2) + (ρ− 1)(µ+ 1) + ζ]2m(1 + λ)m

[
(µ+ 1)− γ

ρ
− [ρ(µ+ 1) + ζ]|b1|

]
r(ρ−1)(µ+1)+(µ+2)
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The proof of the upper bounds of f(z)ρ is similar.

Theorem 3.8. Let f(z)ρ = h(z)ρ + g(z)ρ, where h(z)ρ, g(z)ρ are given by (9).

Then fρ ∈ Ψρ,µ
γ (m,α, ζ, λ) if and only if

f(z)ρ =
∞∑
k=1

(λkhk(z)
ρ + µkgk(z)

ρ) ,

where
h1(z)ρ = zρ(µ+1)

hk(z)
ρ = zρ(µ+1)−

(1− γ
ρ )

[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)
z(ρ−1)(µ+1)+(µ+k) k = 2, 3, · · ·

gk(z)
ρ = zρ(µ+1)−

(1− γ
ρ )

[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)
z(ρ−1)(µ+1)+(µ+k) k = 1, 2, · · ·

and
∞∑
k=1

(λk + µk) = 1 λk ≥ 0, µk ≥ 0

Proof. Suppose f(z)ρ =
∑∞

k=1 (λkhk(z)
ρ + µkgk(z)

ρ)

= λ1h1(z)ρ + µ1g1(z)ρ +

∞∑
k=2

(λkhk(z)
ρ + µkgk(z)

ρ)

=

∞∑
k=1

(λk + µk) z
ρ(µ+1)−

∞∑
k=2

(1− γ
ρ )λk

[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)
z(ρ−1)(µ+1)+(µ+k)

−
∞∑
k=1

(1− γ
ρ )µk

[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)
z(ρ−1)(µ+1)+(µ+k)

= zρ(µ+1) −
∞∑
k=2

ρ|ak|z(ρ−1)(µ+1)+(µ+k) −
∞∑
k=1

ρ|bk|z(ρ−1)(µ+1)+(µ+k)

where

a1 = 1 =
∞∑
k=1

(λk + µk)

|ak| =
(1− γ

ρ )λk

ρ[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)
, k ≥ 2

|bk| =
(1− γ

ρ )µk

ρ[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)
, k ≥ 1
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Since,
∞∑
k=2

[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)

1− γ
ρ

|ak|+
∞∑
k=2

[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)

1− γ
ρ

|bk|

=
∞∑
k=2

[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)

1− γ
ρ

(
1− γ

ρ

ρ[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)

)
λk

+

∞∑
k=1

[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)

1− γ
ρ

(
1− γ

ρ

ρ[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)

)
µk

=

∞∑
k=2

λk
ρ

+

∞∑
k=1

µk
ρ

=
1

ρ
(1− λ1) ≤ 1

we have
∞∑
k=1

[(µ+k)+(ρ−1)(µ+1)+ζ]φk,m(α, λ)(|ak|+|bk|) = ρ(µ+1)+ζ+(1−γ
ρ

)

[ ∞∑
k=2

λk
ρ

+

∞∑
k=1

µk
ρ

]

≤ ρ(µ+1)+ζ+1− γ
ρ

= (ρ+1)(µ+1)+ζ+1− γ
ρ
−µ−1 ≤ (ρ+1)(µ+1)+ζ+1− γ

ρ

and so fρ ∈ Ψρ,µ
γ (m,α, ζ, λ).

Conversely, suppose fρ ∈ Ψρ,µ
γ (m,α, ζ, λ)

Let

λk =
ρ[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)|ak|

1− γ
ρ

, k = 2, 3, · · ·

µk =
ρ[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)|bk|

1− γ
ρ

, k = 1, 2, · · ·

λ1 = 1−
∞∑
k=2

λk −
∞∑
k=1

µk

Now,

f(z)ρ = zρ(µ+1) −
∞∑
k=2

ρ|ak|z(ρ−1)(µ+1)+(µ+k) −
∞∑
k=1

ρ|bk|z(ρ−1)(µ+1)+(µ+k)

= zρ(µ+1) +
∞∑
k=2

λk

(
hk(z)

ρ − zρ(µ+1)
)

+
∞∑
k=1

µk

(
gk(z)

ρ − zρ(µ+1)
)

=

∞∑
k=2

λkhk(z)
ρ +

∞∑
k=1

µkgk(z)
ρ + zρ(µ+1)

[
1−

∞∑
k=2

λk −
∞∑
k=1

µk

]
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=⇒ f(z)ρ =
∞∑
k=1

(λkhk(z)
ρ + µkgk(z)

ρ)

as required.

In particular the extreme points of Ψρ,µ
γ (m,α, ζ, λ) are {hk} and {gk}.

3.1. Convolution and Convex Combination. We now show that the class
Ψρ,µ
γ (m,α, ζ, λ) is invariant under convolution and convex combination of its el-

ements.

