Nigerian Journal of Mathematics and Applications
Volume B, 29, (2019), 36 — 47. Printed by Unilorin press
©Nig. J. Math. Appl. http : | Jwww.njmaman.com

A family of harmonic univalent functions defined by a linear
multiplier fractional operator

Y. O. AroLABI', OLUBUNMI A. FADIPE-JOSEPH?*, CATHERINE N. EJIEJI?
AND OLANIKE R. OLUWASEYI?

ABSTRACT

In this paper, we use a generalized linear multiplier fractional
differential operator to define a new family of harmonic univalent
functions in the unit disk. Also, we obtain the coefficient condi-
tions, convolution condition and convex combination for the class.

1. INTRODUCTION

Let A, denote the class of functions of the form:

o0
(1) f(z) =21 4 Zakz“+k, 0<pu<l1
k=2

which are analytic in the open unit disk U = {z € C : |z| < 1}.
If for convenience, we set Ay = A, we see that Ag is the usual class of functions
of the form:

f(z)=2z+ Zakzk
k=2
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which are analytic in the open unit disk U = {z € C : |z| < 1}, normalized by
f(0) =0 and f’(0) = 1. Moreover, we have
flz) e A= 2If(2) € Ay, 0 < u< 1.

Now expanding (1) by Binomial theorem, we define

(2) f(2)P = 2Pt 4 Zpakz(pfl)(uﬂ)ﬂwk)’ p>0,0<pu<l
k=2

2. PRELIMINARIES

A continuous function f = u + iv is a complex valued harmonic function in a
domain D C C if both v and v are real harmonic in D. In any simply connected
domain, we can write

(3) f=h+g

The form (3) is called the local decomposition of the harmonic function f, where
h and ¢ are analytic in D. We call h and g the analytic and coanalytic part of
f respectively. A necessary and sufficient condition for f to be locally univalent
and sense-preserving in D is that |A/| > |¢/| in D.

Denote by Sy, the class of functions f of the form (3) that are harmonic univalent
and sense-preserving in the unit disk U. The subclasses of harmonic univalent
functions have been studied by some authors for different purposes and differ-
ent properties, (See Juma et al. (2015), Ezhilarasi et al. (2014), Al-shagsi et al.
(2010), Fadipe-Joseph and Salami (2017), Serkan et al. (2018), Sharma and
Ravindar (2018) and Shuhai Li et al. (2019)). Following the linear multiplier
fractional differential operator Df\n’a for f(z) € A defined by Al-Oboudi and
Al-Omoudi (2009), Noor et al. (2009) extends this definition to the harmonic

function f(z) = h(2) + g(z) as follows:

(4) DYV f(z) = Z¢k7m(a, N(apzf +bp2%), 0<a <1, meNy={0,1,2,---}
k=1
where
I'k+1DI'(2 - a)
Fk+1-a)

e ) = | (e ae-1)|

and
(5) h(z) =z —I;OZZC’:Q apz" }
9(z) = > bez®, |bi] <1

We note that if g = 0 then (4) becomes the linear multiplier fractional differential
operator D\"*, Al-Oboudi and Al-Omoudi (2009).
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In this work, we express the analytic functions h and g as:

(6) h(z)P = 2Pt 4 Z 5 Pz P D+ + (k)
g(z)r =332, pbkz p— 1)(u+1)+(u+k .| <1
So that,
f(2)7 = h(2)" +g(z)r
where
9(z) =>732, bz k) |bi] < 1in the class A,

and (7) reduces to (5) when p = 0.

In this present paper, we define and study a new class ¥5"(m, a, (, \),
(p>00<pu<1l,0<a<1,(>0,0<+v<1,A>0) of harmonic univalent
functions in U = {z € C: |z| < 1} and a subclass of it.