For harmonic functions

f(z)ρ = zρ(µ+1) −
∞∑
k=2

ρ|ak|z(ρ−1)(µ+1)+(µ+k) −
∞∑
k=1

ρ|bk|z(ρ−1)(µ+1)+(µ+k)

and

g(z)ρ = zρ(µ+1) −
∞∑
k=2

ρ|ck|z(ρ−1)(µ+1)+(µ+k) −
∞∑
k=1

ρ|dk|z(ρ−1)(µ+1)+(µ+k)

The convolution (or Hadamard product) of fρ and gρ is given by
(11)

(fρ∗gρ)(z) = f(z)ρ∗g(z)ρ = zρ(µ+1)−
∞∑
k=2

ρ|ak||ck|z(ρ−1)(µ+1)+(µ+k)−
∞∑
k=1

ρ|bk||dk|z(ρ−1)(µ+1)+(µ+k)

Theorem 3.9. For 0 ≤ δ ≤ γ < 1, let fρ ∈ Ψρ,µ
γ (m,α, ζ, λ) and gρ ∈ Ψρ,µ

δ (m,α, ζ, λ).

Then f(z)ρ ∗ g(z)ρ ∈ Ψρ,µ
γ (m,α, ζ, λ) ⊂ Ψρ,µ

δ (m,α, ζ, λ)

Proof. The convolution f(z)ρ ∗ g(z)ρ is given by (11). We want to show that
the coefficients of f(z)ρ ∗ g(z)ρ satisfy the condition given in (10).

For gρ ∈ Ψρ,µ
γ (m,α, ζ, λ), we note |ck| ≤ 1, |dk| ≤ 1.

Now for the convolution f(z)ρ ∗ g(z)ρ, we obtain

∞∑
k=1

[(µ+k)+(ρ−1)(µ+1)+ζ]φk,m(α, λ)|ak||ck|+
∞∑
k=1

[(µ+k)+(ρ−1)(µ+1)+ζ]φk,m(α, λ)|bk||dk|

= [ρ(µ+ 1) + ζ]|a1||c1|+
∞∑
k=2

[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)|ak||ck|

+

∞∑
k=1

[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)|bk||dk|
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≤ ρ(µ+1)+ζ+
∞∑
k=2

[(µ+k)+(ρ−1)(µ+1)+ζ]φk,m(α, λ)|ak|+
∞∑
k=1

[(µ+k)+(ρ−1)(µ+1)+ζ]φk,m(α, λ)|bk|

≤ (ρ+ 1)(µ+ 1) + ζ − γ

ρ
≤ (ρ+ 1)(µ+ 1) + ζ − δ

ρ
Thus the proof.

We now investigate the convex combination of members of Ψρ,µ
γ (m,α, ζ, λ).

Let the functions fi(z)
ρ ∈ Ψρ,µ

γ (m,α, ζ, λ), where fρi , for i = 1, 2, · · · , n, is given
by

(12) fi(z)
ρ = zρ(µ+1) −

∞∑
k=2

ρ|ak,i|z(ρ−1)(µ+1)+(µ+k) −
∞∑
k=1

ρ|bk,i|z(ρ−1)(µ+1)+(µ+k)

Theorem 3.10. Let the functions fi(z)
ρ defined by (12) be in the class Ψρ,µ

γ (m,α, ζ, λ)
for every i = 1, 2, · · · , n. Then the function ti(z)

ρ defined by

ti(z)
ρ =

n∑
i=1

cifi(z)
ρ (0 ≤ ci ≤ 1)

is also in the class Ψρ,µ
γ (m,α, ζ, λ), where

∑n
i=1 ci = 1

Proof. According to the definition of ti(z)
ρ, we can write

ti(z)
ρ =

n∑
i=1

cifi(z)
ρ

=
n∑
i=1

ci

[
zρ(µ+1) −

∞∑
k=2

ρ|ak,i|z(ρ−1)(µ+1)+(µ+k) −
∞∑
k=1

ρ|bk,i|z(ρ−1)(µ+1)+(µ+k)

]

= zρ(µ+1)−
∞∑
k=2

ρ

(
n∑
i=1

ci|ak,i|

)
z(ρ−1)(µ+1)+(µ+k)−

∞∑
k=1

ρ

(
n∑
i=1

ci|bk,i|

)
z(ρ−1)(µ+1)+(µ+k)

Using (10), we have

[ρ(µ+ 1) + ζ] +
∞∑
k=2

[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)

(
n∑
i=1

ci|ak,i|

)

+
∞∑
k=1

[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)

(
n∑
i=1

ci|ab,i|

)
=
∑n

i=1 ci (
∑∞

k=1[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)|ak,i|

+

∞∑
k=1

[(µ+ k) + (ρ− 1)(µ+ 1) + ζ]φk,m(α, λ)|bk,i|

)
≤ (ρ+ 1)(µ+ 1) + ζ − γ

ρ

since each fρi is in Ψρ,µ
γ (m,α, ζ, λ). This completes the proof.
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