3. THE CLASS ¥9"(m,a,(, \)

Definition 3.1. Let f(2)? = h(2)? 4 g(z)? be a harmonic function, where h(z)?
and g(z)” are given by (6). Then f(2)” € 5" (m, a, (, \) if it satisfies

®) f%{dﬁﬂlﬁﬁ;+(igﬁﬂ +BTQW@V+¢@ﬂ_{}>7

p>00<pu<1,0<a<,(>0,0<y<1,A>0,z €U, where

o0

D;Wf(Z)P = Z br.m(a, )\)(akz(pfl)(uﬂ)ﬂwk) + bz (P~ D (1) +(utk))
k=1
and N'(k+1)I(2 ) m
+ -«
= 1 -1
(bk,m(aaA) |: F(k+1—a) ( +/\(k7 )):| , m € Ny

Remark. We note that the class \I/}Y’O(m,a,(,)\) = RH,(m, o, B, ) introduced
and studied by Ezhilarasi et al.(2014).

Definition 3.2. We also let W5 (m, a,(,\) be the subclass of ¥4 (m, a, (, \)
such that h(z)? and g(z)? are given by

(©) h(z)P = P(pt1) S, p|ak|z(p*1)(u+1)+(u+k)
9(2)P = =252 plog| 2P DU FIFER) py | <1

Theorem 3.3. Let f(2)? = h(2)? + g(2)P, where h(2)?, g(2)? are given by (6).
Furthermore, let

oo

(10) p_[(u+k)+(p=1)(p+1) +C]drm(a A)(lar|+[br]) < (p+1)(n+ 1)+€—%
k=1
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|b1|<éﬁr+))+d<l, wherea; =1, p>0,>0,0< u<1,0<v<1and
0 <a<1. Then f(2)? is harmonic univalent and sense preserving in U and

f(z)P € U9 (m,a, (,N).
Proof. For z; # z3 and |z1| < |22] < 1, we have by using (10),

p(ut+1) u+1)+z { (p=1)(p+1)+(pt+k) _Zépfl)(u+1)+(u+k)}ak

[f(z1)" = f(z)"] = |2

21

Zp{ (p=1)(p+1)+(putk) zép—l)(u+1)+(u+k)} by

k=1
> |£0HD) gl [m 2= = [+ 1) +

—[25(+ DY [+ k) + (p = D)+ 1) + Clwm(e A) (Jax| + [bi])
k=2

> [0+ gl {w D=2 - [plu+) +<nb1|} (1 2oty 0

Hence, f(21)” # f(22)?, which shows that f” is univalent in U.
We prove that f” is sense preserving in U, since by using (10), |z| < 1,

W (2)P] > p(p+1) = ZP p+k)+(p—1)(p+1)]|ag|
pl+1) =7 = plp+k) + (p = 1)(+ 1) + (g m(c, \)lal
k=2

> Z pll+ k) + (p = 1) (i + 1) + (dpm(c, N|be| > |9 (2)"]
We now show that f(z)? € U5 (m, «,(,A). In (8), we make use of the fact that

Re{w} >~ if and only if |1 +w — 7| > [1 —w + 7|.
By substituting for h(z)” and g(z)? from (4) and using (10), we get

~,o h(z)p g(Z)P
1+¢D, Lp(uﬂ) * (zp(uﬂ)

— |1 —¢Dpe [ Ui < 9(=)! )] — pme [h’( )+ g'(2) } +CHn

+ D W + g @) — ¢ =

2P(p+1) 2P(p+1)

= 14 p(u+ 12D 4 ol + p(p+ 1)2PWF D10y — v+ Cp Y drm(r, M) (arz" " + bpzFT)
k=2




40 Y. O. Afolabi, Olubunmi A. Fadipe-Joseph, Catherine N. Ejieji and Olanike R. Oluwaseyi

+ 0> [+ B) + (9 = 1)1+ 1)) m (@, A) (a2 00+ D01 | TGk G
k=2

— (1= p(p + 1)zPEHD=L _ pI¢ + p(p + 1) 2D =1]by + ~ — sz G (@, \) (a2 4 bp2h-1)
k=2

_PZ[(M + k) + (p— D+ D]dpm(a, A) (a2 BRI b (k) +(p=1) (k1] - 1)

> 2p(p+1) = 27 = 2p[C + p(p + 1)]|b1

=20 [C+ (4 k) + (p = 1)+ D] (e, A)(|ag| + [bg|)] 2 oDl
k=2

>2 [pp+ 1)+ p[C+pp+ D] =7 —p Y [+ (n+E)+ (p— 1)1+ 1)]dpm(c, A)(lag| + [br]) | =0

k=1

The coefficient bound given by (10) can not be improved upon. The harmonic
function given by

(1= 2wy

o= D)D)+ (k)
p—1)(u+1)+ (p+k)+(

f(2)P = 2Pl 4 Z
et

(1-2)u

% Ty e

where Y27 [xk| + Y ey lukl =1, p>0,(>0,0<pu<1land 0 <y <1 yields
the extremal.

(p=D)(p+1)+(p+k)

Corollary 3.4. Let f(2)! = f(2) = h(2) + g(z), where h(z) and g(z) are given
by (8). Furthermore, let

o0

> (k+ Qram(on Mlag] + [bel] < 24 ¢ =, [ba] < m <1
=1

wherea; =1, (>0,0<y<1land0<a<1l,A>0and z€U.
Then f(z) is harmonic univalent and sense preserving in U and

f(z) € ‘P}Y’O(m, a,(,A).
Proof. Put p=1 and p = 0 in Theorem 3.1.
Remark. This is the result obtained by Ezhilarasi et al. (2014).
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Corollary 3.5. Let f(2)! = f(2) = h(2) + g(2), where h(z) and g(z) are given
by (8). Furthermore, let

oo
D k(e Mllar] + bl <2 =7, il <1 -7 <1
k=1

where a1 =1, 0<yv<1land0<a<1l,A>0and z€ U.
Then f(z) is harmonic univalent and sense preserving in U and
f(2) € B3 (m, a0, 0).

Proof. Put p=1 and ¢ = x = 0 in Theorem 3.1.
Remark. This is the result obtained by Noor et al. (2009).

We also prove that the coefficient condition given in (10) is necessary and sufficient
condition for f? € WH¥(m, a,(, N).

Theorem 3.6. Let f(2)? = h(z)? + g(z)?, where h(2)", g(z)” are given by (9)
then fP € UH"(m,a,(, \) if and only if

o0

DMk + (o= D+ 1)+ Cdwmla N(lar] +106]) < (0 + 1)+ 1) + ¢ - %
k=1

wherea; =1, p>0,(>0,0< u<1,0<y<land 0 < a<1.

Proof. Suppose that f? € U5*(m,a,(,\). Then we find from (8) with h(z)”,
g(z)? given by (9) that

1,0 h(z)ﬂ g(Z)P
fe {gDA LP(MH) * <ZP(IH‘1)

= Re {p(u + 1) 2P — p[C 4 p(p 4 1200+ D= by | = p Y [ (lag]25 71+ [br] A1)
k=2

+ D W) + 7G| - c}

H(p+ )+ (o = 1)+ D] 00000 DIy TG0, 1) } >

p>0,(>0,0<pu<l,0<y<land0<a<1
If we choose z to be real and let z — 171, we get

Pt 1) =p[C+p(pt1)][ba]=p Y [(p+k)+(p=1) (1) +-Clk (@ N) (la|+[Br]) =
k=2

which yields the assertion (10) of Theorem 3.1.
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Conversely, assume that (10) of Theorem 3.1 holds. Then we find from (8) with
h(z)? and g(z)? given by (9) that on using (10), for |z| < 1

M~ h(z)P g(z)p
Re {CDA Lp(uH) * <Zp(u+1)

= Re {p(u + 1) 2P plC 4 p(p 4 1) 20 D=1 by | — pz [C(lar |21 + [bg| 271

+DT“PmaP+¢uv}—c}

+m+m+@—wm+mwwW%wfmwm*+mvwﬂﬂ D01 (1, A) )

> pl(p+1) (A1) +¢=p D [(p+k)+(p—=1) (1) 4C] Gk (0, A ([ag | +[b ) 210D HE=DEFDITL S
k=1

Which yields that f* € U5*(m, a, ¢, N).

In the next theorem, we state and prove covering theorem for functions f# €
W (m, a, ¢, N).

Theorem 3.7. Let fP € U5 (m,a,(,\) . Then we have that
F(2)P < (14 plba[)re@+)

pL2 =) T o= D))+ (u2)
e ey | D L - e )+ Gl

and

f(z)P>(1- p‘bl‘)rp(wrl)
_ p(2—a)™ B N
[(L+2)+(p—1)(p+ 1)+ 21+ 1™ [(““) P [p(u+1)+c]|bly] (p—1) (1) + (42

for |zl =r <1,

Proof. Let f(2)” = h(2)? + g(2)?, where h(2)?, g(z)? are given by (10). Then

|F(2)°] = |2 (n+1) Zp|ak|zp D(p+1)+(p+k) Zp\bkfzp D(p+1)+(p+k)
k=2 k=1

> (1= plby[ )Pt
p(2—a)™ f: p—1) (1) +(u+2)
B — — > [(utk)+(p-1) (M+1)+C]¢km(|ak|+|bk’) a :
[(k+2)+(p—=D(p+1) + 21+ N)™ =
> (1= plby [yretntD)

B p(2—a)™
[(p+2)+(p—D(p+1)+¢2m(1 + )™

[w+n—2‘mw+D+GM|W*W“H“”
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The proof of the upper bounds of f(z)” is similar.

Theorem 3.8. Let f(2)? = h(2)? + g(2)°, where h(2)P, g(2)° are given by (9).
Then fP € 5" (m, a, (, N) if and only if

=3 (whi(2)” + pirgr(2)?)
k=1

where
hi(z)P = op(pt1)

(1—12)
()P = wPut1) P (=D (D) +(ptk) | — 9 3 ...
K = D+ =D+ D + oem(@ ) s
_
gr(2)P = LP(utl) a P) 2= DA+ (utk) =12 ...
[(w+k)+ (o= D(p+1) + (Jorm(a, A) T
and -
> k) =1 M =0, >0
k=1

Proof. Suppose f(2)? = roy (Ahi(2)? + prgr(2)P)

= Ahi(2)” + p1g1 (2 p+z (Akhi(2)” + pegi(2)”)
k=2

(1=2)Ae

(A + i) 2° (w+1) _ S (p=1)(p+1)+(p+Fk)
; ot ) Z [+ 5+ (o= (s +1) + Jopm(a, )

- i 0y 2(p=D) (1) +(ptk)
— [(p+k) + (o= D+ 1) + (Jrm(a; A)

SPutl) Zﬂ|ak|2p 1)(p+1)+(p+k) Zp‘bk|zp 1) (u+1)+(u+k)
k=2 k=1
where

a1 =1=> " (M +m)

=1
B (=2
k] = pllip+k)+ (p—1)(+1) 4+ (o m(a, N)’ =2
_a
\bk|: (1 p)Mk k> 1

pllp+k)+ (p = 1)(p+ 1) + {Jorm(a, A)’
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Since,
i[(uﬂﬂ)ﬂ _1)1(li+1)+C]¢km o, ) |+Z (1 + k) + _1)1(lit1)+<]¢k,m(aa>‘)‘bk|
k=2 p p
:i[(M+k¢)+(p—1)(u+1)+C]¢k,m(a7>\) 1-3 )
rar -1 plln+ k) + (p = D+ 1) + drm(a, ) ) ™
(et k) + (o= D+ 1) + Cdram (e, A) 1-7
> 1-2 (p[(wrk)+(p—1)(u+1)+6]¢k,m(a,A)> H
:iﬁ+i@27(1fh) <1
k=2 P k=1 P
we have
> (k) +(p—1) (et 1)+C bk m (0, A) (g +Br]) = plpt1)+¢+( 1—7 Z—’“ Z“’“]
k=1 k= P k=1 p

< p(u+1)+§+1—% = (p+1)(u+1)+§+1—%—u—1 < (p+1)(u—|—1)+(+1—%

and so fP € V5" (m,a, ¢, N).

Conversely, suppose f* € U5*(m, a,(, \)

Let
k -1 1 mla, A
o= AR 0D+ doume Nl g
Ty
_pllp+ k) + (p =D+ 1) + drm(a, Mbe]
Mg = 1 —2  k=1,2--.
P
>\1=1—Z)\k—ZMkz
k=2 k=1
Now,

f(z)P = LP(pt1) Z p|ak|z(p—1)(u+1)+(u+k) _ Zp|bk|z(p*1)(u+1)+(ﬂ+k)
k=2 k=1

— putl) o i)‘k (hk(z)p _ Zp(#+1)> + S m <gk(2)p _ Zp(u+1)>
k=2 k=1

=Y Mhi(2)? + D g(2)? + 2D TN TN - Zuk]
k=2 k=1 = k=l
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=3 Okl (2)° + pirgi(2)”)
k=1

as required.
In particular the extreme points of W5*(m, a, ¢, \) are {hy} and {gx}.

3.1. Convolution and Convex Combination. We now show that the class
UEH(m, a, ¢, ) is invariant under convolution and convex combination of its el-
ements.

For harmonic functions

f(2)P = LP(ptl) Zp\ak\z p=1)(p+1)+(u+k) _ ZPVJIJZ Y(ut+1)+(utk)

and
g = 20+ Zprck\z D) 3 [T
k=1
The convolution (or Hadamard product) of f* and g¢” is given by
(11)
(fPxg°)(2) = f(2)Pxg(2)" = zp(u+1)_zp‘ak‘|Ck‘z(p—1)(u+1)+(u+k)_z p|bx||dg| 2 (P~ D (1) +(ptk)

k=2 k=1

Theorem 3.9. For0 <46 <~ <1, let ff € U5"(m,a,(,A) and g* € U9 (m, o, (, N).
Then f(2)? * g(2) € W5 (m, o, ¢, \) C ¥§H(m, a, ¢, )

Proof. The convolution f(z)” * g(z)” is given by (11). We want to show that
the coefficients of f(2)” x g(z)” satisfy the condition given in (10).

For g” € U5 (m, a, ¢, \), we note |cx| < 1, |di] < 1.

Now for the convolution f(z)” * g(z)?, we obtain

> (k) +(o—1) (A1) +C) Sk m (@, Mlarl x|+ > (k) +(p—1) (A1) +¢]dpm (e, A) | br] | di|
k=1 k=1

= [p(p+ 1)+ Jlarlle] + D [+ k) + (o — D)+ 1) + Cldrm (e, A)la]|c]
k=2

+Z (w+k)+ (p— 1) (1 + 1) 4+ CJpp,m (v, N)|br| ||
=1



46 Y. O. Afolabi, Olubunmi A. Fadipe-Joseph, Catherine N. Ejieji and Olanike R. Oluwaseyi

< (A1) +CH D [(ptk)+(p=1) (1) 4T (v, Mlag |+ [(k) +(p—=1) (A1) 4] bren (v, A) b
k=2 k=1

S(p+1)(u+1)+c—zg(p+1)(u+1>+c—i

Thus the proof.

We now investigate the convex combination of members of 5" (m, a, ¢, \).

Let the functions f;(z)? € U5 (m,a,(, ), where ff, fori =1,2,--- ,n, is given
by

(12) fi(2)? = 2PFD = 3™ plag | P D0ADFR) N gl 5[ (0- D) +(eth)
k=2 k=1

Theorem 3.10. Let the functions f;(z)? defined by (12) be in the class W5" (m, a, (, \)
for every i =1,2,--- ,n. Then the function t;(z)? defined by

n

(=) = Y eifiz) (0= < 1)

i=1

is also in the class V5" (m,a, (, N), where Y 1 j¢; =1

Proof. According to the definition of ¢;(z)”, we can write

n

ti(2)" = cifil2)"

=1

— Z c; [zp(uﬂ) — Z plag, | 2P~V EFDFRAR) _ Zp’bkﬂ.|Z(p—1)(M+1)+(u+k)]
i=1 k=2 k=1

n

- ZP(#“)_ZP <Z Ci|ak,i!> Z(p—l)(u+1)+(u+k)_zp <Z Ci|bk,i|) (=) (p+1)+(p+k)
k=2

i=1 k=1 \i=1
Using (10), we have

[P+ 1)+ 1+ Y [+ )+ (0= D+ 1) + (il A) (Z@lak,ﬂ)

k=2 =1

D M+ k) + (o= D+ 1) + Cdrm(es N) <Z Ci"%,i\)
k=1

i=1
=2 i1 6 Qo [(w + k) + (o = 1)k + 1) + (Jbpem (o, Al

o0

+ D [+ k) + (o= Dk + 1) + Joum(, >‘)|bk,i|> <(p+Dp+1D+¢- %
k=1

since each ff is in 5" (m, a, ¢, A). This completes the proof.
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